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Preface to the second edition 


There have been ten years since the publication of the first edition of this 
book. Since then, new applications and developments of the Malliavin cal- 
culus have appeared. In preparing this second edition we have taken into 
account some of these new applications, and in this spirit, the book has 
two additional chapters that deal with the following two topics: Fractional 
Brownian motion and Mathematical Finance. 

The presentation of the Malliavin calculus has been slightly modified 
at some points, where we have taken advantage of the material from the 
lectures given in Saint Flour in 1995 (see reference [248]). The main changes 
and additional material are the following: 

In Chapter 1, the derivative and divergence operators are introduced in 
the framework of an isonormal Gaussian process associated with a general 
Hilbert space H. The case where H is an L?-space is trated in detail after- 
wards (white noise case). The Sobolev spaces D®?, with s is an arbitrary 
real number, are introduced following Watanabe’s work. 

Chapter 2 includes a general estimate for the density of a one-dimensional 
random variable, with application to stochastic integrals. Also, the com- 
position of tempered distributions with nondegenerate random vectors is 
discussed following Watanabe’s ideas. This provides an alternative proof 
of the smoothness of densities for nondegenerate random vectors. Some 
properties of the support of the law are also presented. 

In Chapter 3, following the work by Alòs and Nualart [10], we have 
included some recent developments on the Skorohod integral and the asso- 
ciated change-of-variables formula for processes with are differentiable in 
future times. Also, the section on substitution formulas has been rewritten 
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and an Ité-Ventzell formula has been added, following [248]. This for- 
mula allows us to solve anticipating stochastic differential equations in 
Stratonovich sense with random initial condition. 

There have been only minor changes in Chapter 4, and two additional 
chapters have been included. Chapter 5 deals with the stochastic calculus 
with respect to the fractional Brownian motion. The fractional Brownian 
motion is a self-similar Gaussian process with stationary increments and 
variance t?Ħ. The parameter H € (0,1) is called the Hurst parameter. 
The main purpose of this chapter is to use the the Malliavin Calculus 
techniques to develop a stochastic calculus with respect to the fractional 
Brownian motion. 

Finally, Chapter 6 contains some applications of Malliavin Calculus in 
Mathematical Finance. The integration-by-parts formula is used to com- 
pute “greeks”, sensitivity parameters of the option price with respect to the 
underlying parameters of the model. We also discuss the application of the 
Clark-Ocone formula in hedging derivatives and the additional expected 
logarithmic utility for insider traders. 


August 20, 2005 David Nualart 


Preface 


The origin of this book lies in an invitation to give a series of lectures on 
Malliavin calculus at the Probability Seminar of Venezuela, in April 1985. 
The contents of these lectures were published in Spanish in [245]. Later 
these notes were completed and improved in two courses on Malliavin cal- 
culus given at the University of California at Irvine in 1986 and at Ecole 
Polytechnique Fédérale de Lausanne in 1989. The contents of these courses 
correspond to the material presented in Chapters 1 and 2 of this book. 
Chapter 3 deals with the anticipating stochastic calculus and it was de- 
veloped from our collaboration with Moshe Zakai and Etienne Pardoux. 
The series of lectures given at the Eighth Chilean Winter School in Prob- 
ability and Statistics, at Santiago de Chile, in July 1989, allowed us to 
write a pedagogical approach to the anticipating calculus which is the ba- 
sis of Chapter 3. Chapter 4 deals with the nonlinear transformations of the 
Wiener measure and their applications to the study of the Markov property 
for solutions to stochastic differential equations with boundary conditions. 
The presentation of this chapter was inspired by the lectures given at the 
Fourth Workshop on Stochastic Analysis in Oslo, in July 1992. I take the 
opportunity to thank these institutions for their hospitality, and in par- 
ticular I would like to thank Enrique Cabana, Mario Wschebor, Joaquin 
Ortega, Süleyman Ustiinel, Bernt @ksendal, Renzo Cairoli, René Carmona, 
and Rolando Rebolledo for their invitations to lecture on these topics. 

We assume that the reader has some familiarity with the Ito stochastic 
calculus and martingale theory. In Section 1.1.3 an introduction to the It6 
calculus is provided, but we suggest the reader complete this outline of the 
classical It6 calculus with a review of any of the excellent presentations of 
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this theory that are available (for instance, the books by Revuz and Yor 
[292] and Karatzas and Shreve [164]). 

In the presentation of the stochastic calculus of variations (usually called 
the Malliavin calculus) we have chosen the framework of an arbitrary cen- 
tered Gaussian family, and have tried to focus our attention on the notions 
and results that depend only on the covariance operator (or the associated 
Hilbert space). We have followed some of the ideas and notations developed 
by Watanabe in [343] for the case of an abstract Wiener space. In addition 
to Watanabe’s book and the survey on the stochastic calculus of variations 
written by Ikeda and Watanabe in [144] we would like to mention the book 
by Denis Bell [22] (which contains a survey of the different approaches to 
the Malliavin calculus), and the lecture notes by Dan Ocone in [270]. Read- 
ers interested in the Malliavin calculus for jump processes can consult the 
book by Bichteler, Gravereaux, and Jacod [35]. 

The objective of this book is to introduce the reader to the Sobolev dif- 
ferential calculus for functionals of a Gaussian process. This is called the 
analysis on the Wiener space, and is developed in Chapter 1. The other 
chapters are devoted to different applications of this theory to problems 
such as the smoothness of probability laws (Chapter 2), the anticipating 
stochastic calculus (Chapter 3), and the shifts of the underlying Gaussian 
process (Chapter 4). Chapter 1, together with selected parts of the sub- 
sequent chapters, might constitute the basis for a graduate course on this 
subject. 

I would like to express my gratitude to the people who have read the 
several versions of the manuscript, and who have encouraged me to com- 
plete the work, particularly I would like to thank John Walsh, Giuseppe Da 
Prato, Moshe Zakai, and Peter Imkeller. My special thanks go to Michael 
Rockner for his careful reading of the first two chapters of the manuscript. 


March 17, 1995 David Nualart 
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Introduction 


The Malliavin calculus (also known as the stochastic calculus of variations) 
is an infinite-dimensional differential calculus on the Wiener space. It is tai- 
lored to investigate regularity properties of the law of Wiener functionals 
such as solutions of stochastic differential equations. This theory was ini- 
tiated by Malliavin and further developed by Stroock, Bismut, Watanabe, 
and others. The original motivation, and the most important application of 
this theory, has been to provide a probabilistic proof of Hormander’s “sum 
of squares” theorem. 

One can distinguish two parts in the Malliavin calculus. First is the 
theory of the differential operators defined on suitable Sobolev spaces of 
Wiener functionals. A crucial fact in this theory is the integration-by-parts 
formula, which relates the derivative operator on the Wiener space and the 
Skorohod extended stochastic integral. A second part of this theory deals 
with establishing general criteria in terms of the “Malliavin covariance ma- 
trix” for a given random vector to possess a density or, even more precisely, 
a smooth density. In the applications of Malliavin calculus to specific exam- 
ples, one usually tries to find sufficient conditions for these general criteria 
to be fulfilled. 

In addition to the study of the regularity of probability laws, other appli- 
cations of the stochastic calculus of variations have recently emerged. For 
instance, the fact that the adjoint of the derivative operator coincides with 
a noncausal extension of the It6 stochastic integral introduced by Skoro- 
hod is the starting point in developing a stochastic calculus for nonadapted 
processes, which is similar in some aspects to the It6 calculus. This antic- 
ipating stochastic calculus has allowed mathematicians to formulate and 
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discuss stochastic differential equations where the solution is not adapted 
to the Brownian filtration. 

The purposes of this monograph are to present the main features of the 
Malliavin calculus, including its application to the proof of H6rmander’s 
theorem, and to discuss in detail its connection with the anticipating stoch- 
astic calculus. The material is organized in the following manner: 

In Chapter 1 we develop the analysis on the Wiener space (Malliavin 
calculus). The first section presents the Wiener chaos decomposition. In 
Sections 2,3, and 4 we study the basic operators D, 6, and L, respectively. 
The operator D is the derivative operator, ô is the adjoint of D, and L 
is the generator of the Ornstein-Uhlenbeck semigroup. The last section of 
this chapter is devoted to proving Meyer’s equivalence of norms, following 
a simple approach due to Pisier. We have chosen the general framework of 
an isonormal Gaussian process {W(h),h € H} associated with a Hilbert 
space H. The particular case where H is an L? space over a measure space 
(T, B, u) (white noise case) is discussed in detail. 

Chapter 2 deals with the regularity of probability laws by means of the 
Malliavin calculus. In Section 3 we prove Hérmander’s theorem, using the 
general criteria established in the first sections. Finally, in the last section 
we discuss the regularity of the probability law of the solutions to hyperbolic 
and parabolic stochastic partial differential equations driven by a space- 
time white noise. 

In Chapter 3 we present the basic elements of the stochastic calculus for 
anticipating processes, and its application to the solution of anticipating 
stochastic differential equations. Chapter 4 examines different extensions of 
the Girsanov theorem for nonlinear and anticipating transformations of the 
Wiener measure, and their application to the study of the Markov property 
of solution to stochastic differential equations with boundary conditions. 

Chapter 5 deals with some recent applications of the Malliavin Calcu- 
lus to develop a stochastic calculus with respect to the fractional Brownian 
motion. Finally, Chapter 6 presents some applications of the Malliavin Cal- 
culus in Mathematical Finance. 

The appendix contains some basic results such as martingale inequalities 
and continuity criteria for stochastic processes that are used along the book. 
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Analysis on the Wiener space 


In this chapter we study the differential calculus on a Gaussian space. That 
is, we introduce the derivative operator and the associated Sobolev spaces 
of weakly differentiable random variables. Then we prove the equivalence of 
norms established by Meyer and discuss the relationship between the basic 
differential operators: the derivative operator, its adjoint (which is usually 
called the Skorohod integral), and the Ornstein-Uhlenbeck operator. 


1.1 Wiener chaos and stochastic integrals 


This section describes the basic framework that will be used in this mono- 
graph. The general context consists of a probability space (Q, F, P) and 
a Gaussian subspace Hı of L?(Q, F, P). That is, Hı is a closed subspace 
whose elements are zero-mean Gaussian random variables. Often it will 
be convenient to assume that Hı is isometric to an L? space of the form 
L?(T, B, u), where p is a o-finite measure without atoms. In this way the 
elements of Hı can be interpreted as stochastic integrals of functions in 
L?(T, B, u) with respect to a random Gaussian measure on the parameter 
space T (Gaussian white noise). 

In the first part of this section we obtain the orthogonal decomposition 
into the Wiener chaos for square integrable functionals of our Gaussian 
process. The second part is devoted to the construction and main properties 
of multiple stochastic integrals with respect to a Gaussian white noise. 
Finally, in the third part we recall some basic facts about the Ito integral. 
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1.1.1 The Wiener chaos decomposition 


Suppose that H is a real separable Hilbert space with scalar product de- 
noted by (-,-)#. The norm of an element h € H will be denoted by ||A|| z. 


Definition 1.1.1 We say that a stochastic process W = {W(h),h € H} 
defined in a complete probability space (Q,F,P) is an isonormal Gaussian 
process (or a Gaussian process on H) if W is a centered Gaussian family 
of random variables such that E(W(h)W(g)) = (h, g9) for allh,g € H. 


Remarks: 


1. Under the above conditions, the mapping h —> W(h) is linear. Indeed, 
for any A, u € R, and h,g € H, we have 


E ((W(Ah + ug) — AW (h) — wW(g))?) = [Ah + nglir 
+A? lll, + elal? — 2A (Ah + ug, h) 
—2u(Ah + ug, 9) + 2Aulh, 9) = 0. 


The mapping h — W(h) provides a linear isometry of H onto a closed 
subspace of L? (Q, F, P) that we will denote by H1. The elements of H; are 
zero-mean Gaussian random variables. 


2. In Definition 1.1.1 it is enough to assume that each random variable 
W (h) is Gaussian and centered, since by Remark 1 the mapping h > W (h) 
is linear, which implies that {W(h)} is a Gaussian family. 


3. By Kolmogorov’s theorem, given the Hilbert space H we can always 
construct a probability space and a Gaussian process {W(h)} verifying the 
above conditions. 


Let H (x) denote the nth Hermite polynomial, which is defined by 
(-1)” 22 d” _ 22 
a gg oe 


and Ho(x) = 1. These polynomials are the coefficients of the expansion in 
powers of t of the function F(x, t) = exp(ta — a In fact, we have 


x 2 
F(z,t) = exp[> 5e] 
ent d e? 
= E aiae 7 )|t=0 (1.1) 
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Using this development, one can easily show the following properties: 


Hee) = Hae),  nè1, (1.2) 

(n+1)An4yi() = wH,(x) — Hy-1(2), n>1, (1.3) 

H,(-z) = (-1)"Hn(z), n21. (1.4) 

Indeed, (1.2) and (1.3) follow from E = tF, respectively, and oe = (%&- 


t)F, and (1.4) is a consequence of F(—a,t) = F(a, —t). 
1 


The first Hermite polynomials are Hı (x) = x and Hə(x) = (£? — 1). 


From (1.3) it follows that the highest-order term of H,,(z) is z. Also, from 


the expansion of F(0, t) = exp(-Ẹ) in powers of t, we get H (0) = 0 if n 
is odd and Ho,(0) = G D for all k > 1. The relationship between Hermite 


polynomials and Gaussian random variables is explained by the following 
result. 


Lemma 1.1.1 Let X, Y be two random variables with joint Gaussian dis- 
tribution such that E(X) = E(Y) = 0 and E(X?) = E(Y?) = 1. Then for 
all n,m > 0 we have 


EOOH) =| payye i nem 


Proof: For all s,t € R we have 


E (cxn(sx — = exp(tY — 5) = exp(stE(XY)). 


grtm 


ggr at s = t = 0 in both sides 


Taking the (n + m)th partial derivative 
of the above equality yields 


0 if ném. 


E(n!m! An (X)Hm(Y)) = { ni(E(XY))” if n=m. 


We will denote by G the o-field generated by the random variables 
{W(h),h € H}. 


Lemma 1.1.2 The random variables {eW¥™®,h € H} form a total subset 
of L?(Q,G, P). 


Proof: Let X € L?(Q,G,P) be such that E(XeW) = 0 for all h € H. 
The linearity of the mapping h — W (h) implies 


i=l 
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for any t1,...,tm E R, hi,...,hm E€ H, m > 1. Suppose that m > 1 and 
hy,...,hm € H are fixed. Then Eq. (1.5) says that the Laplace transform 
of the signed measure 


v(B) = E(X1p (W(hi1),..-,W(hm))) ; 


where B is a Borel subset of R™, is identically zero on R™. Consequently, 
this measure is zero, which implies F(X1g) = 0 for any G € G. So X = 0, 
completing the proof of the lemma. 


For each n > 1 we will denote by Hn the closed linear subspace of 
L?(Q, F, P) generated by the random variables {H,,(W(h)),h € H, ||h|lz = 
1}. Ho will be the set of constants. For n = 1, Hı coincides with the set of 
random variables {W(h),h € H}. From Lemma 1.1.1 we deduce that the 
subspaces Hn and Hm are orthogonal whenever n 4 m. The space Hn is 
called the Wiener chaos of order n, and we have the following orthogonal 
decomposition. 


Theorem 1.1.1 Then the space L?(Q,G,P) can be decomposed into the 
infinite orthogonal sum of the subspaces Hn: 


L?(0,G, P) = BXL oHn. 


Proof: Let X € L?(Q,G,P) such that X is orthogonal to Hn for all 
n > 0. We want to show that X = 0. We have E(XH,,(W(h))) = 0 for 
all h € H with ||h||q7 = 1. Using the fact that z” can be expressed as a 
linear combination of the Hermite polynomials H, (x), 0 < r < n, we get 
E(XW(h)”) = 0 for all n > 0, and therefore E(X exp(tW (h))) = 0 for all 
t € R, and for all h € H of norm one. By Lemma 1.1.2 we deduce X = 0, 
which completes the proof of the theorem. 


For any n > 1 we can consider the space P? formed by the random 
variables p(W(h1),...,W(hx)), where k > 1, hi,...,hy € H, and p is a 
real polynomial in k variables of degree less than or equal to n. Let P, be 
the closure of P? in L?. Then it holds that Ho®H1®:--@Hn = Pn. In fact, 
the inclusion 67_)H; C Pn is immediate. To prove the converse inclusion, 
it suffices to check that P,, is orthogonal to Hm for all m > n. We want to 
show that E(p(W(h1),...,W(he))Hm(W(h))) = 0, where ||h||47 = 1, p is 
a polynomial of degree less than or equal to n, and m > n. We can replace 
p(W(h1),...,W(he)) by q(W(e1),...,W(e;), W(h)), where {e1,...,e;,h} 
is an orthonormal family and the degree of q is less than or equal to n. Then 
it remains to show only that E(W(h)”H,,(W(h))) = 0 for all r < n < m; 
this is immediate because x” can be expressed as a linear combination of 
the Hermite polynomials H,(xz),0 <q <r. 


We denote by J» the projection on the nth Wiener chaos Hn. 


Example 1.1.1 Consider the following simple example, which corresponds 
to the case where the Hilbert space H is one-dimensional. Let (Q, F, P) = 
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(R, B(R),v), where v is the standard normal law N(0,1). Take H = R, and 
for any h € R set W(h)(x) = ha. There are only two elements in H of 
norm one: 1 and —1. We associate with them the random variables x and 
—x, respectively. From (1.4) it follows that Hn has dimension one and is 
generated by H,,(x). In this context, Theorem 1.1.1 means that the Hermite 
polynomials form a complete orthonormal system in L?(R,v). 


Suppose now that H is infinite-dimensional (the finite-dimensional case 
would be similar and easier), and let {e;,i > 1} be an orthonormal basis 
of H. We will denote by A the set of all sequences a = (a1, d2,...), a; E€ N, 
such that all the terms, except a finite number of them, vanish. For a € A 
we set a! = J [< ai! and |a| = 573°, ai. For any multiindex a € A we define 
the generalized Hermite polynomial H,(a), x € RN, by 


H,(«) = II H,,(2;). 


The above product is well defined because Hp(x) = 1 and a; 4 0 only for 
a finite number of indices. 
For any a € A we define 


ba = vāji Ha; (W (e;)). (1.6) 


The family of random variables {®,,a € A} is an orthonormal system. 
Indeed, for any a,b € A we have 


e (Ña wem we) = [] Ea; (W (ei) Ho, (W (e:))) 


Proposition 1.1.1 For any n > 1 the random variables 
{®,,a€ A, |a| = n} (1.8) 
form a complete orthonormal system in Hy. 


Proof: Observe that when n varies, the families (1.8) are mutually orthog- 
onal in view of (1.7). On the other hand, the random variables of the family 
(1.8) belong to Pn. Then it is enough to show that every polynomial ran- 
dom variable p(W(h1),...,W(h,)) can be approximated by polynomials 
in W(e;), which is clear because {e;,i > 1} is a basis of H. 


As a consequence of Proposition 1.1.1 the family {®,,a € A} is a com- 
plete orthonormal system in L?(0,G, P). 
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Let a € A be a multiindex such that |a| = n. The mapping 
I, ( symm (@%2,e2%)) = Val®, (1.9) 


provides an isometry between the symmetric tensor product H Bn, equipped 
with the norm v'a! ||- || on, and the nth Wiener chaos Hn. In fact, 


2 al\? n! 2 a! 
| LNE BS lez eeu : 
Hen ` n! a! wd 


oo | eit 


||symm (e2 


nt 


and 


| Vale, 


As a consequence, the space L?(Q,G,P) is isometric to the Fock space, 
defined as the orthogonal sum @P~_, VnlH®”. In the next section we will 
see that if H is an L? space of the form L?(T, B, p), then I, coincides with 
a multiple stochastic integral. 


2 
=al. 
2 


1.1.2 The white noise case: Multiple Wiener-Ito integrals 


Assume that the underlying separable Hilbert space H is an L? space of 
the form L?(T, B, u), where (T, B) is a measurable space and p is a o-finite 
measure without atoms. In that case the Gaussian process W is character- 
ized by the family of random variables {W (A), A € B, (A) < co}, where 
W(A) = W(14). We can consider W(A) as an L?(Q, F, P)-valued mea- 
sure on the parameter space (T, 8), which takes independent values on any 
family of disjoint subsets of T, and such that any random variable W(A) 
has the distribution N(0,u(A)) if w(A) < co. We will say that W is an 
L?(Q)-valued Gaussian measure (or a Brownian measure) on (T, 8). This 
measure will be also called the white noise based on js. In that sense, W (h) 
can be regarded as the stochastic integral (Wiener integral) of the function 
h € L?(T) with respect to W. We will write W (h) = fy hdW, and observe 
that this stochastic integral cannot be defined pathwise, because the paths 
of {W(A)} are not o-additive measures on T. More generally, we will see 
in this section that the elements of the nth Wiener chaos Hn can be ex- 
pressed as multiple stochastic integrals with respect to W. We start with 
the construction of multiple stochastic integrals. 

Fix m > 1. Set Bo = {A € B: p(A) < co}. We want to define the 
multiple stochastic integral Im(f) of a function f € L?(T™,B™, w™). We 
denote by Em the set of elementary functions of the form 


Higestak= So, Get Mean Cieatte)s (1.10) 


where Aj, A2,..., An are pairwise-disjoint sets belonging to Bo, and the 
coefficients a;,...;,, are zero if any two of the indices 71,...,%m are equal. 


m 
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The fact that f vanishes on the rectangles that intersect any diagonal 
subspace {t; = tj,i # j} plays a basic role in the construction of the 
multiple stochastic integral. 

For a function of the form (1.10) we define 


This definition does not depend on the particular representation of f, and 
the following properties hold: 


(i) Im is linear, 


(ii) Im(f) = Im(f), where f denotes the symmetrization of f, which 


means 1 
Fla, Ps stm) mi m! X fta) set to(m))» 
c running over all permutations of {1,..., mM}, 
oi 0 if mq, 
iii E(Im (PDL = = i 
O AT asm if mee 


Proof of these properties: 

Property (i) is clear. In order to show (ii), by linearity we may assume 
that f(ti,...,tm) = Tap xx Ain (tı, ..., tm), and in this case the property 
is immediate. In order to show property (iii), consider two symmetric func- 
tions f E€ Em and g € E. We can always assume that they are associated 
with the same partition A,,...,A,. The case m Æ q is easy. Finally, let 
m = q and suppose that the functions f and g are given by (1.10) and by 


n 
(Gln Do heeded 


Elm FUm(9)) = ECCS ml iin W (Aa) W(Asn)) 


illin 
x( JO M biin W(Ai) + W(Ain))) 
iLe Kim 
= JO (MNP Gig nig Digi Ady) +++ a Ain) 
irl Kim 


= Mf, 9) Lz(Tm)- 


In order to extend the multiple stochastic integral to the space L?(T™), 
we have to prove that the space €,, of elementary functions is dense in 
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L?(T™). To do this it suffices to show that the characteristic function of 
any set A = A, x A2 X --- X Am, Ai € Bo, 1 < i < m, can be approximated 
by elementary functions in €,,. Using the nonexistence of atoms for the 
measure u, for any € > 0 we can determine a system of pairwise-disjoint 
sets {B1,..., Bn} C Bo, such that u(B;) < e for any i = 1,...,n, and 
each A; can be expressed as the disjoint union of some of the Bj. This is 
possible because for any set A € Bo of measure different from zero and 
any 0 < y < p(A) we can find a measurable set B C A of measure y. Set 
p(UP,A;) = a. We have 


where €;,...;,, is 0 or 1. We divide this sum into two parts. Let I be the set 


of mples (i1,...,%¢m), where all the indices are different, and let J be the 
set of the remaining mples. We set 
1g = 5 €iq--im LBi XX Bim" 
(iis im)EI 


Then 18 belongs to the space Em, B C A, and we have 


La — 1gllle(rm) = 5 Ci: im M(Bi,) +++ w(Bi,,) 


lA 
——~ 
mS 
Si 
Me 
E 
Ro 
= 
Ma 
= 
5 
—, 
ib 


IA 
AN 
Ns 
Ne 
n 
Q 
i 


which shows the desired approximation. 


Letting f = g in property (iii) obtains 


E(Im(f)?) = mall fllZ2com) < m! | f\lZ2crmy: 


Therefore, the operator Im can be extended to a linear and continuous 
operator from L?(T™) to L?(Q, F, P), which satisfies properties (i), (ii), 
and (iii). We will also write fym f(t1,...,tm)W (dt1) --»W (dtm) for Im(f). 

If f € L°(T?) and g € L?(T?) are symmetric functions, for any 1 < r < 
min(p,q) the contraction of r indices of f and g is denoted by f @, g and 
is defined by 


(f 8r g) (tı, e. ,tp+q-2r) 
= f(t, sas ,tp—r, s)g(tp+1, s s tp+q-r> s)u” (ds). 
Tr 


Notice that f @, g € L?(T?+?-?"). 
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The tensor product f& g and the contractions frg, 1 < r < min(p,q), 
are not necessarily symmetric even though f and g are symmetric. We will 
denote their symmetrizations by f®g and f®,g, respectively. 

The next formula for the multiplication of multiple integrals will play a 
basic role in the sequel. 


Proposition 1.1.2 Let f € L?(T”) be a symmetric function and let g € 
L?(T). Then, 


Iy(f)Li(9) = Ip (f 8 9) + plp-i(f 81 9). (1.11) 


Proof: By the density of elementary functions if L? (T?) and by linearity 
we can assume that f is the symmetrization of the characteristic function of 
A, X:+- X Ap, where the A; are pairwise-disjoint sets of By, and g = 14, or 
1,4,, where Ao is disjoint with A;,...,A,. The case g = 1,4, is immediate 
because the tensor product f ® g belongs to Ep+1, and f 81 g = 0. So, we 
assume g = 1,4,. Set 8 = u(Aı1)- -+ u( Ap). Given € > 0, we can consider 
a measurable partition A; = Bı U---U Bn such that u(B;) < e. Now we 
define the elementary function 


h: = X 1B,xBjxA2xxAp* 
tAj 


Then we have 


LHL) = W(A1)’W(A2)---W(Ap) 
= J_W(B:)W(B;)W(A2)--: W (Ap) 
ij 


n 


+ S—(W(Bi)? — p(Bi))W(A2)++-W(Ap) (1.12) 


+ (Ar) W (Aa) WA) 
= Ip4i(he) + Re + pIp-1(f @1 g). 


Indeed, 
fs 
fSig= pier Apa). 


We have 


[he — fBg|l zerr) = [he — Lay x41 xA2xx Ap ll 22741) 


< ||ke— LA, x Ax Ag x Ap || L2(TP+1) 


a pi( Bi)" u(Aa) ++ W(Ap) < €8 
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and 
n 


B(R2) = 29> p(Bi)?p(Aa) ++ (Ap) < 20, 


i=1 


and letting e tend to zero in (1.12) we obtain the desired result. 


Formula (1.11) can be generalized as follows. 


Proposition 1.1.3 Let f € L?(T?) and g € L?(T%) be two symmetric 
functions. Then 


HED =Y nf) (Vine nF era. a 


r=0 


Proof: The proof can be done by induction with respect to the index q. 
We will assume that p > q. For q = 1 it reduces to (1.11). Suppose it holds 
for q — 1. By a density argument we can assume that the function g is of 
the form g = g,®g2, where gı and gz are symmetric functions of q — 1 and 
one variable, respectively, such that gi @1 g2 = 0. By (1.11) we have 


I, (91892) = Iq—1(g1) Li (92). 


Thus by the induction hypothesis, and using (1.11), we obtain 


DO) = Ip(f)Lq-1(91) (92) 


q—1 


= Sr! C) (7 J Tp4q—1—2r( f r g1) (92) 


r=0 
q—1 


= n @ E ‘) [Jr+a-an((f8rg1) 8 92) 


r 
r=0 


+(p+q-1- 2r)Iptq—2r—2((f@rg1) 81 92) 


= yr (*) K% z *) iraa) ® g2) 


r=0 > : "i i 
Sen,” 
x (p+ q — 2r + 1)Ip4q—2r((f@r—191) @1 92)- 


For any 1 < r < q, one can show the following equality: 


r(p+q-—2r+1) 


aaa (f@r—191)@192+(a-1)((fBrg1)@gz)- (1.14) 


q(f®rg) = 


Substituting (1.14) into the above summations yields (1.13). 


The next result gives the relationship between Hermite polynomials and 
multiple stochastic integrals. 
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Proposition 1.1.4 Let Hm(x) be the mth Hermite polynomial, and let 
h € H =L?(T) be an element of norm one. Then it holds that 


m! Hm(W(h)) = | h(t1) +++ h(tm)W (dt) ---W (dtm). (1.15) 
As a consequence, the multiple integral Im maps L?(T™) onto the Wiener 


chaos Hm. 


Proof: Eq. (1.15) will be proved by induction on m. For m = 1 it is 
immediate. Assume it holds for 1,2,...,m. Using the recursive relation for 
the Hermite polynomials (1.3) and the product formula (1.11), we have 


Impa (h®™HD) = Ip, (h®")(h) — mI (nom—n f noua) 
T 


m! Hy(W(h))W(h) — m(m — 1)! Hm- (W (h) 
m!(m + 1) Hm+i(W(R)) = (m + 1)! Hm+1(W(h)), 


where h®”™ denotes the function of m variables defined by 
hE™(ti,... tm) = h(t1) -- h(tm). 


Denote by L2(T™) the closed subspace of L?(T™) formed by symmetric 
functions. The multiple integral Im verifies E(Im(f)*) = m! ||f|lZ2¢pmy on 
L2(T™). So the image I,,(L2(L”)) is closed, and by (1.15) it contains 
the random variables H,,(W(h)), h € H, and ||A||q = 1. Consequently, 
Hm C Im(L2(T™)). Due to the orthogonality between multiple integrals 
of different order, we have that [,,(L2(T’")) is orthogonal to Hn, n £ m. 
So, Im(L2(T™)) = Hm, which completes the proof of the proposition. 


As a consequence we deduce the following version of the Wiener chaos 
expansion. 


Theorem 1.1.2 Any square integrable random variable F € L?(Q,G, P) 
(recall that G denotes the o-field generated by W) can be expanded into a 
series of multiple stochastic integrals: 


P= ea 
n=0 


Here fo = E(F), and Io is the identity mapping on the constants. Further- 
more, we can assume that the functions fn € L?(T") are symmetric and, 
in this case, uniquely determined by F. 


Let {e;,¢ > 1} be an orthonormal basis of H, and fix a miltiindex a = 
(a1,...,@y,0,...) such that |a| = a, +--+ ay = n. From (1.15) and 
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(1.13) it follows that 


M M 
a! [ [ Ha: (We) z TEZGI 


= In (e wes” 8- -Qeg ). 


Hence, the multiple stochastic integral I, coincides with the isometry be- 
tween the symmetric tensor product H8” (equipped with the modified 
norm Vn! ||-||;;n) and the nth Wiener chaos Hn introduced in (1.9). No- 


tice that H®” is isometric to L2(T”). 


Example 1.1.2 Suppose that the parameter space is T = R4 x {1,...,d} 
and that the measure u is the product of the Lebesgue measure times the 
uniform measure, which gives mass one to each point 1,2,...,d. Then we 
have H = L?(R, x {1,...,d},u) = L?(R4;R%). In this situation we have 
that W*(t) = W([0,t] x {i}, 0 <t < 1,1 <i < d, isa standard d- 
dimensional Brownian motion. That is, {W*(t),t € R4}, i = 1,...,d, 
are independent zero-mean Gaussian processes with covariance function 
E(W*(s)W*(t)) = s At. Furthermore, for any h € H, the random vari- 
able W(h) can be obtained as the stochastic integral an fs hidW?. 
The Brownian motion verifies 
E(|W'(t) — W*(s)|?) = |t — s| 
for any s,t >0,i1=1,...,d. This implies that 
, ; (2k)! 
EWE) — WHS = SP Ie — slt 
for any integer k > 2. From Kolmogorov’s continuity criterion (see the 
appendix, Section A.3) it follows that W possesses a continuous version. 
Consequently, we can define the d-dimensional Brownian motion on the 
canonical space Q = Co(R4;R*%). The law of the process W is called the 
Wiener measure. 


In this example multiple stochastic integrals can be considered as iterated 
Itô stochastic integrals with respect to the Brownian motion, as we shall 
see in the next section. 


Example 1.1.3 Take T = R? and u equal to the Lebesgue measure. Let W 
be a white noise on T. Then W (s, t) = W((0, s] x [0,¢]), s,t € Ry, defines 
a two-parameter, zero-mean Gaussian process with covariance given by 


E(W(s,t)W(s’,t’)) = (s As) (t At), 


which is called the Wiener sheet or the two-parameter Wiener process. 
The process W has a version with continuous paths. This follows easily 
from Kolmogorov’s continuity theorem, taking into account that 


E(IW(s, t) — W(s',t')|?) < max(s,s/,t,€)(|s— s!| + lt — t'I). 
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1.1.3 Ttô stochastic calculus 


In this section we survey some of the basic properties of the stochastic inte- 
gral of adapted processes with respect to the Brownian motion, introduced 
by Ito. 

Suppose that W = {W (t), t > 0} is a standard Brownian motion defined 
on the canonical probability space (Q, F, P). That is, Q = Co(R+) and P 
is a probability measure on the Borel o-field B(Q) such that the canonical 
process W;(w) = w(t) is a zero-mean Gaussian process with covariance 
E(W,W,) = s At. The o-field F will be the completion of B(Q) with 
respect to P. We know that the sequence 


Sr(t)= XO [W(tk2-") — W(t(k — 1)2-)P? 


1<k<2” 


converges almost surely and in L?(Q) to the constant t, as n tends to 
infinity. In other words, the paths of the Brownian motion have a quadratic 
variation equal to t. This property, together with the continuity of the 
paths, implies that the paths of W have infinite total variation on any 
bounded interval. Consequently, we cannot define path-wise a stochastic 
integral of the form 


f * u(s)W(ds), 


where u = {u(t),t > 0} is a given stochastic process. If the paths of the 
process u have finite total variation on bounded intervals, we can overcome 
this difficulty by letting 


| u(s)W (ds) = u(t)W(t) -f W (s)u(ds). 
0 0 


However, most of the processes that we will find (like W itself) do not have 
paths with finite total variation on bounded intervals. 

For each t > 0 we will denote by F; the o-field generated by the random 
variables {W(s),0 < s < t} and the null sets of F. Then a stochastic 
process u = {u(t),t > 0} will be called adapted or nonanticipative if u(t) 
is ,-measurable for any t > 0. 

We will fix a time interval, denoted by T, which can be [0, to] or R+. 
We will denote by L?(T x Q) = L?(T x 0,B(T) 9 F,»" x P) (where àt 
denotes the Lebesgue measure) the set of square integrable processes, and 
L?(T x Q) will represent the subspace of adapted processes. 

Let € be the class of elementary adapted processes. That is, a process u 
belongs to € if it can be written as 


t=1 
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where 0 < tı < +--+ < tn4i are points of T, and every F; is an Fẹ- 
measurable and square integrable random variable. Then we have the fol- 
lowing result. 


Lemma 1.1.3 The class E is dense in L?(T x Q). 


Proof: Suppose T = [0,1]. Let u be a process in L?(T x Q), and consider 
the sequence of processes defined by 


—n 


27-1 


i2 
w” (t) — 5 PAG (/ jp wa) Laz-» (i+1)2-7] (t). (1.17) 
i=1 i 


We claim that the sequence ù” converges to u in L?(T x Q). In fact, define 
P,,(u) = ù”. Then P, is a linear operator in L?(T x Q) with norm bounded 
by one, such that P,(w) — u as n tends to infinity whenever the process u 
is continuous in L?(Q). The proof now follows easily. 


Remark: A measurable process u : T x Q — R is called progressively 
measurable if the restriction of u to the product [0, t] x Q is B([0, t]) 8 Fi- 
measurable for all t € T. One can show (see [225, Theorem 4.6]) that any 
adapted process has a progressively measurable version, and we will always 
assume that we are dealing with this kind of version. This is necessary, 
for instance, to ensure that the approximating processes ù” introduced in 
Lemma 1.1.3 are adapted. 


For a nonanticipating process of the form (1.16), the random variable 


n 


[sam =o OV ttn) = WE) (1.18) 


i=l 


will be called the stochastic integral (or the Ité integral) of u with respect 
to the Brownian motion W. 

The It6 integral of elementary processes is a linear functional that takes 
values on L?(Q) and has the following basic properties: 


Bf u(t)\dW,) = 0, (1.19) 


II 


T 
Bf wane) E(f w(t) (1.20) 


Property (1.19) is immediate from both (1.18) and the fact that for each 
i= 1,...,n the random variables F; and W (ti+1)— W (ti) are independent. 
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Proof of (1.20): We have 


BU f weenie) = > EF (W (tsa) — W()))?) 


+ 25 E(F;F;(W (ti+1) — W(t) 


x (W(tj+1) — W (t;))) 


= SEF (tas - 4) = E [ u(t)?dt), 


because whenever i < j, W (tj+1)—W (t;) is independent of F; F} (W (ti+1)— 

The isometry property (1.20) allows us to extend the Itô integral to the 
class L?2(T x Q) of adapted square integrable processes, and the above 
properties still hold in this class. 


The It6 integral verifies the following local property: 
| u(t)dW; = 0, 
T 


almost surely (a.s.) on the set G = { fp u(t)?dt = 0}. In fact, on the set G 
the processes {ti”} introduced in (1.17) vanish, and therefore fp &”(t)dAW; = 
0 on G. Then the result follows from the convergence of f,,u"(t)dW; to 
Jp ut)dW, in L?(Q). 


We also have for any u € L?(T x Q), e > 0, and K > 0, 


at f «oan, = e} < PY | uat > x} + = (1.21) 


Proof of (1.21): Define 


The process ù belongs to L?(T x Q), and using the local property of the 
Itô integral we obtain 


Pt] f apaw, 
=P{ 
<P{ 


> e f tat < K) 
[ moan, >e fuas} 


[ moan, = e} < 5E @ aar) < a 
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Using property (1.21), one can extend the It6 integral to the class of 
measurable and adapted processes such that 


J u(t) dt < œœ a.S., 
T 


and the local property still holds for these processes. 
Suppose that u belongs to L2(T x Q). Then the indefinite integral 


t 
| u(s)dW, = | u(s)1po,4(s)dWs, tET, 
0 F 


isa martingale with respect to the increasing family of o-fields {F;, t > 0}. 
Indeed, the martingale property is easy to check for elementary processes 
and is transferred to general adapted processes by L? convergence. 

If u is an elementary process of the form (1.16), the martingale 


| ene 5 MWt At) W(t A8) 
0 i=1 


clearly possesses a continuous version. The existence of a continuous version 
for { i u(s)dW,} in the general case u € L?(T x Q) follows from Doob’s 
maximal inequality for martingales (see (A.2)) and from the Borel-Cantelli 
lemma. 

If u is an adapted and measurable process such that fp u(t)?dt < oo, 
then the indefinite integral is a continuous local martingale. That is, if we 
define the random times 


t 
T,=int{e>0: f u(s)"ds > n}, n>1, 
0 


then: 


(i) For each n > 1, Tn is a stopping time (i.e., {Tn < t} € F; for any 
t>0). 


(ii) T,, T œ as n tends to infinity. 
(iii) The processes 


t 
Myo) = | u(s)Lis<T,}dWs 
0 


are continuous square integrable martingales such that 


whenever t < Ty. In fact, uljo,r,] E€ L2(T x Q) for each n. 
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Let u be an adapted and measurable process “ that i t)?dt < œ, 
and consider the continuous local martingale M (t = fó ul s)dW,. Define 


Then M? — (M): is a martingale when u € L?(T x Q). This is clear if u is 
an elementary process of the form (1.16), and in the general case it holds 
by approximation. 

The increasing process (M), is called he quadratic variation of the local 
martingale M. That is, the family J; o (M, tı — Mun)”, when 7 = {0 = 
to < ti Ke Sth = o runs over all othe partitions of [0, t], converges 
in probability to fo ul )?ds as || = max;(ti+1 — ti) tends to zero. In- 
deed, by a localization eke it suffices to prove the convergence when 
fo ue ds < K for some constant K > 0, and in this case it holds in L?(Q) 
due to Burkholder’s inequality (A.3) and the fact that M? — (My: is a 
square integrable martingale. In fact, we have 


n-1 2 


itl 
Sf Ods- ay = Mi 


n-1 tiga 2 
= 5 E i u?(s)ds — (M ) 
i=0 
n=l 2 s 
< S e( ) < xe ( sup T oao) 
i=0 |s—r|<|a| Jr 


for some constant c > 0, and this converges to zero as |r| tends to zero. 


z M:,)? 


itl 


ti 


ti+ı 


u? (s)ds 


One of the most important tools in the stochastic calculus is the change- 
of-variable formula, or It6é’s formula. 


Proposition 1.1.5 Let F : R — R be a twice continuously differentiable 
function. ari that u and v are measurable and adapted processes ver- 


ifying a )?dt < œ as. and r ” \|dt < œ a.s. for every T E€ T. Set 
X(t) o s)dW, + fo v( . Then we have 
t 
F(X4) - “fre s)usdW, +f F'(X5)usds 
0 
+ = if F"(X,)u2ds. (1.22) 
2 Jo 


The proof of (1.22) comes from the fact that the quadratic variation 
of the process X(t) is equal to i u2ds; consequently, when we develop 
by Taylor’s expansion the function F'(X(t)), there is a contribution from 
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the second-order term, which produces the additional summand in Itô’s 
formula. 


Proof: By a localization procedure we can assume F € C?(R) and 


suf | uar, f |v(t)|dt} < K 


for some constant K > 0. Fix t > 0. For any partition m = {0 = to < tı < 
--- < tn = t} we can write, using Taylor’s formula, 


F(X) — F(X) = YF (Xna) — F(X) 
i=0 

= DELEA TA Xi) 
i=0 


n-1 
1 Vv 2 
t3 2 F" (Xi) (Xe, = Xi) , 


where X; is a random point between X;, and X;, 1: The first summand 


in the above expression converges to uh F'(X,)u,dW, + fo F'(X,)usds in 
L?(Q) as |r| = max;(ti41 — ti) tends to zero. For the second summand we 
use the decomposition 


tiga 2 tiga tiga 
(Xess = Xu)? z (/ ud, ) ue (/ ud, (/ vs) 
fi t: t; 


i $ $ 


ti+1ı 2 
+ (/ vds) ; 
ti 


Only the first term produces a nonzero contribution. Then we can write 
2 


t n—1 tiga 
if F""(X,)u2ds — X` F"(X;) ( | ual) 
0 i=0 t 


$ 


=Y | T PX) = Pa] ates 


i=0 "ti 
n-1 tiga ti+ı 2 
ie 5 PCG.) / uĉds — (J udw,) 
i=0 ti ti 
n—1 2 ti+1 2 
+ SOF" (Xa) EF F”"(X:)] 6 wsdl.) 
i=0 ti 


= Qı + a2 + a3. 
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We have 
la|<K sup |F"(X,) —F"(X,)|, 
|s—r|<|m 
n-1 tiga 2 
jas] < sup |F"(X,) — F"(X,)| D usdw,) 
Is-r|<|z] AJh 


These expressions converge to zero in probability as |r| tends to zero. Fi- 
nally, applying Burkholder’s inequality (A.3) and the martingale property 
of Ge u,dW,)? — te u2ds, we can get a constant c > 0 such that 


n—-1 tiga tiqa 2\? 
E(|a2|?) E| So F" (Xa? (/ u2ds — (/ ult.) 
1=0 i i 


< cP E (( | k užas) ) 


Kel ( sup [ sia), 
[s=r|<|r| sr 


and this converges to zero as |r| tends to zero. 


II 


x 


IA 


Consider two adapted processes {u;,t € T} and {v:,t E€ T} such that 
fo u(s)2ds < co as. and fy |v(s)|ds < œœ as. for all t € T. Let Xo € R. 
The process 


t t 
X,; = Xo +f usdW, + J vsds (1.23) 
0 0 


is called a continuous semimartingale, and M; = te u,dW, and V; = ih v,ds 
are the local martingale part and bounded variation part of X, respectively. 
Itô’s formula tells us that this class of processes is stable by the composition 
with twice continuously differentiable functions. 

Let m = {0 = to < ty <--- < tn = t} bea partition of the interval [0, t]. 


The sums 
n—l1 


(Xt, + Xan) (Wi Ws) (1.24) 


i+1 i+1 i 


converge in probability as |r| tends to zero to 


t 1 t 
| XsdWs + F usds. 
0 2 0 


This expression is called the Stratonovich integral of X with respect to W 
and is denoted by Ai X,0dW,. 
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The convergence of the sums in (1.24) follows easily from the decompo- 
sition 


1 
z (Xt + Apa (Wiqi a Wa) = Xt (Wirga = Ws) 
1 
t3 (Xiri a Xe (Wiga = Wi), 


and the fact that the joint quadratic variation of the processes X and W 
(denoted by (X, W);) is equal to If usds. 

Let u € L2(T x Q). Set M,(t) = exp( fy u,dW, — i uds). As an 
application of Itô’s formula we deduce 


Malt) =1+ Vi M,,(s)u(s)dW.. (1.25) 


That means M,, is a local martingale. In particular, if u = h is a deter- 
ministic square integrable function of the space H = L?(T), then M, is a 
square integrable martingale. Formula (1.25) shows that exp(W; — £) plays 
the role of the customary exponentials in the stochastic calculus. 


The following result provides an integral representation of any square 
functional of the Brownian motion. Set Fr = o{W(s),s € T}. 


Theorem 1.1.3 Let F be a square integrable random variable. Then there 
exists a unique process u € L2(T x Q) such that 


T 


Proof: To prove the theorem it suffices to show that any zero-mean 
square integrable random variable G that is orthogonal to all the stochastic 
integrals fy urdW,, u € L2(T x Q) must be zero. In view of formula (1.25), 
such a random variable G is orthogonal to the exponentials 


E(h) = exp( | h,dW, — 7. h2ds), 
T T 


h € L?(T). Finally, because these exponentials form a total subset of 
L?(Q, Fr, P) by Lemma 1.1.2, we can conclude this proof. 


As a consequence of this theorem, any square integrable martingale on 
the time interval T can be represented as an indefinite Ito integral. In fact, 
such a martingale has the form M, = E(F'|F;) for some random variable 
F € L?(Q, Fr, P). Then, taking conditional expectations with respect to 
the o-field F; in Eq. (1.26), we obtain 


E(F\F;) = E(F) + [aw 
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Let fn : T” — R be a symmetric and square integrable function. For 
these functions the multiple stochastic integral [,(fn) with respect to the 
Gaussian process {W(h) = fy hsdWs,h € L?(T)} introduced in Section 
1.1.2 coincides with an iterated It6 integral. That is, assuming T = R4}, we 
have 


nodaf of faltts..-,tn)dW;,---dW,,. (1.27) 


Indeed, this equality is clear if fn is an elementary function of the form 
(1.10), and in the general case the equality will follow by a density argu- 
ment, taking into account that the iterated stochastic Itô integral verifies 
the same isometry property as the multiple stochastic integral. 

Let {W (t), t > 0} be a d-dimensional Brownian motion. In this case the 
multiple stochastic integral [,,(f,,) is defined for square integrable kernels 


fn((ti,%1),---, (tn, in)), which are symmetric in the variables (tj, ij) € R4 x 
{1,...,d}, and it can be expressed as a sum of iterated Itô integrals: 
d 


Exercises 


1.1.1 For every n let us define the Hermite polynomial H,,(\, x) by 


n x 
Ay, (A, x) = A2 H,(——), where x € R and à > 0. 
(2) =F) 
Check that 
CS => oe 
exp(tx oe a n(A, £). 


n=0 


Let W be a white noise on a measure space (T, B, u). Show that 
1 m 
Arn (lihir, W(h)) = sim (h®™) 


for any h € L?(T,B, u). 

1.1.2 Using the recursive formula (1.2), deduce the following explicit ex- 
pression for the Hermite polynomials 

[n/2] (—1)* gt 2k 


Hn(2) = 2 k! (n — 2k)! 2° 
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As an application show that if Y is a random variable with distribution 

N (0, 07), then 

("De 
27 m! 


E(Hom(Y)) = 


and E(A,(Y)) = 0 if n is odd. 


1.1.3 Let {W;,t > 0} be a one-dimensional Brownian motion. Show that 
the process {H,(t,W;),t > 0} (where H,,(t,x) is the Hermite polynomial 
introduced in Exercise 1.1.1) is a martingale. 


1.1.4 Let W = {W(h),h € H} be an isonormal Gaussian process defined 
on the probability space (Q, F, P), where F is generated by W. Let V be 
a real separable Hilbert space. Show the Wiener chaos expansion 


L? (Q; V) = rtv), 


where Hn (V) is the closed subspace of L? (Q; V) generated by the V-valued 
random variables of the form }`;-; Fyuj, Fj € Hn and vj € V. Construct 


an isometry between H®” @ V and Han (V) as in (1.9). 


1.1.5 By iteration of the representation formula (1.26) and using expres- 
sion (1.27) show that any random variable F € L?(Q, F, P) (where F is 
generated by W) can be expressed as an infinite sum of orthogonal multiple 
stochastic integrals. This provides an alternative proof of the Wiener chaos 
expansion for Brownian functionals. 


1.1.6 Prove Eq. (1.14). 


1.1.7 Let us denote by P the family of random variables of the form 
p(W(h1),...,W(Rn)), where h; € H and p is a polynomial. Show that 
P is dense in L” (Q) for all r > 1. 

Hint: Assume that r > 1 and let q be the conjugate of r. As in the proof 
of Theorem 1.1.1 show that if Z € L4(Q) verifies E(ZY) = 0 for all Y € P, 
then Z = 0. 


1.2 The derivative operator 


This section will be devoted to the properties of the derivative operator. 
Let W = {W (h), h € H} denote an isonormal Gaussian process associated 
with the Hilbert space H. We assume that W is defined on a complete 
probability space (Q, F, P), and that F is generated by W. 

We want to introduce the derivative DF of a square integrable random 
variable F : Q — R. This means that we want to differentiate F with 
respect to the chance parameter w € Q. In the usual applications of this 
theory, the space Q will be a topological space. For instance, in the example 


1.2 The derivative operator 25 


of the d-dimensional Brownian motion, Q is the Fréchet space Co(R+;R%). 
However, we will be interested in random variables F that are defined P 
a.s. and that do not possess a continuous version (see Exercise 1.2.1). For 
this reason we will introduce a notion of derivative defined in a weak sense, 
and without assuming any topological structure on the space 2. 

We denote by C>°(IR”) the set of all infinitely continuously differentiable 
functions f : R” — R such that f and all of its partial derivatives have 
polynomial growth. 

Let S denote the class of smooth random variables such that a random 
variable F € S has the form 


F = f(W(hy),...,W(Rn)), (1.28) 


where f belongs to C3 (R”), hi,...,hn are in H, and n> 1. 

We will make use of the notation 0;f = ge and Vf = (O:f,..-,Onf), 
whenever f € C'(R”). 

We will denote by Sẹ and So the classes of smooth random variables 
of the form (1.28) such that the function f belongs to CP°(R”) (f and 
all of its partial derivatives are bounded) and to C° (R”) (f has compact 
support), respectively. Moreover, we will denote by P the class of random 
variables of the form (1.28) such that f is a polynomial. Note that P C S, 
So C Sp C S, and that P and So are dense in L?(Q). 


Definition 1.2.1 The derivative of a smooth random variable F of the 
form (1.28) is the H-valued random variable given by 


DF = 52 a:f(W (hi), +, W(en) hi (1.29) 


i=l 


For example, DW(h) = h. In order to interpret DF as a directional 
derivative, note that for any element h € H we have 


(DF.h)y = lim *[f(W (h) + elf, h)an -++ Win) + €( Fens) ) 


—0€ 


— f(W (ħi), -. -, W(han))]. 


Roughly speaking, the scalar product (DF, h) y is the derivative at € = 0 of 
the random variable F composed with shifted process {W(g)+e(g,h)H,g € 
The following result is an integration-by-parts formula that will play a 


fundamental role along this chapter. 


Lemma 1.2.1 Suppose that F is a smooth random variable and h € H. 
Then 
E((DF, h)g) = E(FW(h)). (1.30) 
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Proof: First notice that we can normalize Eq. (1.30) and assume that the 
norm of h is one. There exist orthonormal elements of H, €1,...,é€n, such 
that h = eı and F is a smooth random variable of the form 


F = f(W (e1),..., W (en)), 


where f is in C9 (R”). Let (x) denote the density of the standard normal 
distribution on R”, that is, 


Then we have 


E((DF, h) n) 


II 


1 f(x) O(a) da 


Rr 
= | fe)o(o)nax 
E(FW(e1)) = EFW (h)), 


II 


which completes the proof of the lemma. 


Applying the previous result to a product FG, we obtain the following 
consequence. 


Lemma 1.2.2 Suppose that F and G are smooth random variables, and 
let he H. Then we have 


E(G(DF, h)g) = E(—F(DG,h) y + FGW(h)). (1.31) 
As a consequence of the above lemma we obtain the following result. 


Proposition 1.2.1 The operator D is closable from LP? (Q) to LP (Q; H) 
for any p> 1. 


Proof: Let {Fn,N > 1} be a sequence of smooth random variables such 
that Fy converges to zero in L?(Q) and the sequence of derivatives DF'y 
converges to 7 in L?(Q; H). Then, from Lemma 1.2.2 it follows that 7 is 
equal to zero. Indeed, for any h € H and for any smooth random variable 
F € S, such that FW (h) is bounded (for intance, F = Ge~®W\)” where 
G € S, and € > 0), we have 


E((n,h)uF) = lim E((DFw,h)aF) 
= lim E(-Fy(DF,h)u + FyFW(h)) =0, 


because Fy converges to zero in L?(Q) as N tends to infinity, and the 
random variables (DF,h) and FW (h) are bounded. This implies 7 = 0. 
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For any p > 1 we will denote the domain of D in L?(Q) by D1”, meaning 
that D!? is the closure of the class of smooth random variables S with 
respect to the norm 

1 
Flap = [ECF |?) + EDF lla)? - 
For p = 2, the space D!? is a Hilbert space with the scalar product 


We can define the iteration of the operator D in such a way that for 
a smooth random variable F, the iterated derivative D*F is a random 
variable with values in H®*. Then for every p > 1 and any natural number 
k > 1 we introduce the seminorm on S defined by 


k 
Flee = |EUFP) + >> BUD! F lies) - (1.32) 


j=l 
This family of seminorms verifies the following properties: 

(i) Monotonicity:  ||F]lk p < \|F'|lj,q, for any F € S, if p < q and k <j. 
(ii) Closability: The operator D* is closable from S into L? (Q; H®*), 


for all p > 1. 
Proof: The proof is analogous to the case where k = 1 (see Exercise 
1.2.3). 

(iii) Compatibility: Let p,q > 1 be real numbers and k,j be natural 


numbers. Suppose that F, is a sequence of smooth random variables 
such that || Fn ||x,» converges to zero as n tends to infinity, and ||F,, — 
Fim||j,q converges to zero as n,m tend to infinity. Then ||F;,||;,¢ tends 
to zero as n tends to infinity. 


Proof: This is an immediate consequence of the closability of the 
operators DŻ, i > 1, on S. 


We will denote by D*? the completion of the family of smooth random 
variables S with respect to the norm ||- ||k p. From property (i) it follows 
that D*+1? C D*4 if k > 0 and p > q. For k = 0 we put ||- llop = || - Ilp 
and D°? = LP (Q). 

Fix an element h € H. We can define the operator D” on the set S of 
smooth random variables by 


D”F = (DF, h) y. (1.33) 
By Lemma 1.2.2 this operator is closable from L?(Q) into L’ (Q), for any 
p> 1, and it has a domain that we will denote by D’?. 


The following result characterizes the domain of the derivative operator 
D!:? in terms of the Wiener chaos expansion. 
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Proposition 1.2.2 Let F be a square integrable random variable with the 
Wiener chaos expansion F = X> 9 JnF. Then F € Dt? if and only if 


E(\|DF lz) = > nll JnF lly < œ. (1.34) 


n=1 
Moreover, if (1.34) holds, then for alln > 1 we have D(JnF’) = Jn_1(DF). 


Proof: |The derivative of a random variable of the form ®,, defined in 
(1.6), can be computed using (1.2): 


D(®a)= Val) [[ Ha.(W(e:)) Ha;-1(W(e,))e3. 


J=1 i=1,iŻj 
Then, D(®a) € Hn-1(H) (see Execise 1.1.4) if |a| = n, and 


E (IDR) =o ae =a -y = lal 


The proposition follows easily from Proposition 1.1.1. 
By iteration we obtain D*(J,F) = Jn_.(D*F) for all k > 2 and n > k. 
Hence, 


Co 


2 
E(||D*Fl| 70x) = >) nn- 1) (n k+ 1) ll nFlla, 
n=k 
and F € D*? if and only if Y] n* || Jn FIl3 < 00. 


The following result is the chain rule, which can be easily proved by 
approximating the random variable F by smooth random variables and 
the function y by y * p., where {w,} is an approximation of the identity. 


Proposition 1.2.3 Let gy: R™ — R be a continuously differentiable func- 
tion with bounded partial derivatives, and fix p > 1. Suppose that F = 
(Fl,...,F™) is a random vector whose components belong to the space 
Dl. Then p(F) € D!?, and 


m 


D(y(F)) = die F)DF*. 


i=l 
Let us prove the following technical result. 


Lemma 1.2.3 Let {F,,n > 1} be a sequence of random variables in D1? 
that converges to F in L?(Q) and such that 


sup E (\|[DFnlliz) < œ. 


Then F belongs to D!?, and the sequence of derivatives {DF,,n > 1} 
converges to DF in the weak topology of L?(Q;H). 
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Proof: There exists a subsequence {F),(,),k = 1} such that the sequence 
of derivatives DF;,(,) converges in the weak topology of L?(Q; H) to some 
element a € L?(Q; H). By Proposition 1.2.2, the projections of DFa(x) on 
any Wiener chaos converge in the weak topology of L?(Q), as k tends to 
infinity, to those of a. Consequently, Proposition 1.2.2 implies F € Dt? 
and a = DF. Moreover, for any weakly convergent subsequence the limit 
must be equal to a by the preceding argument, and this implies the weak 
convergence of the whole sequence. 


The chain rule can be extended to the case of a Lipschitz function: 
Proposition 1.2.4 Let py: R™ — R be a function such that 
le(x) — ply)| < Kle — yl 


for any x,y € R”. Suppose that F = (F!,..., F™) is a random vector 
whose components belong to the space D!+:?. Then y(F) € D'?, and there 
exists a random vector G = (G1, ..., Gm) bounded by K such that 


D(y(F)) = y G,DF". (1.35) 


Proof: If the function y is continuously differentiable, then the result 
reduces to that of Proposition 1.2.3 with G; = ðip(F). Let an(x) be a 
sequence of regularization kernels of the form an (x) = n™a(nx), where a 
is a nonnegative function belonging to C>°(R™) whose support is the unit 
ball and such that fem a(7)dx = 1. Set Y, = Y * Qn. It is easy to check 
that lim, y, (x) = p(x) uniformly with respect to x, and the functions ¢,, 
are C® with |Vy,,| < K. For each n we have 


Dln (F) = Y Oia F)DF'. (1.36) 


The sequence ¢,,(F') converges to y(F) in L?(Q) as n tends to infin- 
ity. On the other hand, the sequence {D(y,,(F')),n > 1} is bounded in 
L?(Q; H). Hence, by Lemma 1.2.3 y(F) € Dt? and {D(y,(F)),n > 1} 
converges in the weak topology of L?(Q;H) to D(y(F)). On the other 
hand, the sequence {Vy,,(F'),n > 1} is bounded by K. Hence, there exists 
a subsequence {V pnk) (F), k > 1} that converges to some random vec- 
tor G = (G,...,Gm) in the weak topology o(L?(Q;IR™)). Moreover, G is 
bounded by K. Then, taking the limit in (1.36), we obtain Eq. (1.35). The 
proof of the lemma is now complete. 


If the law of the random vector F is absolutely continuous with respect 
to the Lebesgue measure on R”, then G’ = 0;~(F) in (1.35). Proposition 
1.2.4 and Lemma 1.2.3 still hold if we replace D!:? by Dt? for any p > 1. In 
fact, this follows from Lemma 1.5.3 and the duality relationship between 
D and 6. 
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We will make use of the following technical result. 


Lemma 1.2.4 The family of random variables {1,W(h)G — D'G,G € 
Sp, h € H} is total in L?(Q). 


Proof: Fixheée H,n,N > 1, and set Gy = W(h)"Uy(W(h)), where Yy 
is an infinitely differentiable function such that 0 < Yy < 1, Yyy(x) = 0 
if |z| > N+1, y(x) = 1 if |z| < N, and sup, y |Wiy(a)| < co. Then, 
W(h)Gn — D'Gy converges in L?(Q) to W(h)"*1 — n |||], W(h)”=} as 
N tends to infinity. Hence the closed linear span of the family contains all 
powers W(h)", n > 1, h € H, which implies the result. 


Proposition 1.2.5 Let F be a random variable of the space D! such that 
DF =0. Then F = E(F). 


Proof: If F € D', then the result follows directly from Proposition 1.2.2. 
In the general case, let Yy be a function in Cp°(R) such that Yy(x) = 0 if 
|x| > N+1, dn(x) = vif |z| < N. Let Fn be a sequence of smooth random 
variables converging in L! (Q) to F and such that E(||DF,||;,) tends to zero 
as n tends to infinity. Then using Lemma 1.2.1 we obtain for any G € Sy, 
and any h € H 


E [by (Fn) (W(h)G - D*G)] E [Yn (Fn)W(h)G — D” (Gyn (Fa))] 


+E [GD" (Yy (Fn))] 
E[GD" (Yy (Fn))] - 


II 


Taking the limit as n tends to infinity yields 
E [ýx (F) (WG - D*G)] = 0. 


As a consequence, by Lemma 1.2.4 E [Yyy (F)] = Yy (F) for each N. Hence, 
F = E(F). 


Proposition 1.2.6 Let A€ F. Then the indicator function of A belongs 
to D!+ if and only if P(A) is equal to zero or one. 


Proof: By the chain rule (Proposition 1.2.3) applied to to a function 
y € C§°(R), which is equal to x? on [0,1], we have 


D1, = D(1,4)? = 214D1,4 
and, therefore, D14 = 0 because from the above equality we get that 


this derivative is zero on A‘® and equal to twice its value on A. So, by 
Proposition 1.2.5 we obtain 14 = P(A). 
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Remarks: 


1. If the underlying Hilbert space H is finite-dimensional, then the spaces 
D*? can be identified as ordinary Sobolev spaces of functions on R” that 
together with their k first partial derivatives have moments of order p with 
respect to the standard normal law. We refer to Ocone [270] for a detailed 
discussion of this fact. See also Exercise 1.2.8. 


2. The above definitions can be exended to Hilbert-valued random vari- 
ables. Let V be a real separable Hilbert space. Consider the family Sy of 
V-valued smooth random variables of the form 


F=X_Fjvj, vj EV, FES. 


Define DEF = Dai DF; ®v;, k > 1. Then DF is a closable operator 
from Sy C L?(O;V) into L?(Q; H®* @V) for any p > 1. For any integer 
k > 1 and any real number p > 1 we can define the seminorm on Sy 


1 


k 
Fllenv = | EUR) +>) EID Flizeigv)| - (1.37) 


j=l 


The operator D* and the seminorms ||- ||k,p,v verify properties (i), (ii), and 
(iii) . We define the space D*?(V) as the completion of Sy with respect 
1 


to the norm ||- ||k,p,v. For k = 0 we put ||Fllopv = [E(\|FIlf,)]?, and 
D°?(V) = LP (Q; V). 


1.2.1 The derivative operator in the white noise case 


We will suppose in this subsection that the separable Hilbert space H is 
an L? space of the form H = L?(T,B,), where u is a o-finite atomless 
measure on a measurable space (T, B). 

The derivative of a random variable F € D!? will be a stochastic process 
denoted by {D;F,t € T} due to the identification between the Hilbert 
spaces L?(Q; H) and L?(T x Q). Notice that D,F is defined almost every- 
where (a.e.) with respect to the measure u x P. More generally, if k > 2 
and F € D*?, the derivative 


DFF = {D} Ft, €T}, 


er 


is a measurable function on the product space T* x Q, which is defined a.e. 
with respect to the measure p” x P. 


Example 1.2.1 Consider the example of a d-dimensional Brownian mo- 
tion on the interval [0,1], defined on the canonical space Q = Co ([0, 1]; R2). 
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In this case (DF, h)g can be interpreted as a directional Fréchet deriva- 
tive. In fact, let us introduce the subspace H! of Q which consists of all 
absolutely continuous functions x : [0,1] — R? with a square integrable 
derivative, i.e., x(t) = ips £(s)ds, t € H = L?((0,1];R*). The space Ht 
is usually called the Cameron-Martin space. We can transport the Hilbert 
space structure of H to the space H! by putting 


d 1 : 
(x,y)m = (4,9) 4 = >| é'(s)y'(s)ds. 


In this way H! becomes a Hilbert space isomorphic to H. The injection of 
H! into Q is continuous because we have 


1 
sup |z(t)| < | lż(s)|ds < ||tl|a = lalla. 
0<t<1 0 


Assume d = 1 and consider a smooth functional of the particular form 
F = f(W(t1),...,W(in)), f € CH (R"), 0 < ti <--> < tn < 1, where 
W(ti) = (RG dW, = W (Liot). Notice that such a functional is continuous 
in Q. Then, for any function h in H, the scalar product (DF, h) y coincides 
with the directional derivative of F in the direction of the element fy h(s)ds, 
which belongs to H+. In fact, 


n 


(DF hy = $ dif(W(t),---,W(tn)) (Liota, h)a 


_ SOSW) Wn) fs) 
P 
= grete f Modsa 


On the other hand, if F is Fréchet differentiable and AF denotes the signed 
measure associated with the Fréchet derivative of F, then DF = à" ((t,1)). 
In fact, for any he H we have 


(DF, h)g = f A” (dt)( I haa f A” ((t, 1])h(t)dt. 


Suppose that F is a square integrable random variable having an orthog- 
onal Wiener series of the form 


n=0 


where the kernels fa, are symmetric functions of L?(T”). The derivative 
D,F can be easily computed using this expression. 
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Proposition 1.2.7 Let F € D!? be a square integrable random variable 
with a development of the form (1.38). Then we have 


DP = X` AG): (1.39) 


n=1 


Proof: Suppose first that F = Im(fm), where fm is a symmetric and 
elementary function of the form (1.10). Then 


DF = 3 J Dig im W (Ai) +++ Lay, © e W (Ain) = mm- (fmC, #))- 


Then the result follows easily. 


The heuristic meaning of the preceding proposition is clear. Suppose that 
F is a multiple stochastic integral of the form In( fn), which has also been 


denoted by 
F=f- TEZ (ti, ...,tn)W (dt1)--- W (dtn). 


Then, F belongs to the domain of the derivation operator and D+F is 
obtained simply by removing one of the stochastic integrals, letting the 
variable t be free, and multiplying by the factor n. 


Now we will compute the derivative of a conditional expectation with 
respect to a o-field generated by Gaussian stochastic integrals. Let A € B. 
We will denote by F4 the o-field (completed with respect to the probability 
P) generated by the random variables {W (B), B C A,B € Bo}. We need 
the following technical result: 


Lemma 1.2.5 Suppose that F is a square integrable random variable with 
the representation (1.38). Let A € B. Then 


E(F|Fa) = yh (Ala: (1.40) 


Proof: It suffices to assume that F = In(fn), where fn is a function 
in En. Also, by linearity we can assume that the kernel fn is of the form 


1z,x..-xB,, Where B),...,B, are mutually disjoint sets of finite measure. 
In this case we have 
E(F|Fa) = E(W(B1)---W(Bm)|Fa) 


2 »( [Tow (BiN A) + W(BiN A’) | Fa) 


i=1 
= I, cpina)x.-x(Ban)): 
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Proposition 1.2.8 Suppose that F belongs to D':?, and let A € B. Then 
the conditional expectation E(F|F a) also belongs to the space D!?, and we 
have: 

D(E(F|Fa)) = E(DiF|Fa)1 a(t) 


a.e. in T xQ. 


Proof: By Lemma 1.2.5 and Proposition 1.2.7 we obtain 


Di(E(F|Fa)) = ah (fal 14°" )14() = E(DiF|Fa)1a(0). 


Corollary 1.2.1 Let Ac B and suppose that F € D!? is F4-measurable. 
Then D;F is zero almost everywhere in A® x Q. 


Given a measurable set A € B, we can introduce the space D4? of 
random variables which are differentiable on A as the closure of S with 
respect to the seminorm 


IF Po = BR?) +E ( i (Dery wl dt). 


Exercises 


1.2.1 Let W = {W (t),0 < t < 1} be a one-dimensional Brownian motion. 
Let h € L?({0,1]), and consider the stochastic integral F = if h,dW,. Show 
that F has a continuous modification on Co((0, 1]) if and only if there exists 
a signed measure u on (0,1] such that A(t) = p((t,1]), for all t € [0,1], 
almost everywhere with respect to the Lebesgue measure. 

Hint: If h is given by a signed measure, the result is achieved through 
integrating by parts. For the converse implication, show first that the con- 
tinuous modification of F must be linear, and then use the Riesz repre- 
sentation theorem of linear continuous functionals on C((0, 1]). For a more 
general treatment of this problem, refer to Nualart and Zakai [268]. 


1.2.2 Show that the expression of the derivative given in Definition 1.2.1 
does not depend on the particular representation of F as a smooth func- 
tional. 


1.2.3 Show that the operator D* is closable from S into L?(Q; H®*). 

Hint: Let {Fy, N > 1} be a sequence of smooth functionals that con- 
verges to zero in L? and such that D* Fy converges to some 7 in L?(Q; H®*), 
Iterating the integration-by-parts formula (1.31), show that E((n,h1@---® 
hy) FE) = 0 for all hi,..., hg E€ H, F € Sp, and 


= exp( — cSwth)). 
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1.2.4 Let fn be a symmetric function in L?([0, 1]”). Deduce the following 
expression for the derivative of F = In(fn): 


n 


DF = m5 | Faltigsesy tat) 


ja Y {t1< e <ti—1<t<ti = <tn-1} 
x dW, ---dW:,_,, 
with the convention tn = 1. 


1.2.5 Let F € D*? be given by the expansion F = Xpo In(fn). Show 
that 


DE te = nin- 1) (n kt Ine (fins ta +s te), 
n=k 
and 
k py2 = nl? 2 
E(||D Fz 2(re)) = 5 qa pyi Altere 
n=k 


1.2.6 Suppose that F = X 7o In(fn) is a random variable belonging to 
the space D®:? = ,D*?. Show that fn = 4.E(D"F) for every n > 0 (cf. 
Stroock [321]). 


1.2.7 Let F = exp(W (h)— 4 J, h2u(ds)), h € L? (T). Compute the iterated 
derivatives of F and the kernels of its expansion into the Wiener chaos. 


1.2.8 Let e€1,...,€n be orthonormal elements in the Hilbert space H. De- 
note by Fn the o-field generated by the random variables W (e1), ..., W (en). 
Show that an Fa-measurable random variable F belongs to D!:? if and only 
if there exists a function f in the weighted Sobolev space WŁ? (R”, N (0, In)) 
such that 

F = f(W (e1),..., W (en)). 


Moreover, it holds that DF = Ņ>;—; 0; f(W(e1),...,W(en))ei. 


1.2.9 Let (Q, F, P) be the canonical probability space of the standard 
Brownian motion on the time interval [0,1]. Let F be a random variable 
that satisfies the following Lipschitz property: 


(w+ | hads) — Flw)| < chlu as, he H= ([0,1]). 


Show that F € D!? and ||DF||# < c a.s. In [92] Enchev and Stroock proved 
the reciprocal implication. 

Hint: Suppose that F € L? (Q) (the general case is treated by a truncation 
argument). Consider a complete orthonormal system {e;,i > 1} in H. 
Define Fan = E(F|Fn), where Fn is the o-field generated by the random 
variables W(e1),...,W (en). Show that Fn = fn(W (e1), ..., W (en)), where 
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fn is a Lipschitz function with a Lipschitz constant bounded by c. Use 
Exercise 1.2.8 to prove that F, belongs to Dt? and ||DFi||n < c, as. 
Conclude using Lemma 1.2.3. 


1.2.10 Show that the operator defined in (1.33) is closable in L?(Q), for 
all p > 1. 


1.2.11 Suppose that W = {W(t),0 < t < 1} is a standard one-dimensional 
Brownian motion. Show that the random variable M = supg<;<, W(t) 
belongs to the space D!, and DM = 1jo,7}(t), where T is the a.s. unique 
point where W attains its maximum. 

Hint: Approximate the supremum of W by the maximum on a finite set 
(see Section 2.1.4). 


1.2.12 Let F, and F, be two elements of D!? such that F, and ||DF,||q7 
are bounded. Show that F Fh € D!? and D(F; Fə) = Fi DF + Fo DF. 


1.2.13 Show the following Leibnitz rule for the operator D*: 


where for any subset I of {t1,..., tk}, |I| denotes the cardinality of I. 
1.2.14 Show that the set So is dense in D*? for any k > 1, p> 1. 


1.3 The divergence operator 


In this section we consider the divergence operator, defined as the adjoint 
of the derivative operator. If the underlying Hilbert space H is an L? space 
of the form L?(T,B,), where u is a o-finite atomless measure, we will 
interpret the divergence operator as a stochastic integral and we will call 
it the Skorohod integral because in the Brownian motion case it coincides 
with the generalization of the It6 stochastic integral to anticipating inte- 
grands introduced by Skorohod [315]. We will deduce the expression of the 
Skorohod integral in terms of the Wiener chaos expansion as well as prove 
some of its basic properties. 

We will first introduce the divergence operator in the framework of a 
Gaussian isonormal process W = {W(h),h € H} associated with the 
Hilbert space H. We assume that W is defined on a complete probabil- 
ity space (Q, F, P), and that F is generated by W. 

We recall that the derivative operator D is a closed and unbounded 
operator with values in L?(Q; H) defined on the dense subset Dt? of L?(Q). 


Definition 1.3.1 We denote by 6 the adjoint of the operator D. That is, 
ô is an unbounded operator on L?(Q; H) with values in L?(Q) such that: 
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(i) The domain of 6, denoted by Dom ô, is the set of H-valued square 
integrable random variables u € L?(Q; H) such that 


|E(DF,u) a) < ellF l2, (1.41) 
for all F € D'?, where c is some constant depending on u. 


(ii) If u belongs to Dom ô, then 6(u) is the element of L? (Q) characterized 
by 
E(F6(u)) = E((DF, u) y) (1.42) 
for any F € D!?. 


The operator 6 is called the divergence operator and is closed as the 
adjoint of an unbounded and densely defined operator. Let us study some 
basic properties of this operator. 


1.3.1 Properties of the divergence operator 


Taking F = 1 in (1.42) we obtain E(d(u)) = 0 if u € Dom ô. Also, 6 is a 
linear operator in Dom 6. We denote by Sy the class of smooth elementary 
elements of the form 


u= X_ Fjhj, (1.43) 
j=1 


where the F; are smooth random variables, and the h; are elements of 
H. From the integration-by-parts formula established in Lemma 1.2.2 we 
deduce that an element u of this type belongs to the domain of ô and 
moreover that 


-ZAWO > (DFj, hj) y (1.44) 
j=l 


The following proposition provides a large class of H-valued random 
variables in the domain of the divergence. Note that if u € D'?(H) then 
the derivative Du is a square integrable random variable with values in the 
Hilbert space H & H, which can be indentified with the space of Hilbert- 
Schmidt operators from H to H. 


Proposition 1.3.1 The space D'?(H) is included in the domain of 6. If 
u,v € D'?(H), then 


E (5(u)6(v))) = E ((u, v) y) + E (Tr (Duo Dv)). (1.45) 


In order to prove Proposition 1.3.1 we need the following commutativity 
relationship between the derivative and divergence operators. Let u € Sy, 
FeSandhe H. Then 


D"(5(u)) = lu, h) y + 6(D"u). (1.46) 
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Proof of (1.46): Suppose that u has the form (1.43). From (1.44) we deduce 


XCF; (h, hy) + X (D*F;W (hj) — (D (D"F;) , hj) y) 
= 


= (u,h)}y +6(D'u). 


Notice that (1.46) is just a “Heisenberg commutativity relationship” that 
can be written, using commutator brackets, as [D”, d)u = (u, h) y 


Proof of Proposition (1.8.1): Suppose first that u,v € Sy. Let {e;,i > 1} 
be a complete orthonormal system on H. Using the duality relationship 
(1.42) and property (1.46) we obtain 


i=l 


E(d(u)d(v))) = Ronn) 


II 
pan 
© 


(u, ei) _ + a) 


= E((u,v)y)+E| X, D” (u,ey)_ D” (v,ei)y 


ij=1 


= E((u,v)g) + E (Tr (Duo Dv)). 


As a consequence, we obtain the estimate 


E (5(u)*) < E (lull) + £ (Dulin) = lul? (1-47) 


This implies that the space D!:?(H) is included in the domain of ô. In fact, 
if u € D'?(H), there exists a sequence u” € Sy such that u” converges to 
u in L?(Q) and Du” converges to Du in L?(Q;H & H). Therefore, 5(u”) 
converges in L?(Q) and its limit is 6(u). Moreover, (1.45) holds for any 
u,v € D+?(H). 

In order to extend the equality (1.46) to a more general class of random 
variables we need the following technical lemma. 


Lemma 1.3.1 Let G be a square integrable random variable. Suppose there 
exists Y € L?(Q) such that 


E(G6(hF)) = E (Y F), 


for all F € D!?. Then G € D®? and DG =Y. 
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Proof: We have 


E (YF) = E(G6o(hF)) = 3 E ((JnG) 6(hF)) = > E(FD" (JnG)), 


hence, Jn—1Y = D"(JnG) for each n > 1 and this implies the result. 


Proposition 1.3.2 Suppose that u € D'?(H), and D”u belongs to the 
domain of the divergence. Then 5(u) € D®?, and the commutation relation 
(1.46) holds. 


Proof: For all F € D' we have using (1.45) and the duality relationship 
(1.42) 


E(d(u)6(AF)) = E ((u,h)y F+(D"u, DF) ,) 
= E(((u,h)y+6(D*u)) F), 


which implies the result, taking into account Lemma 1.3.1 
The following proposition allows us to factor out a scalar random variable 
in a divergence. 


Proposition 1.3.3 Let F € D!? and u be in the domain of ô such that 
Fu € L?(Q; H). Then Fu belongs to the domain of 6 and the following 
equality is true 

6(Fu) = Fo(u) — (DF, u) p, (1.48) 


provided the right-hand side of (1.48) is square integrable. 


Proof: For any smooth random variable G € So we have 


E((DG,Fu),) = E((u,D(FG) - GDF) ») 
E ((d(u)F — (u, DF’) g) G), 


which implies the desired result. 


The next proposition is a version of Proposition 1.3.3, where u is replaced 
by a deterministic element h € H. In this case it suffices to impose that F 
is differentiable in the direction of h (see Lemma 1.3.2 for a related result). 


Proposition 1.3.4 Let h € H and F € D"?. Then Fh belongs to the 
domain of ô and the following equality is true 


6(Fh) = FW (h) — D” F. 


Proof: Suppose first that F € S. Then, the result is clearly true and using 
(1.45) yields 


E [(6Fh)?] = E (F° Wali) + E [(D*F)*] (1.49) 
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Finally, if Fa € S is a sequence of smooth random variables converging to 
F in L?(Q) and such that D” F,, converges to DF in L?(Q), then by (1.49) 
the sequence 6(F;,h) is convergent in L?(Q). 


The following extension of Proposition 1.3.3 will be useful. 


Proposition 1.3.5 Suppose that H = L?(T,B, u). Let A€ B, and con- 
sider a random variable F € D4&?. Let u be an element of L?(Q; H) such 
that ul, belongs to the domain of ô and such that Ful, € L?(Q; H). Then 
Fula belongs to the domain of 6 and the following equality is true 


6(Ful,) = Fd(ul,) - f DiFunldi), (1.50) 


provided the right-hand side of (1.48) is square integrable. 


The next proposition provides a useful criterion to for the existence of 
the divergence. 


Proposition 1.3.6 Consider an element u € L? (Q; H) such that there 
exists a sequence u” € Domô which converges to u in L? (Q; H). Suppose 
that there exists G € L?(Q) such that limn—œ E(ô(u”) F) = E(GF) for all 
F € S. Then, u belongs to Domô and ô(u) = G. 


1.3.2 The Skorohod integral 


We will suppose in this subsection that the separable Hilbert space H is 
an L? space of the form H = L?(T,B, u), where u is a o-finite atomless 
measure on a measurable space (T, B). 

In this case the elements of Domô C L?(T x Q) are square integrable 
processes, and the divergence (u) is called the Skorohod stochastic integral 
of the process u. We will use the following notation: 


ô(u) = | uz,dW;. 
T 
Any element u € L?(T x Q) has a Wiener chaos expansion of the form 
n=0 


where for each n > 1, fn € L?(T”+!) is a symmetric function in the first n 
variables. Furthermore 
co 
Bf uua) = D laliar 
T n=0 
The following result expresses the operator 6 in terms of the Wiener chaos 
decomposition. 
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Proposition 1.3.7 Let u € L?(T x Q) with the expansion (1.51). Then u 
belongs to Domo if and only if the series 


5(u) = X Insi (fa) (1.52) 


converges in L?(Q). 


Observe that the (n + 1)-dimensional kernels fn appearing in formula 
(1.51) are not symmetric functions of all its variables (only on the first n 
variables). For this reason, the symmetrization of f, in all its variables will 
be given by 


x 1 


Wig as cnbas = Eas celal: 
fn(ti tn, t) mG ) 


n 
+ XO falti, Trs sti—1;t, tigi, - g i stata): 
i=l 


Equation (1.52) can also be written without symmetrization, because for 
each n, Insi(fn) = In41(fn). However, the symmetrization is needed in 
order to compute the L? norm of the stochastic integrals (see formula (1.53) 
ahead). 


Proof: Suppose that G = [,,(g) is a multiple stochastic integral of order 
n > 1 where g is symmetric. Then we have the following equalities: 


p ( f upien) = = [Enn D alaale) ala 


a ‘a BOA AOD AGO ue 
= n(n-1) f (fa-105t), g(t) z2r- uld) 
T. 


= (fni, 9)re(re) = 2 fn-1, 9) (Te) 
= E (Jn(fn—1)In(9)) =E (In(fn—1)@) ` 


Suppose first that u € Dom ô. Then from the above computations and from 
formula (1.42) we deduce that 


E(5(u)G) = E(In(fa-1)G) 
for every multiple stochastic integral G = I» (g). This implies that In (fn—1) 


coincides with the projection of ô(u) on the nth Wiener chaos. Consequent- 
ly, the series in (1.52) converges in L?(Q) and its sum is equal to 6(u). 
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Conversely, suppose that this series converges and let us denote its sum by 
V. Then from the preceding computations we have 


N N 
E (/ UD (> itt) Ht) = E(V X` In(Gn)) 
T n=0 n=0 


for all N > 0. So we get 
IEC we DrFw(at))| < IV Ila, 
for any random variable F with a finite Wiener chaos expansion. By a 


density argument, this relation holds for any random variable F in D!?, 
and by Definition 1.3.1 we conclude that u belongs to Dom ô. 


From Proposition 1.3.7 it is clear that the class Dom 6 of Skorohod inte- 
grable processes coincides with the subspace of L? (T x Q) formed by the 
processes that satisfy the following condition: 


E(5(u)?) = So (n+ I! fallera) < o. (1.53) 
n=0 
The space D!?(L?(T)), denoted by L*?, coincides with the class of 
processes u € L?(T x Q) such that u(t) € D!? for almost all t, and there 
exists a measurable version of the two-parameter process Dsus verifying 
E fy J-(Dsut)? (ds) (dt) < oo. This space is included in Dom 6 by Propo- 
sition 1.3.1. We recall that L1? is a Hilbert space with the norm 


lulli 2 L2) = llullzecrxa) T || Dullz2rax0)- 


Note that L1? is isomorphic to L?(T; D1). 
If u and v are two processes in the space L1:?, then Equation (1.45) can 
be written as 


E(d(u)d(v)) = | E(uevz)u(dt) + E(DsuzDyvs)(ds)u(dt). (1.54) 
T TIT 


Suppose that T = [0,00) and that u is the Lebesgue measure. Then, 
if both processes are adapted to the filtration generated by the Brownian 
motion, by Corollary 1.2.1 we have that D,u; = 0 for almost all (s, t) such 
that s > t, since Fy = Fjo, Consequently, the second summand in Eq. 
(1.54) is equal to zero, and we recover the usual isometry property of the 
Ito integral. 

We could ask in which sense the Skorohod integral can be interpreted as 
an integral. Suppose that u is a smooth elementary process of the form 
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where the F; are smooth random variables, and the hj are elements of 
L?(T). Equation (1.44) can be written as 


Jp OR JOW- |, DEMA (1.56) 


We see here that the Skorohod integral of a smooth elementary process can 
be decomposed into two parts, one that can be considered as a path-wise 
integral, and another that involves the derivative operator. We remark that 
if for every j the function hj is an indicator 14, of a set Aj; € Bo, and Fj 
is Fac-measurable, then by Corollary 1.2.1, the second summand of Eq. 
(1.44) vanishes and the Skorohod integral of u is just the first summand of 
(1.44). 


Proposition 1.3.2 can be reformulated as follows. 


Proposition 1.3.8 Suppose that u € L!?. Assume that for almost all t 
the process {Drus,s € T} is Skorohod integrable, and there is a version of 
the process { fp DrusdWs,t € T} which is in L?(T x Q). Then ô(u) € D!?, 


and we have 
D,(6(u)) = u +f D;usdW,. (1.57) 
T 
The next result characterizes the family of stochastic processes that can 


be written as DF for some random variable F. 


Proposition 1.3.9 Suppose that u € L?(T x Q). There exists a random 
variable F € D+? such that DF = u if and only if the kernels fn appearing 
in the integral decomposition (1.51) of u are symmetric functions of all the 
variables. 


Proof: The condition is obviously necessary. To show the sufficiency, define 


= l 
F= ay A FOE 
baei +iFn) 


Clearly, this series converges in Dt? and DF = u. 


Proposition 1.3.10 Every process u € L?(T x Q) has a unique ortho- 
gonal decomposition u = DF + u°, where F € D!?, E(F) = 0, and 
E((DG,u°)) = 0 for all G in D!?. Furthermore, u? is Skorohod inte- 
grable and 5(u°) = 0. 


Proof: The elements of the form DF, F € D!?, constitute a closed 
subspace of L?(T x Q) by Proposition 1.3.9. Therefore, any process u € 
L?(T x Q) has a unique orthogonal decomposition u = DF + u?, where 
F € D!?, and u? LDG for all G in D!?. From E((DG,u°) 7) = 0 for all G 
in D1, it is clear that u? is Skorohod integrable and 6(u°) = 0. 
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1.3.8 The Ito stochastic integral as a particular case 
of the Skorohod integral 


It is not difficult to construct processes u that are Skorohod integrable 
(they belong to Dom6) and do not belong to the space L!?. The next 
result provides a simple method for constructing processes of this type. 


Lemma 1.3.2 Let A belong to Bo, and let F be a square integrable random 
variable that is measurable with respect to the o-field Fac. Then the process 
F14 is Skorohod integrable and 


5(F1,4) = FW(A). 


Proof: Suppose first that F belongs to the space D!:?. In that case using 
(1.48) and Corollary 1.2.1, we have 


5(F1,4) = FW(A) — [ D,F1,(t)u(dt) = FW(A). 


Then, the general case follows by a limit argument, using the fact that 6 is 
closed. 


Notice that Lemma 1.3.2 is a particular case of Proposition 1.3.4 because 
if F is in L7(Q, Fac, P), then F € D147 and D! F =0. 

Using this lemma we can show that the operator 6 is an extension of 
the Itô integral in the case of the Brownian motion. Let W = {W+ (t); 0 < 
t<1,1 <i < d} be a ddimensional Brownian motion. We denote by L 
the closed subspace of L?([0, 1] x Q; R4) & L?(T x Q) (we recall that here 

= [0,1] x {1,...,d}) formed by the adapted processes. 

In this context we have the following proposition. 


Proposition 1.3.11 L2 C Dom ô, and the operator 6 restricted to L2 co- 
incides with the Itô integral, that is, 


d 1 
aN J uidW}. 
i=1 79 
Proof: Suppose that u is an elementary adapted process of the form 
n 
Ut = > P51 (t;,t)41] (t) 
j=l 


where Fy € 7OFe 5 P; RÌ), and 0 < tı <--+ < tn41 < 1 (here F; = 
Fio,t])- Then from Lemma 1.3.2 we obtain u € Dom ô and 


d n 
= Fil (tj41) — W(t). (1.58) 
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We know that any process u € L? can be approximated in the norm of 
L?(T x Q) by a sequence u” of elementary adapted processes. Then by 
(1.58) d(u”) is equal to the It6 integral of u” and it converges in L?(Q) to 
the Ité integral of u. Since 6 is closed we deduce that u € Dom 4, and d(u) 
is equal to the It6 integral of u. 


More generally, any type of adapted stochastic integral with respect to a 
multiparameter Gaussian white noise W can be considered as a Skorohod 
integral (see, for instance, Nualart and Zakai [264]). 


Let W = {W(t),t € [0,1]} be a one-dimensional Brownian motion. We 
are going to introduce a class of processes which are differentiable in the 
future and it contains L2. The Skorohod integral is well defined in this class 
and possesses properties similar to those of the Ité integral (see Chapter 
3). 
Let L!?-f be the closure of Sy with respect to the seminorm 


las =B( ff war) + E(f (Danasa), 


and let L? be defined as the closure of Sy with respect to the seminorm 


ul, = llull? gp + E ( J ,_(DDeu)’dsdi) 


Remarks: 


1. L? coincides with the class of processes u € L!?-/ such that 
{Dsu:1jo,s}(t), t € [0, 1]} belongs to D+?(£?([0, 1]°)). 


2. If u € Lif, then f? udt € Dte? for any 0<a<b<1. 


Proposition 1.3.12 L? C L", and for any u € L? we have Dou, = 0 if 


t> s, and 
1 
lul% = E (/ u2dt) ; (1.59) 
0 


Proof: Let u be an elementary adapted process of the form (1.58). Then 
u € LF, and Dsus = 0 if t > s. The result follows because these processes 
are dense in L?. 


Proposition 1.3.13 L? C Domé and for allu € LË? we have 
E (6(u)”) <2|lullp- 
Proof: If u€ Sx, then by (1.54) we have 


E(6(u)?) = ef wat) +e( f f DauDusdsat) 
= E (f ža) +2E (ff Dsu Diusdsdt) . (1.60) 
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Using the duality between the operators 6 and D and applying again (1.54) 
yields 


1 pt 1 t 
E (/ f Dsi Diusdsdt) = £ (J Ut (J Disa) at) 
o Jo 0 0 
1 1 
< ŻE (/ użat) 
2 0 


1 1 t 2 
45E T (/ Diusaw,) dt | . (1.61) 
2 o \Jo 
Moreover, (1.54) yields 


e( f° (fama) a) =E f f Drusas) 
ve (ff [ Dern? arasat). (1.62) 


Substituting (1.61) and (1.62) into (1.60) we obtain the inequality (1.59). 
Finally, the general case follow by a density argument. 


1.3.4 Stochastic integral representation of Wiener functionals 


Suppose that W = {W (t), t € [0, 1]} is a one-dimensional Brownian motion. 
We have seen in Section 1.1.3 that any square integrable random variable 
F, measurable with respect to W, can be written as 


+f o(t)dW,, 


where the process ¢ belongs to L2. When the variable F belongs to the 
space ID! 7, it turns out that the process ¢ can be identified as the optional 
projection of the derivative of F. This is called the Clark-Ocone represen- 
tation formula: 


Proposition 1.3.14 Let F € D!?, and suppose that W is a one-dimensio- 
nal Brownian motion. Then 


1 
F= E(F) +f E(D,F|Fi)aW. (1.63) 

0 
Proof: Suppose that F = Xpo In( fn). Using (1.39) and (1.40) we deduce 


E(D;iF| F) > nE(In-1( fn t))|Fe) 


II 


= Dah- 1 (fal t1,.--,tn—1, t)1 f4,V---Vtn_1<t}) + 
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Set ¢, = E(DiF|F:). We can compute 6(¢) using the above expression for 
@ and (1.52), and we obtain 


which shows the desired result because 6(¢) is equal to the Itô stochastic 
integral of ¢. 


As a consequence of this integral representation, and applying the Holder, 
Burkholder, and Jensen inequalities, we deduce the following inequality for 
F €D!? and p> 2 in the case T = [0,1]: 


E(\F |’) < CEP + EU |DiFPdt)]. 


1.3.5 Local properties 


In this subsection we will show that the divergence and derivative opera- 
tors verify a local property. The local property of the Skorohod integral is 
analogous to that of the It6 integral. 


Proposition 1.3.15 Let u € D'?(H) and A E€ F, such that u = 0 on A. 
Then 5(u) = 0 a.s. on A. 


Proof: Let F be a smooth random variable of the form 
F = f(W(h,),...,;W(hn)) 
with f € C§°(R”). We want to show that 


6(u)1 ¢\\u),,=0} = 0 


a.s. Suppose that ¢ : R — R is an infinitely differentiable function such 
that ¢ > 0, (0) = 1 and its support is included in the interval [—1, 1]. 
Define the function ġ.(x) = ¢(£) for all € > 0. We will use (see Exercise 
1.3.3) the fact that the product F'¢,(||u||7,) belongs to D!:?. Then by the 
duality relation (1.42) we obtain 


E (f(u). (lulli) F) = E ((u, DIF¢<(llellz)]) g) 
= _ E (ġ. (lull) (u, DF) g) 
+ 2E (Fo, (lull) (u, Du) y) - 


We claim that the above expression converges to zero as € tends to zero. In 
fact, first observe that the random variables 


Ve = ġe (llullir) (u, DF) g + 2F¢- (lullžr) (u, Du) g 
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converge a.s. to zero as € | 0, since ||u||”7 = 0 implies V = 0. Second, we 
can apply the Lebesgue dominated convergence theorem because we have 
| (lull) (u DF) a| < [lllollulla||DF lx, 
|S (Well) (u, D*u) z 
< sup |z6.(x)||Dull noz < I1¢lloo lDul zoz- 


The proof is now complete. 


Notice that the local property of the divergence has been established 
for H-valued random variables in the space D!:?(H). We do not know if it 
holds for an arbitrary variable u in the domain of ô, although we know that 
in the Brownian case the local property holds in the subspace L?, because 
as we have seen 6 coincides there with the It6 integral. As an extension of 
this result we will prove in Proposition 1.3.17 below that the local property 
of ô holds in the space L”. 

The next result shows that the operator D is local in the space D!!. 


Proposition 1.3.16 Let F be a random variable in the space D}! such 
that F = 0 a.s. on some set AG F. Then DF =0 a.s. on A. 


Proof: We can assume that F € Dit N L°(Q), replacing F by arctan(F). 
We want to show that 1,;7_9;DF = 0 a.s. Consider a function ¢: R —> R 
such as that in the proof of Proposition 1.3.15. Set 


ve) = f E? 


By the chain rule y,(F) belongs to Dt! and Dy, (F) = ġ.(F)DF. Let u 
be a smooth elementary process of the form 


u = Sa 
j=l 


where Fj € Sẹ and hj € H. Observe that the duality relation (1.42) holds 
for F in D+! N L®(Q) and for a process u of this type. Note that the class 
of such processes u is total in L1(Q; H) in the sense that if v € L'(Q; H) 
satisfies E((v, u) 7) = 0 for all u in the class, then v = 0. Then we have 
IE (6(F) (DF, uw wl = |E CDF), u) a) 
|E (W.(F)5(u))| < €lllloo#(|6(u)]). 


Letting € | 0, we obtain 
E (1,r=0}(DF, u) g) = 0, 


which implies the desired result. 
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Proposition 1.3.17 Suppose that W = {W(t),t € [0,1]} is a one- 
dimensional Brownian motion. Letu € L? and A E€ F, such that u;(w) = 0 
a.e. on the product space [0,T|x A. Then 6(u) =0 a.s. on A. 


Proof: Let u € LF. Consider the sequence of processes ŭ” defined in 
(1.17). As in Lemma 1.1.3 the operator P, defined by P,(u) = u” has 
norm bounded by 1 from L” to L?. By Proposition 1.3.13 6(ŭ”) converges 
in L?(Q) to d(u) as n tends to infinity. On the other hand, applying Propo- 
sition 1.3.4 we have 


2"-1 i277 
Aw”) = 5 gn (/ ree was) (Wa+1)2-7 m Wi2-n) 
i=1 a 


(i41)27" = pia7” 
-f / Deu,dtds. 
i2-n (i—1)2-” 


and by the local property of the operator D in the space L!:?-/ (see Exercise 
1.3.12) we deduce that this expression is zero on the set te u?dt = 0, which 
completes the proof of the proposition. 


We can localize the domains of the operators D and 6 as follows. If Lisa 
class of random variables (or processes) we denote by Lig the set of random 
variables F such that there exists a sequence {(Q,,f,),n > I} CFL 
with the following properties: 


(i) Qn TQ, as. 
(ii) F = Fn as. on Qn. 


If F € Dy, p> 1, and (Qn, Fn) localizes F in D'?, then DF is defined 
without ambiguity by DF = DF, on Qn, n È> 1. More generally, the 
iterated derivative D* is well defined by localization in the space DE? : 
Moreover, for any h € H the operator D” is also local (see Exercise 1.3.12) 
and it has a local domain ph? p>. 

Then, if u € D (A ), the divergence 5(u) is defined as a random variable 
determined by the conditions 


d(u)la, = Alula, for all n>1, 


where (Qn, Un) is a localizing sequence for u. 

Although the local property of the divergence operator has not been 
proved in its domain, we can localize the divergence as follows. Suppose 
that {(Q,,u"),n > 1} is a localizing sequence for u in (Domd),,.. If 6(u") = 
d(u™) a.s. on Qn for all m > n, then, the divergence (u) is the random 
variable determined by the conditions 6(u)|e,, = 6(u”)|g,, for all n > 1, 
but it may depend on the localizing sequence. 
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Examples: Let W = {W (t),t € [0,1]} be a one-dimensional Brownian 
motion. The processes 


Wi 4 
= — =e W 
Ut lak ve = exp(W,) 
belong to Liz?. In fact, the sequence (Qn, u”) with Q, = {|Wi| > +} and 


ur = mata localizes the process u in L!:?. On the other hand, if we take 
Qn = {SUPrcjo,1] Wil < n} and vf = exp(W}! ^ n), we obtain a localizing 
sequence for the process v (see also Exercise 1.3.10). 


The following proposition asserts that the Skorohod integral defined by 


localization in the space lee thanks to Proposition 1.3.17 is an extension 


of the Itô stochastic integral. 


Proposition 1.3.18 Let W = {W;,t € [0,1]} be a one-dimensional Brown- 
ian motion and consider an adapted process u such that J udt < œ a. s. 
Then, u belongs to LÈ and 6(u) coincides with the Itô stochastic integral 


1 loc 
JS 0 Ut dW; . 
Proof: For any integer k > 1 consider an infinitely differentiable function 


Pp : R —>R such that p(x) = 1 if |x| < k, y,(x) = 0 if |z| > k+1 and 
|p, (x)| < 1 for all x. Define 


t 
uk = UY, (J užas) 
0 
1 
om={ f uds <k}. 
0 


k 


and 


k 


Then we have Qg Î Q a.s., u = u" on [0,1] x Qk, and u € L? because u 


is adapted and 


1 1 t 
f (uk)? at = T TA (/ užds) dt<k+l1. 
0 0 0 


Then, the result follows because on L? the Skorohod integral is an extension 
of the Ito integral. 


The following lemma is helpful in the application of the analysis on the 
Wiener space. It allows us to transform measurability properties with re- 
spect to o-fields generated by variables of the first chaos into analytical 
conditions. 


Lemma 1.3.3 Let G be a random variable in DY. Given a closed sub- 
space K of H, we denote by Fx the o-field generated by the Gaussian 
random variables {W(h),h E€ K}. Let A € Fg. Suppose that 14G is Fg- 
measurable. Then DG € K, a.s., in A. 
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Proof: Since we can approximate G by y,(G), where y, € CF (R), 
Pa(£) = z for |x| < n, it is sufficient to prove the result for G € Dy? L?(Q). 
Let h € H be an element orthogonal to K. Then E(G | Fx) belongs to 
D»? and D*E(G | Fg) = 0. However, G € DÈ? and G = E(G| Fr) as. 
on A. From the local property of D” it follows that D’G = 0 a.s. on A. 
Then it remains to choose a countable and dense set of elements h in the 


orthogonal complement of K, and we obtain that DG € K a.s. on A. 


The following lemma shows that an Itô integral is differentiable if and 
only if its integrand is differentiable (see [279]). 
Lemma 1.3.4 Let W = {W (t),t € [0,1]} be a one-dimensional Brownian 
motion. Consider a square integrable adapted process u = {u;,,t € [0,1]}, 
and set X; = M u,dW,. Then the process u belongs to the space L!? if and 


only if Xı belongs to D!?. In this case the process X belongs to L'?, and 
we have 


t t t s 
| B(\D.Xi|?)as= f Blut)ds+ f | E(|Dyus|*)drds, (1.64) 
0 0 0 J0 
for allt € [0,1]. 


Proof: Suppose first that u € L!?. Then the process u verifies the 
hypothesis of Proposition 1.3.8 of the Skorohod integral. In fact, the process 
{Dzus,s € [t,1]} is Skorohod integrable because it is adapted and square 


integrable. Moreover, 
2 1 pl 
dt =| / E(|Dyus|?)dsdt < 00, 
O Jt 


e(f 


due to the isometry of the Itô integral. Consequently, by Proposition 1.3.8 
we obtain that X; belongs to Dt? for any t and 


1 
/ D,u,dW, 
t 


t 
D; Xı = Usl i s<t} +/ D,u,dW,.. (1.65) 


Taking the expectation of the square of the above expression, we get (1.64) 
and X belongs to L!?. 

Conversely, suppose that X, belongs to D!:?. For each N we denote by 
ul’ the projection of u, on Py = Ho ©- OH. Set XN = ile uN dW,. 
Then XA is the projection of X, on Py 41. Hence, XN converges to X; in 
the topology of the space D!:?. Then the result follows from the inequality 


1 1 1 s 
J EUD:XN Pas = f EUS Pas+ f i E(|D u |?)drds 
0 0 0 0 


1 s 
| | E(|Dyud |?)drds 
o Jo 


= E(u" a i 


IV 
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Exercises 


1.3.1 Show the isometry property (1.54) using the Wiener series expansion 
of the process u. 


1.3.2 Let R be the class of processes of the form 


u = 3 Fila; 
i=1 


where A; € Bo, and F; € L? (Q, Fac, P). Show that Dom ô coincides with 
the closed hull of R for the norm |ju||z2¢qrxo + ||6(u)|I2- 


1.3.3 Let F be a smooth random variable of the form 


where f € C§°(IR”). Let g be in C§°(R), and let u € L!?. Show that 
Fg(|\u||Z,) belongs to the space Dt? and 


D (Fg(\lullz)) = DF 9(\lullz) + 2Fg' (llul) De - 


1.3.4 Let F € D!? be a random variable such that E(|F|~?) < oo. Then 
P{F > 0} is zero or one. 

Hint: Using the duality relation, compute E(y,(F')é(u)), where u is an 
arbitrary bounded element in the domain of 6 and y, is an approximation 
of the sign function. 


1.3.5 Show that the random variable F = l{w(r)>o} does not belong to 
D!2. Prove that it belongs to Di”, and DF = 0. 


loc? 


1.3.6 Show the following differentiation rule (see Ocone and Pardoux [272, 
Lemma 2.3]) . Let F = (F!,..., FF) be a random vector whose components 
belong to Dj’2. Consider a measurable process u = {u(a),2 € R*} which 
can be localized by processes with continuously differentiable paths, such 
that for any x € R*, u(x) € D}? and the derivative Du(a) has a continuous 
version as an H-valued process. Suppose that for any a > 0 we have 


B (ow jon? + Lost] < œ, 


|z|<a 


ear |Vu(z)|llo0 < œ. 


1,2 


isc, and we have 


Then the composition G = u( F) belongs to D 


k 
DG = X ô;u(F)DF' + (Du)(F). 
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Hint: Approximate the composition u(F) by the integral 


a u(a)wv,.(F — x)dz, 


where ~, is an approximation of the identity. 


1.3.7 Suppose that H = L?(T). Let 6” be the adjoint of the operator D*. 
That is, a multiparameter process u € L?(T* x Q) belongs to the domain 
of ô" if and only if there exists a random variable ô” (u) such that 


E(F6*(u)) = E((u, D*F) 12(re)) 


for all F € D*?. Show that a process u € L?(T* x Q) with an expansion 
u, = 5 In(fn(,t)), tET*, 
n=0 
belongs to the domain of 6” if and only if the series 
POSS ra 
n=0 


converges in L?(Q). 


1.3.8 Let u € L?(T* x Q). Show that there exists a random variable F € 
D*? such that u = D*F if and only if u = X? o In(fn(-,t)) and the 
kernels fn € L?(T"**) are symmetric functions of all their variables. Show 
that every process u € L?(T* x Q) admits a unique decomposition u = 
DFF + u°, where F € D*? and 6*(u°) = 0. 


1.3.9 Let {W;,t € [0,1]} be a one-dimensional Brownian motion. Using 
Exercise 1.2.6 find the Wiener chaos expansion of the random variables 


1 1 
F = if (WP + 2tW?)\dW;, Fo = / te dW. 
0 0 


). Let u € Li? and F € D!? be two 
0 and E (f,|wDsF |? (ds) u(dt)) < oo. 


1,2 
loc? 


1.3.10 Suppose that H = L?(T 
elements such that P(F = 0) = 
Show that the process TFI belongs to L 
its Skorohod integral. 


and compute its derivative and 


1.3.11 In the particular case H = L? (T), deduce the estimate (1.47) from 
Equation (1.53) and the inequality 


Il full z2crn+1) < ||frlln2cre+1)- 
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1.3.12 Let F € D’?, p > 1, be such that F = 0 as. on A € F. Show that 
D"F = 0 as. on A. As a consequence, deduce the local property of the 
operator D on the space L!?-/. 
1.3.13 Using Clark-Ocone formula (1.63) find the stochastic integral rep- 
resentation of the following random variables: 

(i) F = Wy, 

(ii) F = exp(2W), 

(iii) F = SUPo<t<ı Wt. 


1.4 The Ornstein-Uhlenbeck semigroup 


In this section we describe the main properties of the Ornstein-Uhlenbeck 
semigroup and, in particular, we show the hypercontractivity property. 


1.4.1 The semigroup of Ornstein-Uhlenbeck 


We assume that W = {W(h),h € H} is an isonormal Gaussian process 
associated to the Hilbert space H defined in a complete probability space 
(Q,F,P), and that F is generated by W. We recall that J, denotes the 
orthogonal projection on the nth Wiener chaos. 


Definition 1.4.1 The Ornstein-Uhlenbeck semigroup is the one-parameter 
semigroup {T;,t > 0} of contraction operators on L?(Q) defined by 


TF) = oe ae, (1.66) 
n=0 


for any F € L?(Q) . 


There is an alternative procedure for introducing this semigroup. Sup- 
pose that the process W” = {W’(h),h € H} is an independent copy of 
W. We will assume that W and W’ are defined on the product probability 
space (Q x 0’, F ® F',P x P’). For any t > 0 we consider the process 
Z = {Z(h),h € H} defined by 


Z(h) =e *W(h) + V1—e-2W'(h), heH. 


This process is Gaussian, with zero mean and with the same covariance 
function as W. In fact, we have 


E(Z(h1)Z(ha)) = e (hy, ho) H + (1 = e (ha, ho) H = (hi, ho) H. 


Let W : Q — RË and W’: Q’ — R® be the canonical mappings associated 
with the processes {W (h), h € H} and {W’(h),h € H}, respectively. Given 
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a random variable F € L?(Q), we can write F = YpoW , where Y p is a mea- 
surable mapping from R¥ to R, determined PoW~! a.s. As a consequence, 
the random variable ~p(Z(w,w’)) = Yple™W (w) + V1 — e-2#W'(w’)) is 
well defined P x P’ a.s. Then, for any t > 0 we put 


T;(F) = E'(Yple™W + V1 —-e-2*W’)) (1.67) 


where FE’ denotes mathematical expectation with respect to the probability 
P'. Equation (1.67) is called Mehler’s formula. We are going to check the 
equivalence between (1.66) and (1.67). First we will see that both definitions 
give rise to a linear contraction operator on L?(Q). This is clear for the 
definition (1.66). On the other hand, (1.67) defines a linear contraction 
operator on L?(Q) for any p > 1 because we have 


E(\TAF)) = EE Wbple*W + v1- ew’) 
< E(B (WWp(e*tw + Veit E(\F/?). 


So, to show that (1.66) is equal to (1.67) on L?(Q), it suffices to check that 
both definitions coincide when F = exp(W (A) — $||hl|7,;), h € H. We have 


e (exp( etwi + VI = (a) - Ze )) 
= exp (etw) — zela ) = emia ee 2) 


=F — T,(h®”). 


On the other hand, 


T(F) = 7 (È Znan) 


I 
Mes 
fav) 

= 

A 

a 

& 
$ 


which yields the desired equality. 
The operators T; verify the following properties: 


(i) T; is nonnegative (i.e., F > 0 implies T;(F) > 0). 


(ii) T; is symmetric: 


E(GT,(F)) = E(FT;(G -5 e™™ E(Jn(F)Ja(G)). 
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Example 1.4.1 The classical Ornstein-Uhlenbeck (O.U.) process on the 
real line {X1,t E€ R} is defined as a Gaussian process with zero mean and co- 
variance function given by K(s,t) = Be~*l8-4l where a, 3 > 0 and s,t €R. 
This process is Markovian and stationary, and these properties characterize 
the form of the covariance function, assuming that K is continuous. 

It is easy to check that the transition probabilities of the Ornstein- Uhlen- 
beck process X+; are the normal distributions 


P(X; € dy|X, = £) = N(xe~*"—9), 8(1 — e20-9))), 


In fact, for all s < t we have 


II 


E(X;|Xs) rea X, 
E((Xı — E(X;|Xs))”) = p(l- e~2a(t-s)) 


Also, the standard normal law v = N(0, B) is an invariant measure for the 
Markov semigroup associated with the O.U. process. 

Consider the semigroup of operators on L?(IR, B(R),v) determined by 
the stationary transition probabilities of the O.U. process (with a, 3 = 1). 
This semigroup is a particular case of the Ornstein-Uhlenbeck semigroup 
introduced in Definition 1.4.1, if we take (Q, F, P) = (R, B(R),v), H =R, 
and W(t)(x) = ta for any t € R. In fact, if {Xs,s E€ R} is a real-valued 
O.U. process, for any bounded measurable function f on R we have for 
t>OandsER 


II 


| Hu)P(Xate € dylX. = 2) | FUN (e*s, 1 — e-4)(ay) 
R R 


[iets + V1—-e-y)v(dy) 
(T f)(x). 


Let W be a Brownian measure on the real line. That is, {W (B), B € B(R)} 
is a centered Gaussian family such that 


EW(B)W(B:))= f 1pon,(2)dë. 


Then the process 
t 
X, = V208 | eH Yd, 


has the law of an Ornstein-Uhlenbeck process of parameters a, 3. Further- 
more, the process X, satisfies the stochastic differential equation 


dX, =v 2aßdW; = aX;dt. 
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Consider now the case where H = L? (T, B, p) and pis a o-finite atomless 
measure. Using the above ideas we are going to introduce an Ornstein- 
Uhlenbeck process parametrized by H. To do this we consider a Brownian 
measure B on T x R, defined on some probability space (Q, F, P) and with 
intensity equal to 2u(dt)dx. Then we define 


x= f [ee Bar, ds), (1.68) 


It is easy to check that X;(h) is a Gaussian zero-mean process with covari- 
ance function given by 


E (Xz, (hi) Xia (h2)) = el (ha, ha) we 
Consequently, we have the following properties: 


(i) For any h € H, {X;,(h),t € R} is a real-valued Ornstein-Uhlenbeck 
process with parameters a = 1 and £ = ||h||3,. 


(ii) For any t > 0, {X;(h),h € H} has the same law as {W(h),h € H}. 


Therefore, for any random variable F € L°(Q) we can define the com- 
position F(X+). That is, F(X+) is short notation for wp(X;), where wp 
is the mapping from R¥ to R determined by Yyp(W) = F. Let F, denote 
the o-field generated by the random variables B(G), where G is a measur- 
able and bounded subset of T x (—oo, t]. The following result establishes 
the relationship between the process X;(h) and the Ornstein-Uhlenbeck 
semigroup. 


Proposition 1.4.1 For any t > 0, s € R, and for any integrable random 
variable F we have 


E(F(X544)|Fs) = (TiF)(Xs). (1.69) 


Proof: | Without loss of generality we may assume that F is a smooth 
random variable of the form 


F = f(W (h1), ..., W (hn)), 


where f € CR”), hi... hn E€ H, 1 <i < n. In fact, the set S of 
smooth random variables is dense in L!(Q), and both members of Eq. 
(1.69) are continuous in L! (Q). We are going to use the decomposition 
Xs+t = Xs4t — €% X; +e™X,. Note that 


(i) {et X,(h),h € H} is F,-measurable, and 


(ii) the Gaussian family {Xs+:(h) — e~'X5(h),h € H} has the same law 
as {V1 — e~*W(h), h € H}, and is independent of Fs. 
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Therefore, we have 


E(F(X54t)|Fo) = E(f(Xs4e(h1), AS , Xot) )|F;) 
= E(X) — e™* Xs (h1) he Xa) 


1 Xaplhn) — €*X (ln) + e” X A)R) 


5 og ( $ (VIF W'(h) +X), 
wey VL — eW" (hn) + e*X(Iin)) 


= (TiF)(Xs), 


where W” is an independent copy of W, and E” denotes the mathematical 
expectation with respect to W’. 


Consider, in particular, the case of the Brownian motion. That means 
Q = Co([0,1]), and P is the Wiener measure. In that case, T = [0,1], and 
the process defined by (1.68) can be written as 


X,(h) = f EN 


where X;(7) = ee fo e7 (9) W (dø, ds), and W is a two-parameter Wiener 
process on [0,1] x R with intensity 2dtdx. We remark that the stochastic 
process {X;(-),¢ € R} is a stationary Gaussian continuous Markov process 
with values on Co((0,1]), which has the Wiener measure as invariant mea- 
sure. 


1.4.2 The generator of the Ornstein-Uhlenbeck semigroup 


In this section we will study the properties of the infinitesimal generator of 
the Ornstein-Uhlenbeck semigroup. Let F € L?(Q) be a square integrable 
random variable. We define the operator L as follows: 


LF = y nJ F, 


n=0 


provided this series converges in L? (Q). The domain of this operator will 
be the set 


Dom L = {F € L?(Q), F = S AEDE D rn \|InF\|5 < cof. 
n=0 n=1 


In particular, Dom L C D!?. Note that L is an unbounded symmetric 
operator on L?(Q). That is, E(FLG) = E(GLF) for all F, G € Dom L. The 
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next proposition tells us that L coincides with the infinitesimal generator 
of the Ornstein-Uhlenbeck semigroup {T;,t > 0} introduced in Definition 
1.4.1. In particular, L is self-adjoint and (hence) closed. 


Proposition 1.4.2 The operator L coincides with the infinitesimal gener- 
ator of the Ornstein-Uhlenbeck semigroup {T;,t > 0}. 


Proof: We have to show that F belongs to the domain of L if and only 
if the limit lim;;o (TF — F) exists in L*(Q) and, in this case, this limit is 
equal to LF. Assume first that F € Dom L. Then 


) = S pem —1) tn} BAEP, 


n=0 


1 
E (fer PY LF 


which converges to zero as t | 0. In fact, for any n the expression t(e7™ = 
1) +n tends to zero, and moreover |+(e~"! — 1)| < n. 

Conversely, suppose that lims9 + (T,}F — F) = G in L?(Q). Then we have 
that 


1 
J,G = lim —(TiJnF — JInF) = nJ, F. 
t0 t 


Therefore, F belongs to the domain of L, and LF = G. 


The next proposition explains the relationship between the operators D, 
ô, and L. 


Proposition 1.4.3 5DF = —LF, that is, for F € L?(Q) the statement 
F € Dom L is equivalent to F € Dom 6D (i.e., F € D!? and DF € Dom ô), 
and in this case ODF = —LF. 


Proof: Suppose first that F € D'? and that DF belongs to Dom ô. Let 
G be a random variable in the nth chaos Hn. Then, applying Proposition 
1.2.2 we have 


E(G6DF) = E((DG, DF) y) = n?(n — 1)! (g, fn) won = NE(GInF). 


So, JnODF = nJ nF, which implies F € Dom L and 6DF = —LF. 
Conversely, if F € Dom L, then F € Dt? and for any G € D!?, G = 
D o In (gn), we have 


E((DG, DF) g) = S nE(JnGJnF) = —E(GLF). 


n=1 


Therefore, DF € Dom ô, and DF = —LF. 


We are going to show that the operator L behaves as a second-order 
differential operator when it acts on smooth random variables. 
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Proposition 1.4.4 It holds that S C Dom L, and for any F € S of the 
form F = f(W(hi),...,W(hn)), f € C3 (R”), we have 


LF = X 0 f(W(h),---, W (hn))(hi, hj) u 
- DOF (W (ha), ++ W (Pn) (hi). (1.70) 


Proof: We know that F belongs to D!? and that 
i=l 


Consequently, DF € Sy C Dom ô and by Eq. (1.44) we obtain 


ôDF = 5 i f(W (ħa), ---; W (hn))W (hi) 


— XO 8,0; f(W (M), , W (ha)) (hi, hy) z- 


Now the result follows from Proposition 1.4.3. 


More generally, we can prove the following result. 


Proposition 1.4.5 Suppose that F = (F!,...,F™) is a random vector 
whose components belong to D?*. Let p be a function in C?(R™) with 
bounded first and second partial derivatives. Then (F) € Dom L, and 


L(y(F)) = X. 0,0;9(F)(DF', DF?) y +X ay F)LF'. 
i, j=1 i=1 
Proof: Approximate F by smooth random variables in the norm ||- ||2,4, 


and ọ by functions in C>°(IR™), and use the continuity of the operator L 
in the norm || - ||2,2. 


We can define on S the norm 


Fle = [E(F?) + E(ILFP)]?. 


Notice that Dom L = D?? and that the norms ||- ||z and ||- 2,2 coincide. 
In fact, 
E(F?)+E(\LF?) = $ 0 +)llJnF|l3 


n=0 


= E(F’)+E(||DF lz) + EDF lizen)- 
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Similarly, the space D!:? can be characterized as the domain in L?(Q) of 
the operator C = —/—L defined by 


CF = 5S -VnJ,F. 
n=0 


As in the case of the operator L, we can show that C is the infinitesimal 
generator of a semigroup of operators (the Cauchy semigroup) given by 


QF = S eV" DF. 


n=0 
Observe that Dom C = D!, and for any F € DomC we have 
E((CF)*) = So n| mF? = E(\|DF|lF)- 
n=1 


1.4.3 Hypercontractivity property and the multiplier theorem 


We have seen that T; is a contraction operator on L?(Q) for any p > 1. 
Actually, these operators verify a hypercontractivity property, which is due 
to Nelson [235]. In the next theorem this property will be proved using It6’s 
formula, according to Neveu’s approach (cf. [236]). 


Theorem 1.4.1 Let p > 1 and t > 0, and set q(t) = e*(p—1)+1>p. 
Suppose that F € L?(Q). Then 


ITF lg) < |F \lp- 


Proof: Put q = q(t), and let gq’ be the conjugate of q. Taking into 
account the duality between L4(Q) and LY (N), it suffices to show that 
|E((Ti:F)G)| < ||FllpllGllqg for any F € L°(Q) and for any G € L% (Q). 
With the operator T; nonnegative (which implies |T;F'| < T;(|F|)), we may 
assume that F and G are nonnegative. By an approximation argument it 
suffices to suppose that there exist real numbers a < b such that 0 < a < 
F\G < b < oo. Also we may restrict our study to the case where F = 
f(W(hy),.--,W(hy)) and G = g(W(h,),..., W (hn)) for some measurable 
functions f,g such that 0 < a < f,g < b < œ and orthonormal elements 
hi,...,Rn E€ H. 

Let {8,0 < t < 1} and {&,,0 < t < 1} be two independent Brownian 
motions. Consider orthonormal functions ¢,,...,¢,, € L?([0,1]). By (1.67) 
we can write 


E((T,F)G) = B(s f sass vi =e f pdg, 
et f dad VIe f oat)ol f a8- f 0nd8)): 
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In this way we can reduce our problem to show the following inequality: 
E(XY) < ||XlllY lle, 


where 0 < a < X,Y < b < œ, and X,Y are random variables mea- 
surable with respect to the o-fields generated by the Brownian motions 
ns =e 'B, +V1—e-*€, and 8., respectively. These random variables 
will have integral representations of the following kind: 


1 1 
0 0 
Appling Itô’s formula to the bounded positive martingales 


M, = E(X*) + | pudiu and N,= EW") + | padhu 
0 0 


and to the function f(x,y) = x#*%y7, a = of y= a we obtain 
XY = |X] lle 
1 1 
1 
+f (aM$-INZAM; + 4M NI-!AN,) + | zMs N3 Asds, 
0 0 
where 


As = ala — 1)M7? p? + (7 — DNZ? Y? + 207M; Nel yyy,e. 


Taking expectations, we get 
1 1 
B(XY) =[|Xllpll¥l +3 | E(MEN?A,)as. 
0 


Therefore, it suffices to show that As < 0. Note that a(a—1) = 5(5-1) < 
0. Thus, A, will be negative if 


ae — 1)y(7 — 1) — (aye™*)? > 0. 


Finally, 


(a —1)(y- j= = Lo- 1— (q— le") =0, 


which achieves the proof. 


As a consequence of the hypercontractivity property it can be shown 
that for any 1 < p < q < oo the norms ||- ||, and ||- ||, are equivalent on 
any Wiener chaos Hn. In fact, let t > 0 such that q = 1 + e74(p—1). Then 
for every F € Hn we have 


e™ IF lla =| lla < |lFllo- 
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In addition, for each n > 1 the operator J, is bounded in L?(Q) for any 
1<p<o, and 


(p—1)2||Fllp if p>2 
IF < { (p— 1)" Fl E pea 


In fact, suppose first that p > 2, and let t > 0 be such that p—1 = e”. Using 
the hypercontractivity property with the exponents p and 2, we obtain 


FoF llp = "Ti InFllp Se" lInFlle < Flle < Flp (1:71) 
If p < 2, we use a duality argument: 


[Elp = sup E((JnF)G) 
IGlla<1 


|Fllp sup |[JnGllg < e™'I|F lp, 
Glas 


IA 


where q is the conjugate of p, and q — 1 = e%. 


We are going to use the hypercontractivity property to show a multiplier 
theorem (see Meyer [225] and Watanabe [343]) that will be useful in proving 
Meyer’s inequalities. 

Recall that we denote by P the class of polynomial random variables. 
That means that a random variable F belongs to P if it is of the form 


F = p(W (ha), . . -, W (hn)), 


where hy,...,h» are elements of H and p is a polynomial of n variables. 
The set P is dense in L?(Q) for all p > 1 (see Exercise 1.1.7). 

Consider a sequence of real numbers {¢(n),n > 0} with $(0) = 0. This 
sequence determines a linear operator Ty : P — P defined by 


TyF =X d(n)InF, FEP. 
n=0 


We remark that the operators T;, Q:, L, and C are of this type, the cor- 
responding sequences being e~"*, e~Vv", —n, —y/n, respectively. We are 
interested in the following question: For which sequences is the operator 
Ty bounded in L?(Q) for p > 1? Theorem 1.4.2 will give an answer to 
this problem. The proof of the multiplier theorem is based on the following 
technical lemma. 


Lemma 1.4.1 Let p > 1 and F € P. Then for any integer N > 1 there 
exists a constant K (depending on p and N) such that 


IGE — Jo = A — +++ — In-1)(F)llp < Ke ||F llp 


for allt > 0. 
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Proof: Assume first that p > 2. Choose tg such that p = e% + 1. Then, 
by Nelson’s hypercontractivity theorem (Theorem 1.4.1) we have, for all 
t 2 to, 


Il To Tit- Jo — Ja — +++ Jna) (FIP 
< ||Te—t9 (I Jo di ares In—1)(F)II3 


=| OI FIB = YO PMO In FB 
n=N n=N 


< e PN (tt0) | F|} < e?n E-to] F|], 


and this proves the desired inequality with K = eto, For t < to, the 
inequality can be proved by the following direct argument, using (1.71): 


IU — Jo — J — +++ — In—-1) (Fp 
N-1 N-1 
dE aF + Fle < DO eUFllp + UF lle 


n=0 n=0 


(Ne?Nto Ea ento) rans | aul Fe 


IA 


IA 


For p = 2 the inequality is immediate, and for 1 < p < 2 it can be obtained 
by duality (see Exercise 1.4.5). 


The following is the multiplier theorem. 


Theorem 1.4.2 Consider a sequence of real numbers {¢(n), n > 0} such 
that (0) = 0 and ¢(n) = opp ann—* forn > N and for some a, € R 
such that SrP--9 |ak| NT" < oo. Then the operator 


To(F) = $ o) InF 
n=0 


is bounded in L?(Q) for any 1 < p < œ. 


Notice that the assumptions of this theorem are equivalent to saying 
that there exists a function h(x) analytic near the origin such that ¢(n) = 
h(n-*) for n> N. 


Proof: Define 
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We know that p is bounded in L?(Q) because the operators Jn are 
bounded in L” (Q) for each fixed n. We have 


(2) SIS“ a 
25 r|, y (Eun ) ne 
n=N \k=0 p 
< X la| YO n EnF (1.72) 
k=0 n=N p 
Now, using the equality 
oo k 
n = (/ edt) =| e Mt ttt) dts... dtp 
0 [0,00)* 
we obtain 
Sd, S J Tag (Eg = Jy) (F)dti ede. 
n=N 0,00)* 
Applying Lemma 1.4.1 yields 
5 nE J, F 
n=N p 
<f Taral- J=- Jw) dti- dt 
[0,00)* 
EKIFlp feb at, ty 
[0,00)* 
= KN~*||Fllp, (1.73) 


where the constant K depends only on p and N. Substituting (1.73) into 
(1.72) we obtain 


[TP r| < K Dolev Fl 
k=0 


which allows us to complete the proof. 


For example, the operator Tọ = (I — L)~® defined by the sequence 
o(n) = (1 + n)~*, where a > 0, is bounded in L?(Q), for 1 < p < œ, 


because h(x) = =) is analytic in a neibourhood of the origin. Actually 


this operator is a contraction in L?(Q) for any 1 < p < oo (see Exercise 
1.4.8). 

The following commutativity relationship holds for a multiplier operators 
ise 
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Lemma 1.4.2 Consider a sequence of real numbers {d(n),n > 0} and the 
associated linear operator Tọ from P into P. Define Ty4 = Xpo (n + 
1)Jn. Then for any F € P it holds that 


DT4(F) = Tg D(F). (1.74) 


Proof: Without loss of generality we can assume that F belongs to the 
nth Wiener chaos Hn, n > 0. In that case we have 


DTs(F) = D(@(n)F) = 6(n)DF = Ts4D(F). 


Exercises 


1.4.1 Let W = {W;,t > 0} be a standard Brownian motion. Check that 
the process 
Y, = V De W (e?*t), te R, 


has the law of an Ornstein-Uhlenbeck process with parameters a, (3. 


1.4.2 Suppose that (Q, F, P) is the classical Wiener space (that is, Q = 
Co([0,1]) and P is the Wiener measure). Let {T;,¢ > 0} be the Ornstein- 
Uhlenbeck semigroup given by 


(Ti F)(u) = [ Peut 1 — e~2tw) P(dw), 


for all F € L?(Q). Consider a Brownian measure W on [0, 1] x R4, defined 
on some probability space (Q, F, P), and with Lebesgue measure as control 
measure. Then W(s,t) = W([0, s] x [0,t]), (s,t) € [0,1] x Ry, is a two- 
parameter Wiener process that possesses a continuous version. Define 


X(t, T) = e *W(r, e”), teER, 7 € [0,1]. 


Compute the covariance function of X. Show that X, = X(t, -) is a Q-valued 
stationary continuous Markov process on the probability space (Q, F ; P) 
such that it admits T, as semigroup of operators. 

Hint: Use the arguments of Proposition 1.4.1’s proof to show that 


E (F(Xo4)|Fe2-) = (GPX, 
for allt > 0, s € R, F € L?(Q), where F;, t > 0, is the o-field generated 


by the random variables {W (t,o), 0 < ø <t,7 € (0, 1]}. 


1.4.3 For any 0 < € < 1 put Fi—e = (1 - ©)" Jn F and F* = IF e = 
F]. Show that LF exists if and only if F° converges in L? (Q) as e | 0, and 
in this case LF = lime|o F®. 
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1.4.4 Set F = exp(W(h) — $||h||7,), h € H. Show that LF = —(W(h) — 
Ihz) F. 


1.4.5 Complete the proof of Lemma 1.4.1 in the case 1 < p < 2, using a 
duality argument. 


1.4.6 Using the Gaussian formula (A.1), show that the multiplier theorem 
(Theorem 1.4.2) is still valid for Hilbert-valued random variables. 


1.4.7 Show that the operator L is local in the domain Dom L. That is, 
LF1;pr=0} = 0 for any random variable F in Dom L. 


1.4.8 Show that the operator (I — L)~° is a contraction in LP (Q) for any 
1 < p < œ, where a> 0. 
Hint: Use the equation (1 + n)~* =T (a)! fy e+) Nae, 


1.4.9 Show that if F € D! and G is a square integrable random variable 
such that E(G) = 0, then 


E(FG) = E ((DF, DO™?G) ,,) - 


1.5 Sobolev spaces and the equivalence of norms 


In this section we establish Meyer’s inequalities, following the method of 
Pisier [285]. Let V be a Hilbert space. We recall that the spaces D*®?(V), 
for any integer k > 1 and any real number p > 1 have been defined as the 
completion of the family of V-valued smooth random variables Sy with 
respect to the norm ||- ||k,p,v defined in (1.37). 

Consider the intersection 


D®(V) = Np>1 Nk>1 D*?(V). 


Then D®(V) is a complete, countably normed, metric space. We will write 
D®(R) = D®. For every integer k > 1 and any real number p > 1 the 
operator D is continuous from D*-?(V) into D*—1?(H @ V). Consequently, 
D is a continuous linear operator from D®(V) into D” (H @V). Moreover, 
if F and G are random variables in D™, then the scalar product (DF, DG) g 
is also in D. The following result can be easily proved by approximating 
the components of the random vector F by smooth random variables. 


Proposition 1.5.1 Suppose that F = (F',...,F™) is a random vector 
whose components belong to D®. Let p € C3 (R™). Then p(F’) € D”, and 
we have 


m 


D(e(F)) =). diy(F)DF'. 


i=l 
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In particular, we deduce that D°® is an algebra. We will see later that 
L is a continuous operator from D® into D® and that the operator 6 
is continuous from D(H) into D®. To show these results we will need 
Meyer’s inequalities, which provide the equivalence between the p norm of 
CF and that of ||DF'|| 7 for p > 1 (we recall that C is the operator defined 
by C = ——L). This equivalence of norms will follow from the fact that 
the operator DC~! is bounded in L?(Q) for any p > 1, and this property 
will be proved using the approach by Pisier [285] based on the boundedness 
in L” of the Hilbert transform. We recall that the Hilbert transform of a 
function f € C§°(R) is defined by 


Af(z)= l La Men ay, 


The transformation H is bounded in L?(R) for any p > 1 (see Dunford and 
Schwarz [87], Theorem XI.7.8). 
Consider the function y : [-5,0) U (0, $] — R+ defined by 
1 1 
0) = — |r log cos? 6|~ 2 sign 0. 1.75 
(9) Ja g | ?sig (1.75) 
1 


Notice that when @ is close to zero this function tends to infinity as aa 


Suppose that {W’(h),h € H} is an independent copy of the Gaussian 
process {W(h),h € H}. We will assume as in Section 1.4 that W and W” 
are defined in the product probability space (Q x 0’, F ® F’, P x P’). For 
any 0 € R we consider the process Wọ = {Wọ(h), h € H} defined by 


Wo(h) = W (h) cos 6 + W'(h) sind, heH. 


This process is Gaussian, with zero mean and with the same covariance 
function as {W(h),h € H}. Let W : Q — R¥ and W’: @ — R® be 
the canonical mappings associated with the processes {W (h), h € H} and 
{W'(h),h € H}, respectively. Given a random variable F € L°(Q,F, P), 
we can write F = Yp o W, where Yp is a measurable mapping from R# 
to R, determined P o W7! a.s. As a consequence, the random variable 
Wr(Wo) = Yr(W cosé + W” sin 0) is well defined P x P’ a.s. We set 


RoF = Yp (Wo). (1.76) 


We denote by FE’ the mathematical expectation with respect to the prob- 
ability P’, and by D’ the derivative operator with respect to the Gaussian 
process W’(h). With these notations we can write the following expression 
for the operator D(—C)7!. 


Lemma 1.5.1 For every F E€ P such that E(F) = 0 we have 


D(-C) 'F= i E'(D'(RoF))p(0)d0. (1.77) 


a 
2 
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Proof: Suppose that F = p(W(h1),...,W(hn)), where hi,...,hn € H 
and p is a polynomial in n variables. We have 


RoF = p(W (hı) cos 0 + W'(h1) sin d,..., W(hn) cos 6 + W' (hy) sin 8), 


and therefore 


D'(RoF) = 5 O;p(W (hı) cos @ + W’ (hı) sind, 
aa aA 0 + W' (hn) sin 0) sin 0h;(s) = sin 0R (DF). 
Consequently, using Mehler’s formula (1.67) we obtain 
E’(D!(ReF)) = sin 0E'(Ro(DF)) = sin0T;(DF), 
where t > 0 is such that cos 0 = e™*. This implies 
E'(D'(RoF)) = 5 sin 0 (cos 0)" J, DF. 
n=0 


Note that since F is a polynomial random variable the above series is 
actually the sum of a finite number of terms. By Exercise 1.5.3, the right- 
hand side of (1.77) can be written as 


o f p3 a 
sin (cos 8)" p(0)dé | J, DF = —— J, DF. 
` (/ (cos 6)" (0) Dan 


z 
n=0 2 


Finally, applying the commutativity relationship (1.74) to the multiplica- 
tion operator defined by the sequence ¢(n) = Tm n > 1, (0) = 0, we 
get 


T+ DF = DIyF = D(-C)"'F, 


and the proof of the lemma is complete. 


Now with the help of the preceding equation we can show that the opera- 
tor DCT! is bounded from L?(Q) into L?(Q; H) for any p > 1. Henceforth 
Cp and Cp denote generic constants depending only on p, which can be 
different from one formula to another. 


Proposition 1.5.2 Let p > 1. There exists a finite constant cp > 0 such 
that for any F € P with E(F) =0 we have 


|| DCF lp < cpl] Flp- 
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Proof: Using (1.77) we can write 


ape ek) 


where a, = E(|E|P) with € an N(0,1) random variable. We recall that by 
Exercise 1.2.6 (Stroock’s formula) for any G € L?(’, F', P’) the Gaussian 
random variable 

W'(E'(D'G)) 


is equal to the projection J{G of G on the first Wiener chaos. Therefore, 


J 
Ji (px ° rat) 


soon) 
iE 


for some constant cp > 0 (where the abbreviation p.v. stands for principal 
value). Notice that the function RoFy(9) might not belong to L'(—%, 3) 
because, unlike the term Ji RọF, the function RgF may not balance the 
singularity of y(@) at the origin. For this reason we have to introduce the 
principal value integral 


we obtain that 


E (Dc FI, ) 


-azr (|f Ji RoeF p(0)d0 
5 


= a, EE’ ( 


<cpEE’ ( p.v 


* Ro Fy(6)d0 


T 
2 


z 
p-v. RoF'p(0)d0 = lim Ro F p(0)dd, 
10 Je<jol<z 


x 
2 


which can be expressed as a convergent integral in the following way: 


2 f= RF 
i [RoF (0) + R-oFy(—6)]dd = ie HoH = kkh 
0 


v/ 27| log cos? 0| 
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For any € € R we define the process 
Re(h) = (W (h) cos £ + W'(h) sin £, —W (h) sin € + W’ (h) cos £). 


The law of this process is the same as that of {(W (h), W'(h)),h € H}. On 
the other hand, ReRoF = Rg F, where we set 


ReG((W(hi), W'(h1)), -- - , (W (hn), W’ (hn))) = G(Re (ha), -~ -, Relhn)). 


Therefore, we get 


P 


where ||- ||, denotes the L? norm with respect to P x P’. Integration with 
respect to € yields 


B (poe) sor ( f 
-3 


Furthermore, there exists a bounded continuous function ¢ and a constant 
c > 0 such that 


z P 
pv. f s Re+oFo(0)d0 ic) (1.78) 


(8) = 98) + 5, 


on [—5, 5]. Consequently, using the LP” boundedness of the Hilbert trans- 
form, we see that the right-hand side of (1.78) is dominated up to a constant 


by 
Be ( f$ iarta) = orig 


2 


In fact, the term (0) is easy to treat. On the other hand, to handle the 
term i it suffices to write 


J 


5 
Repo F — Re_oF 
ae S| T 
RIJR 0 
z 
fad 
— [-27,—F]UL[F,2 


Sst 
2 


Se, (/ žara + | 
R = 


where RoF = lis a2)(0)RoF. 


P 


do| dé 


e 
; 6 
R 


Pp 

dg 
Pp 

Aen ina) 


2m 
f vor 
—27 


T 
2 
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Proposition 1.5.3 Let p > 1. Then there exist positive and finite con- 
stants cp and Cp such that for any F E€ P we have 


Cp||DF || ze(o;m) < ||CF lp < Cp|| DF lz>(9;H)- (1.79) 


Proof: We can assume that the random variable F has zero expectation. 
Set G = CF. Then, using Proposition 1.5.2, we have 


| DF || p>(a:m) = || DCG | e(a) < Cp||Gllp = CpIICF lp, 


which shows the left inequality. We will prove the right inequality using a 
duality argument. Let F,G € P. Set G = C~'(I — Jo)(G), and denote the 
conjugate of p by q. Then we have 


|E(GCF)| = |E((I-Jo)(G)CF)| =|E(CFCG)| = |E((DF, DG) x)| 
| DFl|z> (9,4) || DC ta;n) < call DF lt» (aQ:4)|ICGllq 
= qllDF| reem ll- Jo)(@llq < KIDE zea; lGa 


IA 


Taking the supremum with respect to G € P with ||G||, < 1, we obtain 


|CFllp < c&ll DF|| te; 


Now we can state Meyer’s inequalities in the general case. 


Theorem 1.5.1 For any p > 1 and any integer k > 1 there exist positive 
and finite constants Cp k and Cp k such that for any F €P, 


Cp,k E (ID= F| or) 


IA 


E (|C*F|?) 
Cp, [E (|D Flle) + E(F|P)]. (1.80) 


IA 


Proof: The proof will be done by induction on k. The case k = 1 is 
included in Proposition 1.5.3. Suppose that the left-hand side of (1.80) 
holds for 1,...,k. Consider two families of independent random variables, 
with the identical distribution N(0,1), defined in the probability space 
({0, 1], B({0, 1]), A) (A is the Lebesgue measure) {y,(s),s € [0,1],a € NE}, 
where N, = {1,2,...} and {7,(s),s € [0,1],¢ > 1}. Suppose that F = 
p(W(h,),...,W(hn)), where the h;’s are orthonormal elements of H. We 
fix a complete orthonormal system {e;,i > 1} in H which contains the 
his. We set D;(F) = (DF, e;) 4 and DE(F) = Do, Doz ++: Da, (F) for any 
multiindex a = (aj,...,@,%). With these notations, using the Gaussian 
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formula (A.1) and Proposition 1.5.3, we can write 


E (DFB ea+) 


= E SS Y (DiDEF)’ 


i=l acNk 
Pp 
1 1 co 
= As? f f E XO XO DiDEF y,(t)714(8) dtds 
Oro i=1 acN¥ 
2/32 
1 foe) 
< [= >A |B: | >> DEFY, dt 
9 i=1 aeENk 
p 
< XO DEFya(t) dt 
acNN 
Ale 
kp 
< œE a (CDËEF 
ENF 


Consider the operator 


= k 
RF) => 1-<InF, Fep. 
n=k 


By Theorem 1.4.2 this operator is bounded in £?(Q), and using the induc- 
tion hypothesis we can write 


NIS 
NIS 


E|| Y (DEFY? E|| Y (DECR.F)* 


acNg acNk 


E (||D*CR:F |ior) 
Cp hE (|c* RLF |’) 


cp.xE (|C**1F |?) 


IA 


IA 


for some constant cp, > 0. 

We will prove by induction the right inequality in (1.80) for F € P 
satisfying (Jo + Jı +--+ + Jk-1)(F) = 0. The general case would follow 
easily (Exercise 1.5.1). Suppose that this holds for k. Applying Proposition 
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1.5.3 and the Gaussian formula (A.1), we have 


NIS 


IA 


EGEN) E (||DC*F\|2,) = pE 


= Aste, f E (3 


Consider the operator defined by 


oen (s) 


Using the commutativity relationship (1.74), our induction hypothesis, and 
the Gaussian formula (A.1), we can write 
do (Dic*P) q:(8) 


f(s Je 
= [e (x C! DiRp1F) Jats) Je 


sa [r| (Seaman) 


=L 


Co 


IA 


p 
) ds 
H®k 
2 


SS: 22 
Cp, fE ( (DED; Rx iF) no) ds 
acNk \i 


= CpkAp TE Yo (DEDRA P) vlshralt dsdt. 


Finally, if we introduce the operator 


k 
X /fn+1+k\? 
r=) (H ) ie, 


n=0 
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we obtain, by applying the commutativity relationship, the Gaussian for- 
mula (A.1), and the boundedness in L?(Q) of the operator Ry2, that 


Pp 
1 1 co 
J i E || 5 Y (DED Rea F) 7i(s)7a(t)) | dsdt 
Od acNk i=l 
1 1 co s 
z i; i E || Y So (Rr 2DED:F) Ņ:(8)Yalt)| | dsat 
DRS ENE i=1 
1 1 co i 
AT | | E || 5 SO (DEDF) u(s)70(0)] | dsat 
Prg @eNk i=1 


CpkApE | | Y > (DEDE) 


aeNk i=1 


Cp,kApE (DA AE ewm) ; 


Il 


II 


which completes the proof of the theorem. 


The inequalities (1.80) also hold for polynomial random variables taking 
values in a separable Hilbert space (see Execise 1.5.5). One of the main ap- 
plications of Meyer’s inequalities is the following result on the continuity of 
the operator 6. Here we consider 6 as the adjoint of the derivative operator 
D on L?(Q). 


Proposition 1.5.4 The operator 6 is continuous from D+? (H) into L? (Q) 
for all p>1. 


Proof: Let q be the conjugate of p. For any u in Dt?(H) and any 
polynomial random variable G with E(G) = 0 we have 


E(ô(u)G) = E((u, DG) x) = E((t, DG) x) + E((E(u), DG) x), 


where & = u — E(u). Notice that the second summand in the above ex- 
pression can be bounded by a constant times |]u||z(@;4)||G||g- So we can 
assume E(u) = E(DG) = 0. Then we have, using Exercise 1.4.9 


|E(6(u)G)| |E((u, DG) x)| = |E((Du, DC? DG) nex)| 
|| Dullz>@;H@H)|| DC? DG|| 190,404) 
Cp|| Dull z2(9;H@H)||D?C~? RG] L1(0;H@H) 


cpl Dull» (a;H@H) Glia, 


IN IA IA 


where 
[0.6] 


n=2 
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and we have used Meyer’s inequality and the boundedness in L4(Q) of the 
operator R. So, we have proved that 6 is continuous from D1?(H) into 
DPQ). 

Consider the set Py of H-valued polynomial random variables. We have 
the following result: 


Lemma 1.5.2 For any process u E€ Py and for any p > 1, we have 
|C~*5(u)|lp < epllull zo azz: 
Proof: Let G € P with E(G) = 0 and u € Py. Using Proposition 1.5.3 
we can write 
|E(C~*5(u) G)| = |E((u, DC~*G) x)| 
lulle; || DC * Gl zaor) 
cpllull zec; |G La), 


IN IA 


where q is the conjugate of p. This yields the desired estimation. 


As a consequence, the operator D(—L)~1'6d is bounded from L?(Q; H) 
into L?(Q; H). In fact, we can write 


D(=L)-16 = [De )|[C-*6]. 
Using Lemma 1.5.2 we can show the following result: 


Proposition 1.5.5 Let F be a random variable in D®® with a > 1. Sup- 
pose that D'F belongs to L? (Q; H®") fori =0,1,...,k and for some p > a. 
Then F € D®?, and there exists a sequence Gn € P that converges to F in 
the norm ||- |lk,p- 


Proof: We will prove the result only for k = 1; a similar argument can be 
used for k > 1. We may assume that E(F) = 0. We know that Py is dense 
in L?(Q; H). Hence, we can find a sequence of H-valued polynomial random 
variables 7,, that converges to DF in L?(Q; H). Without loss of generality 
we may assume that Jgn, € Pu for all k > 1. Note that —L~'5D = (I— Jo) 
on D!*. Consider the decomposition n, = DGn + un given by Proposition 
1.3.10. Notice that Gn € P because Gn = —L~'6(n,,) and ô(un) = 0. Using 
the boundedness in L? of the operator C718 (which implies that of L~16 
by Exercise 1.4.8), we obtain that F — Gn = L~16(n,, — DF) converges to 
zero in L?(Q) as n tends to infinity. On the other hand, 


|| DF — DGn || re(n) = | DLT (N, — DF) || rem) < plin — DF \| zea; 


hence, ||DG,, — DF'| 7 converges to zero in L?(Q) as n tends to infinity. So 
the proof of the proposition is complete. 


Corollary 1.5.1 The class P is dense in D* for allp >1 andk> 1. 
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As a consequence of the above corollary, Theorem 1.5.1 holds for random 
variables in D*?, and the operator (—C)* = (—L)? is continuous from D*? 
into LP. Thus, L is a continuous operator on D”. 

The following proposition is a Holder inequality for the |j-||,,,, norms. 


Proposition 1.5.6 Let F € D*?, G € D*4 fork € N*, 1 < p,q < 00 and 
let r be such that 5 + ; = L, Then, FG € D*” and 


FG, < Cp,qk ||P lkp WGllag: 
Proof: Suppose that F,G € P. By Leipnitz rule (see Exercise 1.2.13) we 


can write 


k 


Ea) = Y (4) Fino 


i=0 


DG] goa- - 


Hence, by Hölder’s inequality 


k j : 
J i j—i 
ehy < DI (2) MD Fl youl ID= Elze- 
j=0 i=0 
Sepak E Ilep Gling - 


We will now introduce the continuous family of Sobolev spaces defined 
by Watanabe (see [343]). For any p > 1 and s € R we will denote by 
III Ill,» the seminorm 


Fill» = |€- £)2 FI, 


where F is a polynomial random variable. Note that (T-L)? F = Y (1+ 
n)? InF. 
These seminorms have the following properties: 


(i) |||F'l||,,p is increasing in both coordinates s and p. The monotonicity 
in p is clear and in s follows from the fact that the operators (I — L)? 
are contractions in L? for all s < 0, p > 1 (see Exercise 1.4.8). 


(ii) The seminorms |||-|||,, are compatible, in the sense that for any se- 
quence Fp in P converging to zero in the norm |||-|||,,,, and being a 
Cauchy sequence in another norm |||- |||s- p it also converges to zero 

in the norm |||-|| 7 p- 
For any p > 1, s € R, we define D*” as the completion of P with respect 

to the norm || p 
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Remarks: 
1. ||Flllop = IFlop = IFlp and D°? = L?(Q). For k = 1,2,... the 
seminorms |||-||l p and ||-||,,, are equivalent due to Meyer’s inequalities. In 


fact, we have 


WF lly = NE -L)8Fllp < (BH) + |RD tr], 


k 
where R = o>, (==) 2 Jn. By Theorem 1.4.2 this operator is bounded 
in L?(Q) for all p > 1. Hence, applying Theorem 1.5.1 we obtain 


x 


k 
NFI < e (IF, +|(-2 FI, ) 


dp (IFllp + D*E] zeon) < ho Flay: 


IA 


In a similar way one can show the converse inequality (Exercise 1.5.9). 
Thus, by Corollary 1.5.1 the spaces D*? coincide with those defined using 
the derivative operator. 


2. From properties (i) and (ii) we have D*? C D*’”’ if p' < p and s' < s. 


3. For s > 0 the operator (J — L)~2 is an isometric isomorphism (in the 
norm |||-|||,,) between L?(Q) and D*? and between D~*? and L?(Q) for 
all p > 1. As a consequence, the dual of D®? is D~*? where i + 7 =i; 
If s < 0 the elements of D*? may not be ordinary random variables and 
they are interpreted as distributions on the Gaussian space or generalized 
random variables. Set D~°° = Us pD®?P. The space D7™ is the dual of the 
space D which is a countably normed space. 

The interest of the space D~° is that it contains the composition of 
Schwartz distributions with smooth and nondegenerate random variables, 
as we shall show in the next chapter. An example of a distribution random 
variable is the compostion d9(W(h)) (see Exercise 1.5.6). 


4. Suppose that V is a real separable Hilbert space. We can define the 
Sobolev spaces D*:?(V) of V-valued functionals as the completion of the 
class Py of V-valued polynomial random variables with respect to the 
seminorm |||-|||,,,y defined in the same way as before. The above properties 
are still true for V-valued functionals. If F € D*?(V) and G € D~*4(V), 
where i + J = 1, then we denote the pairing (F, G} by E((F,G),). 


Proposition 1.5.7 Let V be a real separable Hilbert space. For every p > 1 
and s € R, the operator D is continuous from D°? (V) to D5™12?(V 8H) and 
the operator 6 (defined as the adjoint of D) is continuous from D*?(V @ H) 
into D1? (V). That is, for all p >1 ands € R, we have 


llls- < Esp IIlulll sper - 
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Proof: For simplicity we assume that V = R. Let us prove first the 
continuity of D. For any F € P we have 
(I — L)? DF = DRUI—L)?F, 


where 


lore) n S 
n=> (sh) Jn 


By Theorem 1.4.2 the operator R is bounded in L?(Q) for all p > 1, and 
we obtain 


IDF 'lll 4t.p.z7 T |a- DDE aan = |DRU- EP Hena 
| RE - 1)? F|] p < ||| RE - DF Ill, 


IA 


= |a -— L)? R(I — 1)3F| {=o Ru = Ly Fl 


s+1 


Can 


< ’ 
S Cp 


Fl = eplllFllesip- 
p 
The continuity of the operator ô follows by a duality argument. In fact, for 
any u € D®?(H) we have 
lelle- = sup |E (tu, DF) p)| < lellis pe HDF lls qa 
HP heast 


< Csp Wells p z 3 


Proposition 1.5.7 allows us to generalize Lemma 1.2.3 in the following 
way: 


Lemma 1.5.3 Let {F,,,n > 1} be a sequence of random variables converg- 
ing to F in L?(Q) for some p > 1. Suppose that sup, |||Fn||lsjp < oo for 
some s >0. Then Then F belongs to D*?. 


Proof: We know that 
sup ||(I — £)? Fal], < ov. 
Let q be the conjugate of p. There exists a subsequence {Fa}, i = 1} such 


that (I — L)? Faq) converges weakly in o(L?, L1) to some element G. Then 
for any polynomial random variable Y we have 


E(FU-L)Y) = limE (Fro lU- L)ŻY) 


II 


lim Æ ((I — L)? Faa Y) = E(GY). 


Thus, F = (I — L)~2G, and this implies that F € D*?. 
The following proposition provides a precise estimate for the norm p of 
the divergence operator. 
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Proposition 1.5.8 Let u be an element of D'?(H), p> 1. Then we have 


lE < cp (Ell + lDullze onem) - 


Proof: From Proposition 1.5.7 we know that 6 is continuous from Dt? (H) 
into L?(Q). This implies that 


5(u)lhy Sep (Ila amcor + Dull zncaxtton) - 
On the other hand, we have 
lull reo; < Ela + llu -= Eicon » 
and 
lu- Elram = |T- DR] 


Le (QH) < cp [Cul] zeo; 


A 


3 Cp Dull teo; HoH) , 


where R = ZZ (1 + H2 Jp. 


Exercises 


1.5.1 Complete the proof of Meyer’s inequality (1.80) without the condition 
(Jo +++: +JIn-1)(F) =0. 


1.5.2 Derive the right inequality in (1.80) from the left inequality by means 
of a duality argument. 


1.5.3 Show that 


2 sin cos” 6 do = 1 
o 1/7| log cos? 0| /2(n +1) 


Hint: Change the variables, substituting cos 0 = y and y = exp(—*,). 


1.5.4 Let W = {W;,t € [0, 1]} be a Brownian motion. For every 0 < y < 4 
and p = 2,3,4,... such that y < $ — oan we define the random variable 


2p 
a fa IW, — W;| 
|W ||", zz a |s = t|1+2p7 dsdt. 


Show that ||W||??, belongs to D° (see Airault and Malliavin [3)). 


1.5.5 Using the Gaussian formula (A.1), extend Theorem 1.5.1 to a poly- 
nomial random variable with values on a separable Hilbert space V (see 
Sugita [323]). 
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1.5.6 Let pe(x) be the density of the normal distribution N (0, €), for any 
e€ > 0. Fix h € H. Using Stroock’s formula (see Exercise 1.2.6) and the 
expression of the derivatives of pe(x) in terms of Hermite polynomials, 
show the following chaos expansion: 


ie (—1)" Lig (fh?) 
le W h —e ò Tis 
BAN) mao V2r 2™ m! (Ih lla +67"? 


Letting € tend to zero in the above expression, find the chaos expansion of 
ĉo(W (h)) and deduce that d9(W(h)) belongs to the negative Sobolev space 
D-°? for any a > 4, and also that 6o9(W(h)) is not in D~?. 


1.5.7 (See Sugita [325]) Let F be a smooth functional of a Gaussian process 
{W(h),h € H}. Let {W’(h),h € H} be an independent copy of {W (h), h € 
a) Prove the formula 


et 


Sn (OF CW + V1 eH) 


D(T;F) = 
for all t > 0, where D’ denotes the derivative operator with respect to W’. 
b) Using part a), prove the inequality 


e Pp 
—— p 
L) BFP), 


BUDEP) < (27 


for all p > 1. 
c) Applying part b), show that the operator (—L)*T; is bounded in L? 
and that T, is continuous from L? into D*?, for all k > 1 and p> 1. 


1.5.8 Prove Proposition 1.5.7 for k > 1. 
1.5.9 Prove that |||F|ll,, < ckp |F llk, p for all p > 1, k E€ N and Fe P. 


Notes and comments 


[1.1] The notion of Gaussian space or the isonormal Gaussian process was 
introduced by Segal [303], and the orthogonal decomposition of the space of 
square integrable functionals of the Wiener process is due to Wiener [349]. 
We are interested in results on Gaussian families {W(h),h € H} that 
depend only on the covariance function, that is, on the underlying Hilbert 
space H. One can always associate to the Hilbert space H an abstract 
Wiener space (see Gross [128]), that is, a Gaussian measure p on a Banach 
space Q such that H is injected continuously into Q and 


J explittu.) uly) = lel 
Q 


82 1. Analysis on the Wiener space 


for any x € Q* C H. In this case the probability space has a nice topological 
structure, but most of the notions introduced in this chapter are not related 
to this structure. For this reason we have chosen an arbitrary probability 
space as a general framework. 

For the definition and properties of multiple stochastic integrals with 
respect to a Gaussian measure we have followed the presentation provided 
by Itô in [153]. The stochastic integral of adapted processes with respect to 
the Brownian motion originates in It6 [152]. In Section 1.1.3 we described 
some elementary facts about the It6 integral. For a complete exposition 
of this subject we refer to the monographs by Ikeda and Watanabe [146], 
Karatzas and Shreve [164], and Revuz and Yor [292]. 


[1.2] The derivative operator and its representation on the chaotic de- 
velopment has been used in different frameworks. In the general context 
of a Fock space the operator D coincides with the annihilation operator 
studied in quantum probability. 

The notation D,F for the derivative of a functional of a Gaussian process 
has been taken from the work of Nualart and Zakai [263]. 

The bilinear form (F, G) — E((DF, DG) 7) on the space D1? is a partic- 
ular type of a Dirichlet form in the sense of Fukushima [113]. In this sense 
some of the properties of the operator D and its domain D! can be proved 
in the general context of a Dirichlet form, under some additional hypothe- 
ses. This is true for the local property and for the stability under Lipschitz 
maps. We refer to Bouleau and Hirsch [46] and to Ma and Réckner [205] 
for monographs on this theory. 

In [324] Sugita provides a characterization of the space Dt? in terms 
of differentiability properties. More precisely, in the case of the Brownian 
motion, a random variable F € L?(Q) belongs to Dt? if and only if the 
following two conditions are satisfied: 


(i) F is ray absolutely continuous (RAC). This means that for any h € H 
there exists a version of the process {F(w + t J, hsds),t € R} that is 
absolutely continuous. 


(ii) There exists a random vector DF € L?(Q;H) such that for any 
h € H, Ł[F(w+t J, hsds)—F (w)] converges in probability to (DF, h) # 
as t tends to zero. 


In Lemma 2.1.5 of Chapter 2 we will show that properties (i) and (ii) 
hold for any random variable F € D!?, p > 1. Proposition 1.2.6 is due to 
Sekiguchi and Shiota [305]. 


[1.3] The generalization of the stochastic integral with respect to the 
Brownian motion to nonadapted processes was introduced by Skorohod in 
[315], obtaining the isometry formula (1.54), and also by Hitsuda 
in [136, 135]. The identification of the Skorohod integral as the adjoint 
of the derivative operator has been proved by Gaveau and Trauber [116]. 


1.5 Sobolev spaces and the equivalence of norms 83 


We remark that in [290] (see also Kusuoka [178]) Ramer has also intro- 
duced this type of stochastic integral, independently of Skorohod’s work, 
in connection with the study of nonlinear transformations of the Wiener 
measure. 

One can show that the iterated derivative operator D*® is the adjoint 
of the multiple Skorohod integral ôF, and some of the properties of the 
Skorohod integral can be extended to multiple integrals (see Nualart and 
Zakai [264]). 

Formula (1.63) was first proved by Clark [68], where F was assumed 
to be Fréchet differentiable and to satisfy some technical conditions. In 
[269] Ocone extends this result to random variables F in the space D!?. 
Clark’s representation theorem has been extended by Karatzas et al. [162] 
to random variables in the space D!. 

The spaces Lf and L? of random variables differentiable in future 
times were introduced by Alòs and Nualart in [10]. These spaces lead to 
a stochastic calculus which generalizes both the classical It6 calculus and 
the Skorohod calculus (see Chapter 3). 


[1.4] For a complete presentation of the hypercontractivity property and 
its relation with the Sobolev logarithmic inequality, we refer to the Saint 
Flour course by Bakry [15]. The multiplier theorem proved in this section is 
due to Meyer [225], and the proof given here has been taken from Watanabe 
[343]. 


[1.5] The Sobolev spaces of Wiener functionals have been studied by 
different authors. In [172] Krée and Krée proved the continuity of the di- 
vergence operator in L?. 

The equivalence between the the norms ||D* F'||, and \|(—L)2 |p for any 
p > 1 was first established by Meyer [225] using the Littlewood-Payley 
inequalities. In finite dimension the operator DC! is related to the Riesz 
transform. Using this idea, Gundy [129] gives a probabilistic proof of Meyer’s 
inequalities which is based on the properties of the three-dimensional Bessel 
process and Burkholder inequalities for martingales. On the other hand, us- 
ing the boundedness in L? of the Hilbert transform, Pisier [285] provides 
a short analytical proof of the fact that the operator DC! is bounded in 
L?. We followed Pisier’s approach in Section 1.5. 

In [343] Watanabe developed the theory of distributions on the Wiener 
space that has become a useful tool in the analysis of regularity of proba- 
bility densities. 


2 
Regularity of probability laws 


In this chapter we apply the techniques of the Malliavin calculus to study 
the regularity of the probability law of a random vector defined on a 
Gaussian probability space. We establish some general criteria for the ab- 
solute continuity and regularity of the density of such a vector. These gen- 
eral criteria will be applied to the solutions of stochastic differential equa- 
tions and stochastic partial differential equations driven by a space-time 
white noise. 


2.1 Regularity of densities and related topics 


This section is devoted to study the regularity of the law of a random vector 
F = (F',...,F™), which is measurable with respect to an underlying 
isonormal Gaussian process {W(h),h € H}. Using the duality between the 
operators D and 6 we first derive an explicit formula for the density of 
a one-dimensional random variable and we deduce some estimates. Then 
we establish a criterion for absolute continuity for a random vector under 
the assumption that its Malliavin matrix is invertible a.s. An alternative 
approach, due to Bouleau and Hirsch, is presented in the third part of this 
section. This approach is based on a criterion for absolute continuity in 
finite dimension and it then uses a limit argument. The criterion obtained 
in this way is stronger than that obtained by integration by parts, in that 
it requires weaker regularity hypotheses on the random vector. 
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We later introduce the notion of smooth and nondegenerate random vec- 
tor by the condition that the inverse of the determinant of the Malliavin 
matrix has moments of all orders. We show that smooth and nondegen- 
erate random vectors have infinitely differentiable densities. Two different 
proofs of this result are given. First we show by a direct argument the local 
smoothness of the density under more general hypotheses. Secondly, we de- 
rive the smoothness of the density from the properties of the composition 
of a Schwartz tempered distribution with a smooth and nondegenerated 
random vector. 

We also study some properties of the topological support of the law of a 
random vector. The last part of this section is devoted to the regularity of 
the law of the supremum of a continuous process. 


2.1.1 Computation and estimation of probability densities 


As in the previous chapter, let W = {W(h),h € H} be an isonormal 
Gaussian process associated to a separable Hilbert space H and defined on 
a complete probability space (Q, F, P). Assume also that F is generated 
by W. 

The integration-by-parts formula leads to the following explicit expres- 
sion for the density of a one-dimensional random variable. 


Proposition 2.1.1 Let F be a random variable in the space D':?. Suppose 


that IDF belongs to the domain of the operator 6 in L? (Q). Then the law 
A 


of F has a continuous and bounded density given by 


pay fee (Gonz! (2.1) 


Proof: Let w be a nonnegative smooth function with compact support, 
and set p(y) = J’), v(z)dz. We know that (fF) belongs to D1, and 
making the scalar product of its derivative with DF obtains 


(D(¢(F)), DF) # = ¥(F)||DF |i 


Using the duality relationship between the operators D and 6 (see (1.42)), 
we obtain 


EWA) = B |( DAP) tome) | 
5 e [ema ( tom |: (2.2) 
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By an approximation argument, Equation (2.2) holds for u(y) = 1a,» (y), 
where a < b. As a consequence, we apply Fubini’s theorem to get 


elf. W(x yer) Ca 
TE fesas (ips) 


which implies the desired result. 


P(a<F<b) = 


II 


We note that sufficient conditions for FIZ € Dom ô are that F is in 


24 and that E(||DF||7°) < œ (see Exercise 2.1.1). On the other, hand, 
Equation (2.1) still holds under the hypotheses F € D1? and € 


[DF DFE 
1p" (H) for some p, p' > 1. We will see later that the property ||DF'|| 7 > 0 
a.s. (assuming that F is in Dy.) is sufficient for the existence of a density. 


From expression (2.1) we can deduce estimates for the density. Fix p and 
q such that 5 + i = 1. By Hölder’s inequality we obtain 


‘(prn)I, 


In the same way, taking into account the relation E[5(DF/||DF'||?,)| = 0 


we can deduce the inequality 
DF 
(Tor) 
IDFR II, 


(r), 


for all x € R. Now using the LP (Q) estimate of the operator 6 established 
in Proposition 1.5.8 we obtain 


p(x) < (P(F > 2))'/4 


p(z) < (P(F <2))/4 


As a consequence, we obtain 


p(x) < (P(|F| > |e)" (2.3) 


(rm), = (lP rm), P (ror) 
IDF lz / I,” || DF lz IDF li /Nn@nen)) 
(2.4) 
We have 
( DF ) D2F (DAE, DF 8 DF) you 
|DF\lz/  |DF iz |DF ll, 
and, hence, 


|o( DF \| gae Fer 0.5) 
IPF lig] luon =~ DF lln 
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Finally, from the inequalities (2.3), (2.4) and (2.5) we deduce the following 
estimate. 


Proposition 2.1.2 Let q, a, B be three positive real numbers such that 
i + + + 3 = 1. Let F be a random variable in the space D*:*, such that 


B(||DF||2°) < oo. Then the density p(x) of F can be estimated as follows 
P(t) < cqa (PAFI > lel)" 


. (BUDFIs) + ||D?F ll pecourean |r|) nee 


Let us apply the preceding proposition to a Brownian martingale. 


Proposition 2.1.3 Let W = {W(t),t € [0,T]} be a Brownian motion 
and let u = {u(t),t € [0,T]} be an adapted process verifying the following 
hypotheses: 


(i) E (Jo ul 1)? dt) < œ, u(t) belongs to the space D?? for each t € [0, T], 
and 


T 
A:= sup E(|Dsu:|?) + sup ef |D? ,us|Pdt) 2) < œ, 
s,te[0,T] r,s€[0,T] 0 


for some p > 3. 


(ii) \u(t)| > p > 0 for some constant p. 


Set M, = fo ul s)dW,, and denote by pi(x) the probability density of Mi. 
Then for any t > 0 we have 


p(z) < FP > lel) 2, (2.7) 


where q > 3 and the constant c depends on À, p and p. 


Proof: Fix t € (0,7]. We will apply Proposition 2.1.2 to the random 
variable M. We claim that M; € D?. In fact, note first that by Lemma 
1.3.4 M; € Dt? and for s < t 


t 
DM, = us +f D,u,dW,. (2.8) 


For almost all s, the process {D,u,;,r € [0,T]} is adapted and belongs to 
L!?. Hence, by Lemma 1.3.4 f: D,u;,dW, belongs to D1? and 


t t 
De ( J Dsudw, ) = Dsuo + J DoDsu,dW,. (2.9) 
s 6 
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From (2.8) and (2.9) we deduce for any 0,5 < t 
t 
DoD: M: = Dous + Deus + / Do DsurdW,. (2.10) 
sV 


We will take a = p in Proposition 2.1.2. Using Hölder’s and Burkholder’s 
inequalities we obtain from (2.10) 


E(\|D? Mell yn) SGA. 


Set 
2 


t t 
o(t) := Iom = f (u+ f DaidW, ds. 
0 s 


We have the following estimates for any h < 1 


t t 2 
a(t) > / (u+ f Dauna w, ) ds 
t(1—h) s 


V 


2 


t y2 t t 
> / “sas f (J Dsuaw, ) ds 
t(1—n) 2 tah) \Js 
thp? 
LAc 


where 


t t 2 
I,(t) = | (/ DatiedW, ds. 
t(1—h) s 


Choose h = as and notice that h < 1 provided y > a:= Ee We have 


p(o s+) <P(mo2*) sstem. em 


Using Burkholder’ inequality for square integrable martingales we get the 


following estimate 
> t t z 
olen f E Y (Deu) dr) ds 
t(1—h) s 


c, sup E(|Dsu,|?)(th)?. (2.12) 
s,r€[0,t] 


E(\In(t)|*) 


IA 


IA 
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Consequently, for 0 < y < § we obtain, using (2.11) and (2.12), 


E(o(t) 7) 


II 


T yy? *P (a(t)! > y) dy 


IA 


ii 1 
a’ +f y? ‘P| a(t) < z) dy 


4 Y a P = p 
< (=) +7f E(\In(t)|? jy t dy 
tp a 


c (= +f rtas) <e a + 18-7) (2.18) 
4 


tp? 


IA 


Substituting (2.13) in Equation (2.6) with a = p, 6 < §, and with y = 4 
and y = p, we get the desired estimate. 


Applying Tchebychev and Burkholder’s inequalities, from (2.7) we de- 
duce the following inequality for any 0 > 1 


p(x) < cl (z (fi Y) : 


Corollary 2.1.1 Under the conditions of Proposition 2.1.3, if the process 
u satisfies (us| < M for some constant M, then 


2 
p(x) < exp 2 æl 2 
vt qM?t 


Proof: It suffices to apply the martingale exponential inequality (A.5). 


2.1.2 A criterion for absolute continuity 

based on the integration-by-parts formula 
We recall that C° (R™) denotes the class of functions f : R™ — R that 
are bounded and possess bounded derivatives of all orders, and we write 


0; = oe We start with the following lemma of real analysis (cf. Malliavin 
[207]). 


Lemma 2.1.1 Let u be a finite measure on R™. Assume that for all p € 
CR (R™) the following inequality holds: 


if aves) < 6 leo aren (2.14) 
R™ 


where the constants ci do not depend on py. Then u is absolutely continuous 
with respect to the Lebesgue measure. 
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Proof: If m = 1 there is a simple proof of this result. Fix a < b, and 
consider the function y defined by 


0 if x<a 
ga=< 7 if ewx2r<b 
1 if x>b. 


Although this function is not infinitely differentiable, we can approximate 
it by functions of Cp°(R) in such a way that Eq. (2.14) still holds. In this 
form we get u([a,b]) < c,(b — a), which implies the absolute continuity of 
u. 
For an arbitrary value of m, Malliavin [207] gives a proof of this lemma 
that uses techniques of harmonic analysis. Following a remark in Malliavin’s 
paper, we are going to give a different proof and show that the density of 
u belongs to L= if m > 1. Consider an approximation of the identity 
{w,.,€ > 0} on R”. Take, for instance, 


(x) = (276)? exp(—S-). 
Let cu(x), M > 1, be a sequence of functions of the space C§°(R™) such 
that 0 < cm <1 and 


1 if |e| <M 
0 if |al>M+H+1. 


We assume that the partial derivatives of cm of all orders are bounded 
uniformly with respect to M. Then the functions 


cu (@)(, * H)(@) = enr(@) a v(x — y)u(dy) 
belong to C (R”). 
The Gagliardo-Nirenberg inequality says that for any function f in the 
space C§°(IR™) one has 


flr < [[larl”. 
i=l 


An elementary proof of this inequality can be found in Stein [317, p. 129]. 
Applying this inequality to the functions cm (Y. * u), we obtain 


lear(We Watts ST OTA (2.15) 


Equation (2.14) implies that the mapping y @ fgm ĉip du, defined on 
C§°(R™), is a signed measure, which will be denoted by v;i, 1 < i < m. 


92 2. Regularity of probability laws 


Then we have 


lle eras < f ew) 


£ dipe (t — nc) dx 


$ L; lðicm (x)| (J. w(x — yuav) ) dx 
< f |f tde- vvil a 
a 9 lðicm (x)| ([. v(x — uty) dx < K, 


where K is a constant not depending on M and e. Consequently, the family 
of functions {cm (Y. * p), M > 1,e > 0} is bounded in L™-1. We use the 
weak compactness of the unit ball of [-1 to deduce the desired result. 


Suppose that F = (F!,...,F™) is a random vector whose components 
belong to the space DE}. We associate to F the following random symmetric 


nonnegative definite matrix: 
vp = ((DF", DF) )1<i,3<m: 


This matrix will be called the Malliavin matrix of the random vector F. 
The basic condition for the absolute continuity of the law of F will be that 
the matrix yp is invertible a.s. The first result in this direction follows. 


Theorem 2.1.1 Let F = (F!,...,F™) be a random vector verifying the 
following conditions: 


(i) Fi € D2” for all i,j =1,...,m, for some p > 1. 


loc 
(ii) The matriz yp is invertible a.s. 


Then the law of F is absolutely continuous with respect to the Lebesgue 
measure on R™. 


Proof: We will assume that F! € D?? for each i. Fix a test function 
p € CZ (R™). From Proposition 1.2.3, we know that (F) belongs to the 
space Dt? and that 


D(y(F)) = £ ðip(F)DF'. 
Hence, T 
(D(y(F)), DF?) x = 5 dipl F); 
therefore, E 
BlF) = F DOCF), DF’ yaz). (2.16) 
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The inverse of yp may not have moments, and for this reason we need a 
localizing argument. 

For any integer N > 1 we consider a function Vy € C (R™ @R™) such 
that Vy > 0 and 


(a) Un(o) =1 ifo€ Ky, 
(b) Uy(o) =0 ifo ¢ Ky4i, where 


w 1 
Ky = {o ER” 8R” :|o"| <N forall i,j, and |deto| > srt 


Note that Ky is a compact subset of GL(m) C R” ® R™. Multiplying 
(2.16) by Yy (yp) yields 


m 


ElV n(yr)ði pE) = X Eln (ye) DlEF)), DF’) u(y)". 
j=1 
Condition (i) implies that Uy (y,)(yp')"DF belongs to D+? (H). Conse- 
quently, we use the continuity of the operator 6 from D!?(H) into L?(Q) 
(Proposition 1.5.4) and the duality relationship (1.42) to obtain 


m 


[Elenaa] = [Ble >> (tnra Dpr) || 


j=1 


IA 


E | [I (UOO DF) J øl: 


Therefore, by Lemma 2.1.1 the measure [Yy(yp): P] o F7} is absolutely 
continuous with respect to the Lebesgue measure on R™. Thus, for any 
Borel set A C R™ with zero Lebesgue measure we have 


F-1(A) 


Letting N tend to infinity and using hypothesis (ii), we obtain the equality 
P(F~'(A)) = 0, thereby proving that the probability Po F~! is absolutely 
continuous with respect to the Lebesgue measure on R™. 


Notice that if we only assume condition (i) in Theorem 2.1.1 and if no 
nondegeneracy condition on the Malliavin matrix is made, then we deduce 
that the measure (det(7)-P) oF! is absolutely continuous with respect 
to the Lebesgue measure on R”. In other words, the random vector F has 
an absolutely continuous law conditioned by the set {det(yp) > 0}; that 
is, 

P{F € B,det(y-) > 0} =0 


for any Borel subset B of R™ of zero Lebesgue measure. 
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2.1.8 Absolute continuity using Bouleau and Hirsch’s 
approach 


In this section we will present the criterion for absolute continuity obtained 
by Bouleau and Hirsch [46]. First we introduce some results in finite di- 
mension, and we refer to Federer [96, pp. 241-245] for the proof of these 
results. We denote by A” the Lebesgue measure on R”. 

Let p be a measurable function from R to R. Then ¢ is said to be 
approximately differentiable at a € R, with an approximate derivative equal 
to b, if 

ee ERT 

lim aA {x € [a -n,a +n] : |p(@) — pla) — (x — a)b| > ela — al} = 0 

Lf hae 
for all € > 0. We will write b = apy’(a). The following property is an 
immediate consequence of the above definition. 

(a) If p = ¢ ae. and y is differentiable a.e., then ¢ is approximately 
differentiable a.e. and ap’ = y’ a.e. 

If y is a measurable function from R” to R, we will denote by ap 0;y the 


approximate partial derivative of p with respect to the ith coordinate. We 
will also denote by 


ap Ve = (ap 019, ..-,aP In) 
the approximate gradient of y. Then we have the following result: 


Lemma 2.1.2 Let y : R” — R” be a measurable function, with m < n, 
such that the approximate derivatives ap jp, 1<i<m,1<j <n, exist 
for almost every x € R” with respect to the Lebesgue measure on R”. Then 
we have 


1 det[(ap Vy; ap Vex) ]i<j,n<mdr” = 0 (2.17) 
p(B) 


for any Borel set B C R™ with zero Lebesgue measure. 
Notice that the conclusion of Lemma 2.1.2 is equivalent to saying that 
(det[(ap Vy;,ap Vipx)] - A”) © pia”. 


We will also make use of linear transformations of the underlying Gaussian 
process {W (h), h € H}. Fix an element g € H and consider the translated 
Gaussian process {W9 (h), h € H} defined by W9(h) = W (h) + (h, g9) g. 


Lemma 2.1.3 The process W9 has the same law (that is, the same finite 
dimensional distributions) as W under a probability Q equivalent to P given 


by 
“ = exp(—W(g) — sali). 


2.1 Regularity of densities and related topics 95 


Proof: Let f : R” — R be a bounded Borel function, and let €1,..., en 
be orthonormal elements of H. Then we have 


E [roven ..., W9(€n)) exp (1) 5 zlot) 


Bl sWw%e1), 2, W9 (en)) 


x exp (- S (ei 9) HW (ei) = PED ] 


i=1 i=l 


II 


= f(£1 + (9g, €1) Hy +++ 2n + (9, en) H) 
Rre 


1 n 
x exp (-; 5 |x; + (g, T dx 
i=1 


= E|f(W(e1),...,W(en))]. 


Now consider a random variable F € L°(Q). We can write F = Yp o 
W, where Yp is a measurable mapping from RË to R that is uniquely 
determined except on a set of measure zero for Po W~!. By the preceding 
lemma on the equivalence between the laws of W and W9, we can define 
the shifted random variable F9 = ~,oW%. Then the following result holds. 


Lemma 2.1.4 Let F be a random variable in the space D'?, p > 1. 
Fiz two elements h,g € H. Then there exists a version of the process 
{(DF, ees s E€ R} such that for alla < b we have 
b 
Pehtg _ pahte — f (DF, h)3?*9ds (2.18) 
a 
a.s. Consequently, there exists a version of the process {F*"+9 t € R} that 
has absolutely continuous paths with respect to the Lebesgue measure on R, 
and its derivative is equal to (DF, hyt. 


Proof: The proof will be done in two steps. 


Step 1: First we will show that F*?”+9 € L4(Q) for all q € [1, p) with an 
LZ? norm uniformly bounded with respect to t if t varies in some bounded 
interval. In fact, let us compute 


BROH) = (LEM exp ftw + Wo) = sl + ol Y) 


IA 


cern? (z feof 2 eww 
x e7 2llth+gl|žr 


= (E(|F|P)? exp( leh + alt) < œ. (2.19) 


a oe 
2(p — q) 
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Step 2: Suppose first that F is a smooth functional of the form F = 


f(W(h1),...,W(hx)). In this case the mapping t = F“"*+9 is continuously 
differentiable and 


d 


k 
aes) =X f(W (hı) + t(h, hi) + (g, ha), 
i=l 


...,W(hp) + t(h, he) + (9, he) Ah, hija = (DF, hyg? 


Now suppose that F is an arbitrary element in D1”, and let {F,,k > 1} 
be a sequence of smooth functionals such that as k tends to infinity Fk 
converges to F in L?(Q) and DF;, converges to DF in L?(Q; H). By taking 
suitable subsequences, we can also assume that these convergences hold 
almost everywhere. We know that for any k and any a < b we have 
b 
Per? — pohts — l (DFp, h)$$ 9ds. (2.20) 


a 


For any t € R the random variables F an converge almost surely to F’’+9 


as k tends to infinity. On the other hand, the sequence of random variables 
JÉ? (DF, h$} tds converges in L!(Q) to [2 (DF, h)3?+9ds as k tends to 
infinity. In fact, using Eq. (2.19) with q = 1, we obtain 


b b 
e( f (DFx, hy) ht 9ds — i (DF, h$ ds 
b 
E ( i (DF x, h) ip? — (DE, wns) 


IA 


(E(|D" Fy, — D' FIP)? (b— a) 


IA 


1 
x sup exp| ———_||th+ i). 
t€ [a,b] (y iy! oliz 


In conclusion, by taking the limit of both sides of Eq. (2.20) as k tends to 
infinity, we obtain (2.18). This completes the proof. 


Here is a useful consequence of Lemma 2.1.4. 


Lemma 2.1.5 Let F be a random variable in the space D!? for some 
p>1. Fixhe H. Then, a.s. we have 


€ 


re (Ft? — F)dt = (DF, h)g. (2.21) 


«0 € Jo 


Proof: By Lemma 2.1.4, for almost all (w, x) € Q x R we have 


ate 
ies (FY? (w) — F(w))dy = (DF (w), h)3P. (2.22) 


«0 € m 
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Hence, there exists an x € R for which (2.22) holds a.s. Finally, if we 
consider the probability Q defined by 


dQ _ z’ ipl? 
IP = exp(—xW (h) aii z lllz) 


we obtain that (2.21) holds Q a.s. This completes the proof. 


Now we can state the main result of this section. 


Theorem 2.1.2 Let F = (F',...,F™) be a random vector satisfying the 
following conditions: 


(i) FÌ belongs to the space Dy”, p > 1, for alli =1,...,m. 
(ii) The matriz yp = ((DF", DF’))1<:,;<m is invertible a.s. 


Then the law of F is absolutely continuous with respect to the Lebesgue 
measure on R™. 


Proof: We may assume by a localization argument that F* belongs to 
Dt? for k = 1,...,m. Fix a complete orthonormal system {e;,i > 1} in 
the Hilbert space H. For any natural number n > 1 we define 


oE (ti uitat) (PR)tiertettnen 


for 1 < k < m. By Lemma 2.1.4, if we fix the coordinates t),...,tj-1, 
tit1,---,tn, the process {y™*(ty,...,tn),t; € R} has a version with ab- 
solutely continuous paths. So, for almost all t the function y"*(t1,...,tn) 
has an approximate partial derivative with respect to the ith coordinate, 
and moreover, 


apôðip™" (t) = (DES epp T tinen, 
Consequently, we have 


(apVe"*, apVy"™) = (S (DP en DFe a a T (223) 


i=1 


Let B be a Borel subset of R™ of zero Lebesgue measure. Then, Lemma 
2.1.2 applied to the function y” = (®t, ...,p™™) yields, for almost all w, 
assuming n > m 


f det[(apVye""*, apVy"”) |dty ... dtn = 0. 
(e")~*(B) 
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Set G = {t € R? : Fuatetthen(y) € B}. Taking expectations in the 
above expression and using (2.23), we deduce 


m tieit e ttnen 
ef (9 ort euio e) dt, --- dtn 
G i=1 


0 = 
= | E fior, e;)H(DF",e:) #)1p-1(B) 
i=1 
” 1 
tiW (ei) — =t?)) > dti diy 
x a We) sa) i 
Consequently, 


1p-1(B) det(X_(DF* e;)1(DF" ,€:) 1) = 0 


i=1 
almost surely, and letting n tend to infinity yields 
1p-1(p) det((DF* DF”) 1) = 0, 


almost surely. Therefore, P(F~1(B)) = 0, and the proof of the theorem is 
complete. 


As in the remark after the proof of Theorem 2.1.1, if we only assume 
condition (i) in Theorem 2.1.2, then the measure (det((DF*, DF’) g): P)o 
F~' is absolutely continuous with respect to the Lebesgue measure on R”. 

The following result is a version of Theorem 2.1.2 for one-dimensional 
random variables. The proof we present here, which has been taken from 
[266], is much shorter than the proof of Theorem 2.1.2. It even works for 
p=l. 


Theorem 2.1.3 Let F be a random variable of the space DE, and suppose 


that |DF||g > 0 a.s. Then the law of F is absolutely continuous with 
respect to the Lebesgue measure on R. 


Proof: By the standard localization argument we may assume that F 
belongs to the space D1. Also, we can assume that |F| < 1. We have 
to show that for any measurable function g : (—1,1) — [0,1] such that 
Si g(y)dy = 0 we have E(g(F)) = 0. We can find a sequence of continu- 
ously differentiable functions with bounded derivatives g” : (—1,1) — [0,1] 
such that as n tends to infinity g”(y) converges to g(y) for almost all y 
with respect to the measure P o F~! + A!. Set 
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and 


By the chain rule, Y” (F) belongs to the space Dt! and we have Diy)" (F)] = 
g" (F) DF. We have that Y” (F) converges to w(F) a.s. as n tends to infinity, 
because g” converges to g a.e. with respect to the Lebesgue measure. This 
convergence also holds in L1(Q) by dominated convergence. On the other 
hand, Dw” (F) converges a.s. to g(F') DF because g” converges to g a.e. with 
respect to the law of F. Again by dominated convergence, this convergence 
holds in L1(Q; H). Observe that y(F) = 0 a.s. Now we use the property 
that the operator D is closed to deduce that g(F’) DF = 0 a.s. Consequently, 
g(F) = 0 a.s., which completes the proof of the theorem. 


As in the case of Theorems 2.1.1 and 2.1.2, the proof of Theorem 2.1.3 
yields the following result: 


Corollary 2.1.2 Let F be a random variable in Dy Then the measure 
(\|DF la -P)o F7} is absolutely continuous with respect to the Lebesgue 
measure. 


This is equivalent to saying that the random variable F has an absolutely 
continuous law conditioned by the set {||DF'|| a > 0}; this means that 


P{F € B,||DF\||q > 0} =0 


for any Borel subset of R of zero Lebesgue measure. 


2.1.4 Smoothness of densities 


In order to derive the smoothness of the density of a random vector we will 
impose the nondegeneracy condition given in the following definition. 


Definition 2.1.1 We will say that a random vector F = (F',...,F™) 
whose components are in D® is nondegenerate if the Malliavin matrix yp 
is invertible a.s. and 


(det yp)~* € Np>1 L” (Q). 


We aim to cover some examples of random vectors whose components are 
not in D® and satisfy a local nondegenerary condition. In these examples, 
the density of the random vector will be smooth only on an open subset of 
R”. To handle these example we introduce the following definition. 


Definition 2.1.2 We will say that a random vector F = (F!,...,F™) 
whose components are in Dl? is locally nondegenerate in an open set A C 
R™ if there exist elements uw, € D(H), j = 1,...,m and anmxm 
random matrix y4 = (74) such that y3 € D”, |dety,4|~' € L?(Q) for all 
p> 1, and (DF',w,)n = 7% on {F € A} for any i,j =1,...,m. 
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Clearly, a nondegenerate random vector is also locally nondegenerate in 
R”, and we can take uk, = DF!, and y4 = Yp- 
We need the following preliminary lemma. 


Lemma 2.1.6 Suppose that y is an mxm random matriz that is invertible 
a.s. and such that | det y|~! € L”(Q) for all p > 1. Suppose that the entries 


yÍ of y are in D®. Then ery" belongs to D® for alli, j, and 


D (y7)" ae y (71)* (y7)” Dy. (2.24) 
k,l=1 


m 


Proof: First notice that {dety > 0} has probability zero or one (see 
Exercise 1.3.4). We will assume that det y > 0 a.s. For any € > 0 define 


al dety _4 


Note that (det y + €)~! belongs to D because it can be expressed as the 
composition of det y with a function in C° (R). Therefore, the entries of 


y7! belong to D®. Furthermore, for any i, j, (azt) converges in L?(Q) to 
1 


(a75) as € tends to zero. Then, in order to check that the entries of ~~ 
belong to D”, it suffices to show (taking into account Lemma 1.5.3) that 


the iterated derivatives of ce are bounded in L?(Q), uniformly with 
respect to €, for any p > 1. This boundedness in L?(Q) holds, from the 
Leibnitz rule for the operator D} (see Exercise 1.2.13), because (det y)y~! 
belongs to D®, and on the other hand, (det y + €)~* has bounded ||- ||x,p 
norms for all k,p, due to our hypotheses. 

Finally, from the expression yz!y = -4*2 I, we deduce Eq. (2.24) by 


det y+e 
first applying the derivative operator D and then letting € tend to zero. 


For a locally nondegenerate random vector the following integration-by- 
parts formula plays a basic role. For any multiindex a € {1,...,m}*,k>1 
k 


we will denote by 0, the partial derivative ao: 
ar Xk 


Proposition 2.1.4 Let F = (F',...,F™) be a locally nondegenerate ran- 
dom vector in an open set A C R™ in the sense of Definition 2.1.2. Let 
G E€ D” and let p be a function in the space C3°(R™). Suppose that G = 0 
on the set {F ¢ A}. Then for any multiinder a € {1,...,m}*, k > 1, there 
exists an element Ha € D® such that 


E|d09(F)G] = Ely(F) Ha] - (2.25) 
Moreover, the elements Ha are recursively given by 
Ha = >26(G(4)" v4), (2.26) 


Ay = Ho Het aroi (2.27) 
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and forl<p<q<o we have 
PAS k 
| Zell < Cp,q IGP ülese IGllkq , (2.28) 
i iyd 
where ge 


Proof: By the chain rule (Proposition 1.2.3) we have on {F € A} 


m m 


(D(p(F)), uh) a = >> ip FD, uh)a = X pF), 


i=1 i=1 

and, consequently, 
dpl F) = X (DYF), uhala 
j=1 
Taking into account that G vanishes on the set {F ¢ A}, we obtain 
Gôl F) = X G(D(¢(F)), wa) eva"). 
Finally, taking expectations and using the duality relationship between the 
derivative and the divergence operators we get 
E [ðip(F)G] = E [Y(F)Ho)] , 


where Hq) equals to the right-hand side of Equation (2.26). Equation (2.27) 
follows by recurrence. 

Using the continuity of the operator ô from D'?(H) into L?(Q) and the 
Hölder inequality for the ||-||,, p norms (Proposition 1.5.6) we obtain 


m 
Halle < Cp ll Efcaynana) >. (Yat) w 
j=l 
1,p 
iolales 


This implies (2.28) for k = 1, and the general case follows by recurrence. 

If F is nondegenerate then Equation (2.25) holds for any G € D®, and 
we replace in this equation y4 and uf by yp and DF’, respectively. In 
that case, the element H, depends only on F and G and we denote it by 
H,(F,G). Then, formulas (2.25) to (2.28) are tranformed into 


E|0.9(F)G] = E [p(F)Ha(F, G)], (2.29) 
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where 
Ho(F.G) = Laleh aye )" DF), (2.30) 
j=l 
Hal FG) oe Hag (Heo, ‘oe Ok— (F, G)), (2.31) 
and i 
lHe(F, lly < Co [YF DF lj, 2-17 IEllang- (2.32) 


As a consequence, there exists constants 3, y > 1 and integers n, m such 
that 
oe m 
||Hol(F G)|lp < p,q |ldet yz [lg IDF lle IGra- 


Now we can state the local criterion for smoothness of densities which 
allows us to show the smoothness of the density for random variables that 
are not necessarily in the space D. 


Theorem 2.1.4 Let F = (F',...,F™) be a locally nondegenerate random 
vector in an open set A C R™ in the sense of Definition 2.1.2. Then F 
possesses an infinitely differentiable density on the open set A. 


Proof: Fix x9 € A, and consider an open ball B;(ao) of radius ô < 
$d(x9, A°). Let ô < 5’ < d(x, A°). Consider a function p € C (R) such 
that 0 < W(x) < 1, v(x) = 1 on B(£o), and w(x) = 0 on the complement 
of Bs (xo). Equality (2.25) applied to the multiindex a = (1,2,...,m) and 
to the random variable G = (F) yields, for any function ọ in Cp°(R™) 


E [Y(F)3ap(F)] = Ely(F) Hal: 


F! p% 
=| -f Oay(x)dx 


Hence, by Fubini’s theorem we can write 


Notice that 


EWP )AP) =f Aoele)E [Leese Ho] de. (233) 


We can take as Oay any function in Cf°(R™). Then Equation (2.33) implies 
that on the ball Bs(ao) the random vector F has a density given by 


p(x) =E [liF>s}Ha] : 
Moreover, for any multiindex @ we have 
EW(P)0p000(F)] = Ely(F)As(Ha)] 
i Ou p(x E [1ir>z}H6(H a)l dz. 


II 
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Hence, for any € € C§°(Bs(xo)) 


Ape ()p(x)dx = | é(a)E [1pr>2}Ha(Ha)] de. 
R™ R™ 


Therefore p(x) is infinitely differentiable in the ball Bs(xo), and for any 
multiindex @ we have 


Ogp(x) = (-1)!'B [1p ps2} He (Ha)] - 


We denote by S(R™) the space of all infinitely differentiable functions f : 
R” — R such that for any k > 1, and for any multiindex 6 € {1,..., m} 
one has sup, cpm |x|"|Og f(x)| < oo (Schwartz space). 


Proposition 2.1.5 Let F = (F',...,F™) be a nondegenerate random vec- 
tor in the sense of Definition 2.1.1. Then the density of F belongs to the 
space S(R™), and 


Proof: The proof of Theorem 2.1.4 implies, taking G = 1, that F pos- 


sesses an infinitely differentiable density and (2.34) holds. Moreover, for 
any multiindex 6 


Ogp(x) = (-1)'9|B [1pese}He(Hay,....m)(F, 1))] - 


In order to show that the density belongs to S(IR™) we have to prove that 
for any multiindex @ and for any k > 1 and for all j =1,...,m 


sup ao |E [1{r>s}Hp(Ha,2,...m(F,1))] | < œ. 
ceEeR™ 


If x; > 0 we have 


o?*1E [Lpr>2}He(Hay.....m)(F, 1))] | 
< E[|F*?*|He(Hq3,....m)(F,1))|] < œ. 


If xj < 0 then we use the alternative expression for the density 


p(t) = E || [leery leis rs} Eaz.. mF D], 
iŻj 


and we deduce a similar estimate. 
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2.1.5 Composition of tempered distributions with 
nondegenerate random vectors 


Let F be an m-dimensional random vector. The probability density of F at 
x € R” can be formally defined as the generalized expectation E(ô+(F)), 
where 6, denotes the Dirac function at x. The expression E(ô,(F)) can be 
interpreted as the coupling (6,(f), 1), provided we show that 6,(F) is an 
element of D~°°. The Dirac function 6, is a measure, and more generally we 
will see that we can define the composition T(F) of a Schwartz distribution 
T € S'(R”) with a nondegenerate random vector, and the composition will 
belong to D~°. Furthermore, the diferentiability of the mapping x — 6,(F’) 
from R™ into some Sobolev space D*E? provides an alternative proof of 
the smoothness of the density of F. 
Consider the following sequence of seminorms in the space S(R™): 


IIPllo, = [0 + lz? -Aello b E SR”), (2.35) 


for k € Z. Let S2, k € Z, be the completion of S(R™) by the seminorm 
|||, Then we have 


S2k+2 C Son C + C Sg C So C S_2 C++ C Sak C Sok 2) 


na 


and So = C(R™) is the space of continuous functions on R™ which vanish 
at infinity. Moreover, Nk>1S2k = S(R™) and Ups1S_—2% = S’(R™). 


Proposition 2.1.6 Let F = (F!,...,F™) be a nondegenerate random vec- 
tor in the sense of Definition 2.1.1. For any k E€ N and p > 1, there exists 
a constant c(p,k, F) such that for any 6 € S(R™) we have 


OP )ll_onp < clp, k, F) Ollox 


Proof: Let y = (1+ |z|? —A)-*¢ € S(R™). By Proposition 2.1.4 for any 
G € D” there exists Ro,(G) € D® such that 


E|9(F)G] = E [(1 + |e)? — AYEF)G] = E [VFR (G). 
Therefore, using (2.35) and (2.28) with q such that 3 + a = 1, yields 
IE EG] < [llc £ [R2x(G)] < clp, k, F) Øll- ICar, 


Finally, it suffices to use the fact that 


OF Il_on = sup {IE [FIG] .G € D*4, [1G lllag.g < 1}. 


Corollary 2.1.3 Let F be a nondegenerate random vector. For any k € N 
and p> 1 we can uniquely extend the mapping 6 — $(F) to a continuous 
linear mapping from S-k into D-2*”, 
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As a consequence of the above Corollary, we can define the composition 
of a Schwartz distribution T € S’(R™) with the nondegenerate random 
vector F, as a generalized random variable T(F) € D-®. Actually, 


T(F) € US, Np>i D-7*”. 


For k = 0, ¢(F) coincides with the usual composition of the continuous 
function ¢ € Sy = C(R™) and the random vector F. 

For any x € R”, the Dirac function 6, belongs to S_2,, where k = 
[=] +1, and the mapping x — 06, is 2j continuously differentiable from 
R™ to S_2x~-2;, for any j E€ N. Therefore, for any nondegenerate random 
vector F, the composition 6,(F') belongs to D~?*? for any p > 1, and the 
mapping x —> 6,(F) is 2j continuously differentiable from R” to D~?*~79?, 
for any j € N. This implies that for any G € D?**+?J-P the mapping xz > 
(52(F),G) belongs to C¥7(R™). 


Lemma 2.1.7 Let k = [2] +1 and p > 1. If f € Co(R™), then for any 
GepD**4 


Proof: We have 


where the integral is S_2,-valued and in the sense of Bochner. Thus, ap- 
proximating the integral by Riemann sums we obtain 


fF) =f F(e)be Pde. 


in D-?*P, Finally, multiplying by G and taking expectations we get the 
result. 


This lemma and previous remarks imply that for any G € D?*+?-P, the 
measure 


Uc(B) = E [1preayG], B € B(R”) 


has a density pg(x) = (6.(F),G) € C” (R™). In particular, (6,(F),1) is 
the density of F and it will be infinitely differentiable. 


2.1.6 Properties of the support of the law 


Given a random vector F : Q — R™, the topological support of the law 
of F is defined as the set of points x € R” such that P(|a — F| < €) >0 
for all € > 0. The following result asserts the connectivity property of the 
support of a smooth random vector. 
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Proposition 2.1.7 Let F = (F',...,F™) be a random vector whose com- 
ponents belong to D'? for some p > 1. Then, the topological support of the 
law of F is a closed connected subset of R™. 


Proof: If the support of F is not connected, it can be decomposed as the 
union of two nonempty disjoint closed sets A and B. 

For each integer M > 2 let Yy : R™ — R be an infinitely differentiable 
function such that 0 < Ym < 1, Yy(x) = 0 if |z| > M, vas(x) = 1 if 
|z| < M —1, and sup, m |V%y4(2)| < 00. 

Set Am = AN {|x| < M} and By = BN {|z| < M}. For M large enough 
we have Am 4 9 and By # @, and there exists an infinitely differentiable 
function fm such that 0 < fm <1, fm = 1 in a neighborhood of Ay, and 
fm = 0 in a neighborhood of Bm. 

The sequence (fmYm)(F) converges a.s. and in L?(Q) to L{rea} as M 
tends to infinity. On the other hand, we have 


D((fuva)(P)) = X [Uuu (FDF + (fudby)(F)DF"] 


Il 
un 


(faci m)(F)DF". 


Í 
M: 


Il 
un 


Hence, 
sup |D (Futu) Pla < > sup laihaa ||DF' lly € 29). 
i=1 


By Lemma 1.5.3 we get that 1y prea} belongs to D!?, and by Proposition 
1.2.6 this is contradictory because 0 < P(F € A) <1. 

As a consequence, the support of the law of a random variable F € D!?, 
p >1isa closed interval. The next result provides sufficient conditions for 
the density of F to be nonzero in the interior of the support. 


Proposition 2.1.8 Let F € D'?, p > 2, and suppose that F possesses a 
density p(x) which is locally Lipschitz in the interior of the support of the 
law of F. Let a be a point in the interior of the support of the law of F. 
Then p(a) > 0. 


Proof: Suppose p(a) = 0. Set r = as > 1. From Proposition 1.2.6 we 
know that 1{Fr>a} Z DY” because 0 < P(F > a) < 1. Fix € > 0 and set 


aan | 
p(x) = T ze lla—e,a+d (y)dy. 


Then p,(F) converges to 1,754} in L"(Q) as e | 0. Moreover, y,(F) € DH” 
and 


1 
57 a—eja+e] (F) DF. 


D(eF)) = = 
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We have 


2 ate pi 
B(||D(y.(F)) |) < (E(IDE|2) (an f p(e)e) | 


a—eE 


The local Lipschitz property of p implies that p(x) < K|x — al, and we 
obtain 5 P 
E(|D(¢.(F))llz) < (EDF |)??? 2° Kee. 


By Lemma 1.5.3 this implies 1{F>a} € Dt”, resulting in a contradiction. 


Sufficient conditions for the density of F to be continuously differentiable 
are given in Exercise 2.1.8. 

The following example shows that, unlike the one-dimensional case, in 
dimension m > 1 the density of a nondegenerate random vector may vanish 
in the interior of the support. 


Example 2.1.1 Let hı and hz be two orthonormal elements of H. Define 
X = (X1, X2), where 


Xı 
Xə 


arctan W (h1), 
arctan W (hə). 


| 


Then, X; € D® and 
DX; = (1 +W (h?) thi, 
fori=1,2, and 
det yx = [(1+ W (ha)? + W(ho)?)] 


The support of the law of the random vector X is the rectangle [-3, z7’, 
and the density of X is strictly positive in the interior of the support. Now 


consider the vector Y = (Y1, Y2) given by 


3 
Y= (Xi + $+) cos(2X2 +7), 


3 
Y% = (i+ =) sin(2 X> +7). 
We have that Y; € D® for i= 1,2, and 


3T -2 
det yy = 4(X1 + >)? [0 + Whi)? + W(h2)?)] `. 
This implies that Y is a nondegenerate random vector. Its support is the 
set {(x,y) : T? < £? +y? < 47°}, and the density of Y vanishes on the 
points (x,y) in the support such that t < y < 2r and z =Q. 
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For a nondegenerate random vector when the density vanishes, then all 
its partial derivatives also vanish. 


Proposition 2.1.9 Let F = (F!,...,F™) be a nondegenerate random vec- 
tor in the sense of Definition 2.1.1 and denote its density by p(x). Then 
p(x) = 0 implies dap(a) = 0 for any multiindex a. 


Proof: Suppose that p(x) = 0. For any nonnegative random variable 
G € D”, (6;(F), G} > 0 because this is the density of the measure ug(B) = 
E |1prenyG], B € B(R™). Fix a complete orthonormal system {e;,i > 1} 
in H. For each n > 1 the function y : R” — C given by 


at) = (LPa iX #W(e;) ) 


j=l 
is nonnegative definite and continuous. Thus, there exists a measure Vn on 
R” such that 
alt) = f etda). 
Note that v,(R”) = (d2(F), 1) = p(x) = 0. So, this measure is zero and we 
get that (ôs(F), G} = 0 for any polynomial random variable G € P. This 


implies that 6,(F’) = 0 as an element of D~~. 
For any multiindex a we have 


Oap(x) = 0a (62(F), 1) = ((Oadx) (F), 1) . 


Hence, it suffices to show that (0,61) (F) vanishes. Suppose first that a = 
{i}. We can write 


because D (6,(F)) = 0. The general case follows by recurrence. 


2.1.7 Regularity of the law of the maximum 
of continuous processes 
In this section we present the application of the Malliavin calculus to the 


absolute continuity and smoothness of the density for the supremum of 
a continuous process. We assume that the o-algebra of the underlying 
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probability space (Q, F, P) is generated by an isonormal Gaussian process 
W ={W(h),h © H}. Our first result provides sufficient conditions for the 
differentiability of the supremum of a continuous process. 


Proposition 2.1.10 Let X = {X(t),t € S} bea continuous process parame- 
trized by a compact metric space S. Suppose that 


(i) E(supreg X(t)”) < œ; 


(ii) for any t € S, X(t) € D!?, the H-valued process {DX(t),t € S} 
possesses a continuous version, and E(sup;eg | DX Hl} ) < œ. 


Then the random variable M = sup,cg X(t) belongs to D!. 


Proof: Consider a countable and dense subset So = {t,,n > 1} in S. 
Define Mn = sup{X(ti),...,X(tn)}. The function y,, : R” — R defined 
by 9, (@1,---,@n) = max{z1,...,2,} is Lipschitz. Therefore, from Propo- 
sition 1.2.4 we deduce that Mn belongs to D!:?. The sequence Mn converges 
in L?(Q) to M. Thus, by Lemma 1.2.3 it suffices to see that the sequence 
DM, is bounded in L?(Q; H). In order to evaluate the derivative of Mp, 
we introduce the following sets: 


A, = {Mn = X(ti)}, 


Ar = {Mn # X(t), 2.4 Mn Z Xie), Mn SX). BERS 0. 


By the local property of the operator D, on the set A; the derivatives of 
the random variables M,, and X (tx) coincide. Hence, we can write 


DM, = S 14, DX (tr). 
k=1 


Consequently, 


B(|DMall2,) < E (sup Dx) 2 
tes 


and the proof is complete. 


We can now establish the following general criterion of absolute continu- 
ity. 


Proposition 2.1.11 Let X = {X(t),t € S} be a continuous process parame- 
trized by a compact metric space S verifying the hypotheses of Proposition 
2.1.10. Suppose that ||DX(t)|l_a #4 0 on the set {t : X(t) = M}. Then 
the law of M = supyeg X(t) is absolutely continuous with respect to the 
Lebesgue measure. 
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Proof: By Theorem 2.1.3 it suffices to show that a.s. DM = DX(t) on 
the set {t : X(t) = M}. Thus, if we define the set 


G = {there exists t € S : DX(t) # DM, and X(t) = M}, 


then P(G) = 0. Let So = {tn,n > 1} be a countable and dense subset of 
S. Let Hp be a countable and dense subset of the unit ball of H. We can 
write 
Go U Gs r,k,hs 
sE€So,rEQ,r>0,k>1,hE Ho 


where 


1 
Gs rk h = {(DX(t) — DM,h)g > g all t € B,(s)}N{ sup X: = M}. 
te B, (s) 


Here B, (s) denotes the open ball with center s and radius r. Because it is a 
countable union, it suffices to check that P(Gs,r,k,a) = 0 for fixed s,r,k, h. 
Set M’ = sup{X(t),t € B,(s)} and M} = sup{X(t;),1 < i < n,t; E 
B,(s)}. By Lemma 1.2.3, DM}, converges to DM’ in the weak topology of 
L?(Q; H) as n tends to infinity, but on the set Gs,r,k,a we have 


(DM), — DM',h) x > 


for all n > 1. This implies that P(Gs,r,k,a) = 0. 


Consider the case of a continuous Gaussian process X = {X(t),t € S} 
with covariance function K(s,t), and suppose that the Gaussian space Hy 
is the closed span of the random variables X(t). We can choose as Hilbert 
space H the closed span of the functions {K(t,-),t € S} with the scalar 
product 


(K(t, ), K(s, )) x = K(t, s), 


that is, H is the reproducing kernel Hilbert space (RKHS) (see [13]) as- 
sociated with the process X. The space H contains all functions of the 
form y(t) = E(YX(t)), where Y € Hı. Then, DX(t) = K(t,-) and 
||DX(t)|| 7, = K(t,t). As a consequence, the criterion of the above propo- 
sition reduces to K(t,t) #0 on the set {t: X(t) = M}. 


Let us now discuss the differentiability of the density of M = sup,e, X(t). 
If S = [0,1] and the process X is a Brownian motion, then the law of M 
has the density 

2 z2 


Po pe = 110,00) (2). 


Indeed, the reflection principle (see [292, Proposition III.3.7]) implies that 
P{supyejo,1] X(t) > a} = 2P{X(1) > a} for all a > 0. Note that p(x) is 
infinitely differentiable in (0, +00). 
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Consider now the case of a two-parameter Wiener process on the unit 
square W = {W(z),z € [0,1]?}. That is, S = T = [0,1]? and yp is the 
Lebesgue measure. Set M = sup,ejo,1)2 W(z). The explicit form of the 
density of M is unknown. We will show that the density of M is infinitely 
differentiable in (0, +00), but first we will show some preliminary results. 


Lemma 2.1.8 With probability one the Wiener sheet W attains its mazi- 
mum on [0,1]? on a unique random point (S,T). 


Proof: We want to show that the set 


G= fo : sup W(z)= W(z1)=W(z2) for some 24 a} 
z€[0,1]2 

has probability zero. For each n > 1 we denote by Rp the class of dyadic 

rectangles of the form [(j — 1)2~",72~"] x [(k — 1)27”, k27"”], with 1 < 

j,k < 2”. The set G is included in the countable union 


U U { sup W(z) = sup we} ; 


n>1 Ra, R2€ER„,RıNRo=0 7ER ZER2 


Finally, it suffices to check that for each n > 1 and for any couple of dis- 
joint rectangles R1, R2 with sides parallel to the axes, P{sup er, W (2) = 
SUPzer, W(z)} = 0 (see Exercise 2.1.7). 


Lemma 2.1.9 The random variable M = sup,¢jo,1;2 W(z) belongs to Dp} 
and D,M = 1>0,5|x\0,rj(2), where (S,T) is the point where the maximum 
is attained. 


Proof: We introduce the approximation of M defined by 
Mn = sup{W(21),...,W(zn)}, 
where {zn,n > 1} is a countable and dense subset of [0, 1]?. It holds that 
D, Mn = 190,5,]x(0,Tn] (2); 


where (Sn, Tn) is the point where Mp = W(Sn, Tn). We know that the 
sequence of derivatives DM, converges to DM in the weak topology of 
L?({0,1]? x Q). On the other hand, (Sn, Tn) converges to (S,T) almost 
surely. This implies the result. 


As an application of Theorem 2.1.4 we can prove the regularity of the 
density of M. 


Proposition 2.1.12 The random variable M = sup,¢jo,1)2 W (z) possesses 
an infinitely differentiable density on (0, +00). 
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Proof: Fix a > 0 and set A = (a, +00). By Theorem 2.1.4 it suffices to 
show that M is locally nondegenerate in A in the sense of Definition 2.1.2. 
Define the following random variables: 


Ta = inf{t : sup W(a2,y) > a} 


and 
Sa =inf{s: sup W(a,y) > a}. 

We recall that Sa and Ta are stopping times with respect to the one- 
parameter filtrations F! = o{W (x,y): 0 < x < s,0 < y < 1} and 
F? = o{W(x,y):0<£<1,0<y<t}. 

Note that (Sa, Ta) < (S, T) on the set {M > a}. Hence, by Lemma 2.1.9 
it holds that D,M(w) = 1 for almost all (z,w) such that z < (Sa(w), Ta(w)) 
and M(w) >a. 


For every 0 < y < 4 and p > 2 such that oe <y<g- me we define the 
Hélder seminorm on Co([0, 1), 


= 2p op 
lfl = ie Aeg et ini) . 


We denote by Hp, the Banach space of continuous functions on [0, 1] van- 
ishing at zero and having a finite (p, y) norm. 
We define two families of random variables: 


W(s,-) — W(s’,-)||2?. 
YHo) -f |W (s, -) H . ery geds 
[0,0] |s — s/|}+2P7 


and 


Y?(r) = 


f IWG -WG OI 
[0,7]? 


PY i 
eae eae, 


where 0,7 € [0,1]. Set Y (o,r) = Y1(0) + Y?(7). 
We claim that there exists a constant R, depending on a, p, and y, such 
that 


Y(o,r)< R implies sup W, <a. (2.36) 
z€[0,o] x [0,1]U[0,1] x [0,7] 


In order to show this property, we first apply Garsia, Rodemich, and Rum- 
sey’s lemma (see Appendix, Lemma A.3.1) to the H,,y-valued function 
s — W(s,-). From this lemma, and assuming Y'(a) < R, we deduce 


|W (s,-) = W(s', Jee) < cpa Rls — s/|?P7~ 
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for all s,s’ € [0,0]. Hence, 
IW (s, lpr, S Cpa R 


for all s € [0,c]. Applying the same lemma to the real-valued function 
t — W(s,t) (s is now fixed), we obtain 


W W 1\|2 2 1j2py—1 
| (s,t) — (s,t)| P < cpyRlt =, | se 
for all t,t’ € [0,1]. Hence, 


sup |W (s, t)| < cP Ræ, 
0<8<o,0<t<1 


Similarly, we can prove that 


sup |W(s,t)| < c2 R, 
0<s<1,0<t<r 


and it suffices to choose R in such a way that ol? R® <a. 


Now we introduce the stochastic process u4(s, t) and the random variable 
ya that will verify the conditions of Definition 2.1.2. 

Let »: Ry — R+ be an infinitely differentiable function such that y(x) = 
0 if £ > R, (£) = 1 if x < Ẹ, and 0 < y(x) < 1. Then we define 


uals, t) = W(Y(s, t)) 
and 


va= | UV (s,t))dsdt. 
[0,1]? 


On the set {M > a} we have 

(1) WV (s,t)) = 0 if (s,t) £ (0, Sa] x [0, Ta]. Indeed, if H(Y(s,t)) # 0, 
then Y(s,t) < R (by definition of y) and by (2.36) this would imply 
SUP ~€/0,s] x [0,1]U[0,1] x [0,¢] W, < a, and, hence, s< Sas t< Tas which is 
contradictory. 


(2) Ds+M = 1 if (s,t) € [0, Sa] x [0, Ta], as we have proven before. 


Consequently, on {M > a} we obtain 


(DM,ua) H = | Ds +M4(Y (s,t))dsdt 
[0,1]? 


J VY (s, t))dsdt = y4. 
[0,Sa]x [0,Ta] 
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We have y4 € D® and u4 € D(H) because the variables Y! (s) and Y?(t) 
are in D® (see Exercise 1.5.4 and [3]). So it remains to prove that y3" has 
moments of all orders. We have 


P(Y (s, t))dsdt = fl Ley (sn) < ey dsdt 
[0,1]? [0,1]? 
= A*{(s,t) € [0,1]? : ¥4(s)+ Y? (t) < a} 
> As € [0,1]: ¥'(s) < a 


xA*{t € [0,1] : Y? (t) < 
Toa 


Here we have used the fact that the stochastic processes Y! and Y? are 
continuous and increasing. Finally for any € we can write 


PUA) <9 = PŽ <y) 
IW(s)— WII R 
< a |s — s'|1+2p7 dsds' > z) 
4p IW (s.-) — WO DIR, 
< EI E ( Tos |s — s! |1 +227 dsds' ) 
< Ce? 


for some constant C > 0. This completes the proof of the theorem. 


Exercises 
2.1.1 Show that if F is a random variable in D?*4 such that E(||DF||78) < 
oo, then DAT? € Dom ô and 
, DF ) ae (DF 2 DF, D?F) yan 
|DF lz |DF lz || DF ll zz 


Hint: Show first that [Dr belongs to Dom ô for any € > 0 using 


Proposition 1.3.3, and then let e tend to zero. 


2.1.2 Let u = {uw,t € [0,1]} be an adapted continuous process belonging 
to L1? and such that sup, j¢(0,1) Z[|Dsut|?] < 00. Show that if u1 #0 a.s., 


then the random variable F = hs u,dW, has an absolutely continuous law. 


2.1.3 Suppose that F is a random variable in D1”, and let h be an element 
of H such that (DF, h)g #0 as. and (DERE belongs to the domain of 6. 
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Show that F possesses a continuous and bounded density given by 


f(z) =E (tað (ae) . 


2.1.4 Let F be a random variable in Dt? such that Gk IPFE belongs to 
H 


Dom ô for any k = 0,...,n, where Go = 1 and 


DF 
TER (ce Drg) 


if 1 < k < n+ 1. Show that F has a density of class C” and 
f(a) = (-1)*E [1ppse} Geta], 
O<k<n. 


2.1.5 Let F > 0 be a random variable in D}? such that IPFI € Dom ô. 
H 
Show that the density f of F verifies 


lfl < lô (oH) (B(R))3 


for any p > 1, where q is the conjugate of p. 


2.1.6 Let W = {W;,t > 0} be a standard Brownian motion, and consider 
a random variable F in D!:?. Show that for all t > 0, except for a countable 
set of times, the random variable F + W; has an absolutely continuous law 
(see [218]). 


2.1.7 Let W = {W(s,t), (s,t) € [0, 1]?} be a two-parameter Wiener process. 
Show that for any pair of disjoint rectangles R,, Rə with sides parallel to 
the axes we have 


P{sup W(z) = sup W(z)} = 0. 
zER, zER2 


Hint: Fix a rectangle [a,b] C [0,1]?. Show that the law of the random 
variable sup,¢jq,4, W (z) conditioned by the o-field generated by the family 
{W(s,t),s < ai} is absolutely continuous. 


2.1.8 Let F € D**, a > 4, be a random variable such that E(||DF'|;”) < 
oo for all p > 2. Show that the density p(x) of F is continuously differen- 
tiable, and compute p'(x). 


2.1.9 Let F = (F!,..., F™) be a random vector whose components belong 
to the space D®. We denote by yp the Malliavin matrix of F. Suppose 
that det yp > 0 a.s. Show that the density of F is lower semicontinuous. 
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Hint: The density of F is the nondecreasing limit as N tends to infinity 
of the densities of the measures [Wy (yp): P]o F7} introduced in the proof 
of Theorem 2.1.1. 


2.1.10 Let F = (W (h1) + W(h2))e7/ "2", where hy, hg are orthonormal 
elements of H. Show that F € D”, ||DF || > 0 a.s., and the density of F 
has a lower semicontinuous version satisfying p(0) = +00 (see [197]). 


2.1.11 Show that the random variable F = Í t? arctan(W;)dt, where W 
is a Brownian motion, has a C% density. 


2.1.212 Let W = {W(s,t),(s,t) € [0,1]?} be a two-parameter Wiener 
process. Show that the density of sup;, t)ejo,12 W (8, t) is strictly positive 
n (0, +00). 

Hint: Apply Proposition 2.1.8. 


2.2 Stochastic differential equations 


In this section we discuss the existence, uniqueness, and smoothness of so- 
lutions to stochastic differential equations. Suppose that (Q, F, P) is the 
canonical probability space associated with a d-dimensional Brownian mo- 
tion {W*(t),t € [0,7], 1 < i < d} on a finite interval [0, T]. This means 
Q = Co([0, T]; R4), P is the d-dimensional Wiener measure, and F is the 
completion of the Borel o-field of Q with respect to P. The underlying 
Hilbert space here is H = L?([0, T]; RÌ). 

Let A;,B: [0,7] x R™ — R™, 1 < j < d, be measurable functions 
satisfying the following globally Lipschitz and boundedness conditions: 


(h1) Xi |Aj(t,2) — Aj(t,y)| + |B, 2) — B(t,y)| < Kle- yl, for any 
x,y E€ R”, t € (0,7); 


(h2) t — A,(t,0) and t > B(t,0) are bounded on (0, T]. 


We denote by X = {X(t), t € [0,7]} the solution of the following m- 
dimensional stochastic differential equation: 


d t : t 
D=00+d | Aj(s.X(s)aw] + | B(s, X(s))ds, (2.37) 


where zo € R™ is the initial value of the process X. We will show that 
there is a unique continuous solution to this equation, such that for all 

€ [0,7] and for all i = 1,...,m the random variable X‘*(t) belongs to 
the space D!” for all p > 2. Furthermore, if the coefficients are infinitely 
differentiable in the space variable and their partial derivatives of all orders 
are uniformly bounded, then X‘(t) belongs to D®. 

From now on we will use the convention of summation over repeated 
indices. 
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2.2.1 Existence and uniqueness of solutions 


Here we will establish an existence and uniqueness result for equations 
that are generalizations of (2.37). This more general type of equation will 
be satisfied by the iterated derivatives of the process X. 

Let V = {V(t),0 < t < T} be a continuous and adapted M-dimensional 
stochastic process such that 


Bp = sup_E(|V(t)|?) <œ 
0<t<T 


for all p > 2. Suppose that 
ao: RY“ x R” SR” R? and b: RY x R” = R” 


are measurable functions satisfying the following conditions, for a positive 
constant K: 


(h3) |o(z,y)- olz, y')|+ blz, y)—b(z,y')| < Kly—y'|, for any z € R™, 
yg E€ R”; 


(h4) the functions z — o(x,0) and x — b(x,0) have at most polynomial 
growth order (i.e., |a(x, 0)| + |b(x,0)| < K(1 + |x|”) for some integer 
v> 0). 


With these assumptions, we have the next result. 


Lemma 2.2.1 Consider a continuous and adapted m-dimensional process 
a = {a(t),0 < t < T} such that dp = E(supgezerz |a(t)|?) < œ for all 
p > 2. Then there exists a unique continuous and adapted m-dimensional 
process Y = {Y (t), 0 < t < T} satisfying the stochastic differential equation 


yQ=a+ f aV Yaw + | b(V(s),¥(s))ds. (2.38) 
Moreover, 
e( T vor) <0, 


0<t<T 


for any p = 2, where Cı is a positive constant depending on p,T, K, Bpv, m, 
and dp. 


Proof: Using Picard’s iteration scheme, we introduce the processes Yo(t) = 
a(t) and 


Yn41(t) = a(t) + | VO Yaw + | b(V (s), Yn(s))ds (2.39) 
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if n > 0. By a recursive argument one can show that Y, is a continuous 
and adapted process such that 


E( sup mor) < œ (2.40) 
O<t<T 


for any p > 2. Indeed, applying Doob’s maximal inequality (A.2) and Burk- 
holder’s inequality (A.4) for m-dimensional martingales, and making use 
of hypotheses (h3) and (h4), we obtain 


E ( sup Yaa (O) 


O<t<T 


< Cp 


) 


T 
dp + E ( o;(V(s), Y¥n(s))dW3 


T p 
+E ((/ |b(V(s), Yn(s))| i) ) 


T 
<p | dp + eae (1+ E(\V(s)|"?) + B(Yn(s)/?)) a 
0 
< & 4, + cp KPT” (1 + bup + sup BYO )| ; 
0<t<T 


where cp and ci, are constants depending only on p. Thus, Eq. (2.40) holds. 
Again applying Doob’s maximal inequality, Burkholder’s inequality, and 
condition (h3), we obtain, for any p > 2, 


T 
z( sup |Yn+1(t) -vao ) < cep KPTP! J E (\Yn(s) — Yn—1(8)|P) ds. 
O<t<T 0 


It follows inductively that the preceding expression is bounded by 


1 
—(cpKPT?*)"** sup_E(\¥i(s)|?). 
n. 0<s<T 


Consequently, we have 


ye ( sup anO- ¥o(0)P) < oo, 


0<t<T 


which implies the existence of a continuous process Y satisfying (2.38) and 
such that E(supo<:<r |Y (t)/”) < Cı for all p > 2. The uniqueness of the 
solution is derived by means of a similar method. 


As a consequence, taking V(t) = t in the Lemma 2.2.1 produces the 
following result. 
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Corollary 2.2.1 Assume that the coefficients A; and B of Eq. (2.87) are 
globally Lipschitz and have linear growth (conditions (h1) and (h2)). Then 
there exists a unique continuous solution X = {X(t),t € [0,T]} to Eq. 
(2.37). Moreover, 
B( sup, XOP) <c 
O<t<T 

for any p > 2, where Cı is a positive constant depending on p,T, K,v, and 
£o. 


2.2.2 Weak differentiability of the solution 


We will first consider the case where the coefficients A; and B of the sto- 
chastic differential equation (2.37) are globally Lipschitz functions and have 
linear growth. Our aim is to show that the coordinates of the solution at 
each time t € [0, T] belong to the space D+™® = N,>1D*?. To show this re- 
sult we will make use of an extension of the chain rule to Lipschitz functions 
established in Proposition 1.2.4. 

We denote by D? (F), t € [0,T], j =1,...,d, the derivative of a random 
variable F as an element of L?([0,T] x Q; R?) ~ L? (Q; H). Similarly we 
denote by Df!" (F) the Nth derivative of F. 


pe tN 
Using Proposition 1.2.4, we can show the following result. 


Theorem 2.2.1 Let X = {X(t),t € [0,T]} be the solution to Eq. (2.37), 
where the coefficients are supposed to be globally Lipschitz functions with 
linear growth (hypotheses (h1) and (h2)). Then X*(t) belongs to D'© for 
any t € [0,T] andi=1,...,m. Moreover, 


sup B( sup |D1X"(s)|?) < o, 
O<r<t rss<T 


and the derivative Di X*(t) satisfies the following linear equation: 
t 
DIX() = AXO) f Aral DiX awe 


t 
+f B,(s)DIX*(s)ds (2.41) 
forr <t a.e., and l 
DIX (t) =0 


forr >t a.e., where Åk a(s) and By(s) are uniformly bounded and adapted 
m-dimensional processes. 


Proof: Consider the Picard approximations given by 


Xo(t) = Li; 


z+ f Asle, Xalsawi + | B(s, Xn(s))ds (2.42) 


II 


Xn41 (t) 
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if n > 0. We will prove the following property by induction on n: 


(P) X(t) € Dt” for all i=1,...,m, n > 0, and t € [0,7]; further- 
more, for all p > 1 we have 


w,(t) = sup E ( sup pxo) < œ (2.43) 
O<r<t s€[r,t] 
and i 
Vnsali) Seton | vals)ds, (2.44) 
0 


for some constants C1, Co. 

Clearly, (P) holds for n = 0. Suppose it is true for n. Applying Proposi- 
tion 1.2.4 to the random vector X,,(s) and to the functions A‘ and B’, we 
deduce that the random variables Af (s, Xn(s)) and B’(s, Xp(s)) belong 


to D}? and that there exist m-dimensional adapted processes Ay’ ‘(s) = 
—n,i 


(A(S), , As m(8)) and B™ (s) = (B7 (8), ., Bre'(s E N 
ded by K, stich that 


Nt 


Dyl[Ai(8,Xn(s))] = ARk(s)D-(XE(s))Lprcoy (245) 
and 

Dy[Bi(s, Xn(s))] = BR (s)D(XEs))1gecy- (2-46) 
In fact, these processes are obtained as the weak limit of the sequences 
{4 [A5 * Am] (8, Xn(s)),m > 1} and {0;,[B’ * am](s, Xn(s)),m > 1}, where 
Qm denotes an approximation of the identity, and it is easy to check the 
adaptability of the limit. From Proposition 1.5.5 we deduce that the random 
variables A’(s, Xn(s)) and B’(s, X;,(s)) belong to Dh. 

Thus the processes { D![Aj(s, Xn (s))], s > r} and {D}[B"(s, Xn(s))], s > 

r} are square integrable and adapted, and from (2.45) and (2.46) we get 


|D; [Aj (s, Xn(s))]| < K|D,X7(s)|, |D,[B*(s, Xn(s))]| < K|D,Xn(s)|- 

(2.47) 
Using Lemma 1.3.4 we deduce that the Itô integral iis Aż (s, Xn(s))dW2 
belongs to the space D!:?, and for r < t we have 


DLI if AŻ (s, Xn(s))dW2] = Ai (r, Xn( D+ f Di DLJA} (s, Xn(5))]JdW3. 
(2.48) 
On the other hand, f B! (s, Xn(s))ds € D!?, and for r < t we have 


l l ï Ss s s| = j l i Ss S S. ` 
Dif SAA J nB EA (2.49) 


2.2 Stochastic differential equations 121 


From these equalities and Eq. (2.42) we see that X},,(t) € Dt% for all 
t € [0, T], and we obtain 


t 
B( sup Di Xna (oP) < cp [e+ zr tae f E (|DX,,(s)|?) ds] , 


rí<s<t 
(2.50) 
where 
Yp = sup E( sup |A;(t, Xn(t))|?) < 00. 
n,J 0<t<T 


So (2.43) and (2.44) hold for n + 1. From Lemma 2.2.1 we know that 


E (su Xa) — X(s))”) — 0 


as n tends to infinity. By Gronwall’s lemma applied to (2.50) we deduce 
that derivatives of the sequence X(t) are bounded in L?(Q; H) uniformly 
in n for all p > 2. Therefore, from Proposition 1.5.5 we deduce that the 
random variables X‘*(t) belong to D!°. Finally, applying the operator D 
to Eq. (2.37) and using Proposition 1.2.4, we deduce the linear stochastic 
differential equation (2.41) for the derivative of X’ (t). 


If the coefficients of Eq. (2.37) are continuously differentiable, then we 
can write 


A, (8) = (3L Ai) (s, X(s)) 


and , 
B,(s) = (3k B) (s, X(s)). 


In order to prove the existence of higher-order derivatives, we will need 
the following technical lemma. 


Consider adapted and continuous processes a = {a(r,t),t € [r,T]} and 
V = {V;(t),0 <t < T,j =0,...,d} such that a is m-dimensional and V; is 
uniformly bounded and takes values on the set of matrices of order m x m. 
Suppose that the random variables a’(r,t) and V(t) belong to D+% for 
any i,j, k,l, and satisfy the following estimates: 


sup e( sup jar. < œ, 


O<r<T  \r<tíT 
sup E ( sup Ipevo) < œ, 
0<s<T s<t<T 
sup e( sup Paa(r.t)?) < ©, 
O<s,r<T rVs<t<T 


for any p > 2 and any j = 0,...,d. 
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Lemma 2.2.2 Let Y = {Y(t),r < t < T} be the solution of the linear 
stochastic differential equation 


¥()=a(r)+ | viiyvioaw; + f Vo(s)Y(s)ds. (2.51) 


Then {Y*(t)} belongs to Dt for any i = 1,...,m, and the derivative 
D.YŻ(t) verifies the following linear equation, for s < t: 


DIY(t) = Dfa(r,t) + Vi(s)¥(s)ltr<s<s} 


+ f pivara + Vi(u) DY (u)]dW; 


+ f [Di Vo(u)Y (u) + Volu) DİY (u)]du. (2.52) 


Proof: The proof can be done using the same technique as the proof of 
Theorem 2.2.1, and so we will omit the details. The main idea is to observe 
that Eq. (2.51) is a particular case of (2.38) when the coefficients 0; and 
b are linear. Consider the Picard approximations defined by the recursive 
equations (2.39). Then we can show by induction that the variables Y(t) 
belong to D! and satisfy the equation 


DiYn4i(t) = Dia(r,t) + V;(s)¥n(s)1pr<s<e} 


aa f wivienvate + Vi(u)DIYn (u)]dW,, 


$ / [DiV5(u)Ya(u) + Vou) AO 


Finally, we conclude our proof as we did in the proof of Theorem 2.2.1. 


Note that under the assumptions of Lemma 2.2.2 the solution Y of Eq. 
(2.51) satisfies the estimates 


B( sup YOP) < o, 


O<t<T 


sup B( sup YP) < œ, 


O<s<t r<t<T 
for all p > 2. 


Theorem 2.2.2 Let X be the solution of the stochastic differential equa- 
tion (2.37), and suppose that the coefficients A% and B? are infinitely dif- 
ferentiable functions in x with bounded derivatives of all orders greater than 
or equal to one and that the functions A$ (t,0) and B*(t,0) are bounded. 
Then X*(t) belongs to D® for allt € [0, T], andi =1,...,m. 
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Proof: We know from Theorem 2.2.1 that for any i = 1,...,m and 
any t € [0,7], the random variable X*(t) belongs to D1? for all p > 2. 
Furthermore, the derivative DÍ X’ (t) verifies the following linear stochastic 
differential equation: 


DIX*(t) = Ai(r,X-) + [ oad x(o Dix sya! 


+ J (xB) s.X(8))DIX*(s)ds. (2.53) 


Now we will recursively apply Lemma 2.2.2 to this linear equation. We 
will denote by D41: 4N ( X (t)) the iterated derivative of order N. We have to 


introduce some notation. For any subset K = {e1 < -++ < €n} of {1,..., N}, 
we put j(K) = ja,- --, je, and r(K) =r.,,...,Te,- Define 


alju (Stith) = X (ôm Ox, A(S, X(s)) 
ADIN at (a) DIM xs] 
and 
Baju (Sro orn) = X (ôk ôk, B*)(s, X(s)) 
ADi Ea e E, 
where the sums are extended to the set of all partitions {1,..., N} = 


I,U---UI,. We also set af (s) = AŻ (s, X(s)). With these notations we will 
recursively show the following properties for any integer N > 1: 

(P1) For any t€ [0,T], p > 2, and i = 1,..., m, XŻ(t) belongs to DN?, 
and 


sup E ( sup [Dis py or) < œ. 
[0,T] 


a EEN rn€([0, Tr1Ve Vern St<T 


(P2) The Nth derivative satisfies the following linear equation: 


DIN (XH) = J ai na) dah oTe tere TN) 
t * 
+f [oian (STi -rN )aW; 
TıV:eVTN 
+64, aes PN (s,71,---,7n)ds (2.54) 


if t> ri V Vry, and Din (X(t) =Oift <r V Vry. 

We know that these properties hold for N = 1 because of Theorem 2.2.1. 
Suppose that the above properties hold up to the index N. Observe that 
OF jiju (8 T1s-++)7N) is equal to 


(8 Aj)(s, X(s)) DAIN (X*(s)) 


penny 
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(this term corresponds to v = 1) plus a polynomial function on the deriv- 


atives (Ox, +++ Ox, Ai)(s, X(s)) with v > 2, and the processes D (X*(s)), 
with card([) < N — 1. Therefore, we can apply Lemma 2.2.2 to r = 


rı V---V ry, and the processes 


TG), ORG): tr, 
V) = (Ais, X(s)), 1<ik<m, j=1,...,d, 


and a(r,t) is equal to the sum of the remaining terms in the right-hand 
side of Eq. (2.54). 
Notice that with the above notations we have 


iG pay GT tee .Tn)| = Oi j stn jTi Ses SENGT) 


and E l 
D} [Gin in (fi, eet .Tn)| = Biju jTi saa TNT). 


Fy 


Using these relations and computing the derivative of (2.54) by means 
of Lemma 2.2.2, we obtain 


Dy Di rw X O) 


N 
= i 
Sy dec vig E (HTS eae ND) 
e=1 
i 
FOG jr jndw (TTN) 
t 
l 
+f EE Cur <TN, r)dW; 
T1V-eVTN 
i 
Hian ilS Toer r)ds], 


which implies that property (P2) holds for N +1. The estimates of property 
(P1) are also easily derived. The proof of the theorem is now complete. 


Exercises 


2.2.1 Let o and b be continuously differentiable functions on R with boun- 
ded derivatives. Consider the solution X = {X;, t € [0, T]} of the stochastic 
differential equation 


t t 
X= z+ f a(X,)dW, +f b(X,)ds. 
0 0 
Show that for s < t we have 


D,X; = 0(Xs) exp Gs o'(X,)dW, + fw -= FOIA ds) ; 
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2.2.2 (Doss [84]) Suppose that ø is a function of class C?(R) with bounded 
first and second partial derivatives and that b is Lipschitz continuous. Show 
that the one-dimensional stochastic differential equation 


t t 
1 
Xt = £o +f o(Xs)dW;s +f [b + 50° |(Xs)ds (2.55) 
0 0 
has a solution that can be written in the form X; = u(W;, Y;), where 


(i) u(x, y) is the solution of the ordinary differential equation 

Ou 

Ox 

(ii) for each w € Q, {Y;(w),t > 0} is the solution of the ordinary differ- 
ential equation 


Y; (w) = f(Wi(w), Yew), Yo(w) = zo, 


o(u), u(0, y) =y; 


where f(x,y) = bulz, y) (3E) = bule, y) expl- fo o'l, y)dz) 


Using the above representation of the solution to Eq. (2.55), show that 
X; belongs to D!” for all p > 2 and compute the derivative D; X4. 


2.3 Hypoellipticity and Hormander’s theorem 


In this section we introduce nondegeneracy conditions on the coefficients of 
Eq. (2.37) and show that under these conditions the solution X(t) at any 
time t € (0,7] has a (smooth) density. Clearly, if the subspace spanned 
by {Aj;(t, y), B(t, y);1 < j < d,t € [0,T], y € R™} has dimension strictly 
smaller than m, then the law of X(t), for all t > 0, will be singular with 
respect to the Lebesgue measure. We thus need some kind of nondegeneracy 
assumption. 


2.38.1 Absolute continuity in the case of Lipschitz coefficients 


Let {X(t),t € [0, T]} be the solution of the stochastic differential equation 
(2.37), where the coefficients are supposed to be globally Lipschitz functions 
with linear growth. In Theorem 2.2.1 we proved that X*(t) belongs to D! 
for alli =1,...,m and t € [0,7], and we found that the derivative D/.X} 
satisfies the following linear stochastic differential equation: 


t A A 
Dixi =A, X) + f Tao pixtaw: 


t 4 
+ / B,(s)DiXFds. (2.56) 
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We are going to deduce a simpler expression for the derivative DX}. 
Consider the m x m matrix-valued process defined by 


Y}(t) = ô + | [Fi.u(s)¥ (saw! + By (s)¥f(s)ds (2.57) 
0 


i,j = 1,...,m. If the coefficients of Eq. (2.37) are of class C!*%, a > 0 
(see Kunita [173]), then there is a version of the solution X(t, xo) to this 
equation that is continuously differentiable in zo, and Y (t) is the Jacobian 
matrix X(t, £o). 

Now consider the m x m matrix-valued process Z(t) solution to the 


system 


t 


Zit) = ğ- | Z}(s)A; ,(s)dW! 


© 


k k Q 


= f Zi(s) [B5 (s) - Ag a(s)Aya(s)| ds. (2-58) 


By means of Itô’s formula, one can check that ZY; = Y;Zı = I. In fact, 


Zi(t)¥p (t) = 6 + i Zi (sA p(s) ¥E(s)awe 


+ | Zi(s)Bi(s)Y}(s)ds — J Zi (sA; o(8)Y} (saw? 
- f zite) [By(s) — Aol s)Ajol)] ¥E(8)as 
x J Zi(s)A, (8A, (8) ¥2(s)ds = 64, 


and similarly for Y;Z;. As a consequence, for any t > 0 the matrix Y; is 
invertible and Yt = Z;. Then it holds that 


DIX} = Y OYT (r), AR (r, X»). (2.59) 


Indeed, it is enough to verify that the process {Y; (t)Y ~+ (r) A¥ (r, X,),t > 
r} satisfies Eq. (2.56): 


Ai(r, Xp) + i Apals) {¥E(s)¥~1(r) G49 (r, Xp) } aw'(s) 


+ f Bus) (Wo E)AN X} as 
= A$ (r, Xr) + [¥i(t)— Yi] ¥ 1 (rh Ab(r, Xe) 
= yY} (Y (r) AF (r, Xr). 
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We will denote by 
# = (DXi, DX})u => | DLXtDLXfar 
1=1 0 
the Malliavin matrix of the vector X(t). Equation (2.59) allows us to write 
the following expression for this matrix: 


r= YOY F, (2.60) 


where 
t 
Ci = 5 Y¥—1(s)i AF (s, X.)¥—1(s)i, AF (s, X,)ds. (2.61) 

0 

Define both the time-dependent m x m diffusion matrix 
oF (t,2) = D> AL(t, 2) AÑ (t, 2) 
k=1 

and the stopping time 


t 
S=inf{t>0: | Lidet o(s,X.) 40} 4S > OAT. 
0 


The following absolute continuity result has been established by Bouleau 
and Hirsch in [46]. 


Theorem 2.3.1 Let {X(t),t € [0,T]} be the solution of the stochastic dif- 
ferential equation (2.37), where the coefficients are globally Lipschitz func- 
tions and of at most linear growth. Then for any O < t < T the law of 
X(t) conditioned by {t > S} is absolutely continuous with respect to the 
Lebesgue measure on R™. 


Proof: Taking into account Theorem 2.2.1 and Corollary 2.1.2, it suffices 
to show that det Q; > 0 a.s. on the set {t > S}. In view of expression (2.60) 
it is sufficient to prove that det C, > 0 a.s. on this set. Suppose t > S. Then 
there exists a set G C [0, t] of positive Lebesgue measure such that for any 
s € G and v € R™ we have 


vt o(s,Xs)v > A(s)lo]’, 


where A(s) > 0. Taking v = (Y7 t)Tu and integrating over [0,t] N G, we 
obtain 


t 
ul Cru af ul Y(s)~10(s, Xs)(Y(s)~+)? uds > kļu}?, 
0 


where k = ifs le(s) p pds. Consequently, if t > S, the matrix C is 
invertible and the result is proved. 
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2.8.2 Absolute continuity under Hormander’s conditions 


In this section we assume that the coefficients of Eq. (2.37) are infinitely 
differentiable with bounded derivatives of all orders and do not depend 
on the time. Let us denote by X = {X(t),t > 0} the solution of this 
equation on [0,00). We have seen in Theorem 2.2.2 that in such a case the 
random variables X‘(t) belong to the space D®. We are going to impose 
nondegeneracy conditions on the coefficients in such a way that the solution 
has a smooth density. To introduce these conditions, consider the following 
vector fields on R™ associated with the coefficients of Eq. (2.37): 


f2] 

Aj = A;(t) 5 J= ly _d, 
Pe, 

B= BU 


The covariant derivative of A; in the direction of A; is defined as the vector 
field AY Ax = Ald, Ai 32, and the Lie bracket between the vector fields A, 
and A, is defined by 


[Aj, Ar] = AY Ar — AY Ay. 


Set 
F lj g o 
Ao = |B(a)- 34 (x)0; A(x) AG: 
iz 
= Vv 
= B- 5 > Ay’ Aj. 


The vector field Ag appears when we write the stochastic differential equa- 
tion (2.37) in terms of the Stratonovich integral instead of the It6 integral: 


t t 
0 0 


Hormander’s condition can be stated as follows: 


(H) The vector space spanned by the vector fields 
Aj,...,Aa, [Ai,Aj],O<it,j <d, [Ai,[Aj, Ag]],0 < i,j,k <d,... 
at point xp is R”. 


For instance, if m = d = 1, Aj(x) = a(x), and Aj(x) = b(x), then 
Hormander’s condition means that a(x) 4 0 or a” (xo)b(£o) Æ 0 for some 
n > 1. In this situation we have the following result. 


Theorem 2.3.2 Assume that Hormander’s condition (H) holds. Then for 
any t > 0 the random vector X(t) has a probability distribution that is 
absolutely continuous with respect to the Lebesgue measure. 
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We will see in the next section that the density of the law of X; is infi- 
nitely differentiable on R™. This result can be considered as a probabilistic 
version of Hormander’s theorem on the hypoellipticity of second-order dif- 
ferential operators. Let us discuss this point with some detail. We recall 
that a differential operator A on an open set G of R™ with smooth (i.e., 
infinitely differentiable) coefficients is called hypoelliptic if, whenever u is 
a distribution on G, u is a smooth function on any open set G’ C G on 
which Au is smooth. 


Consider the second-order differential operator 


d 
A= = (As)? + Ao. (2.62) 


i=l 


Hoérmander’s theorem [138] states that if the Lie algebra generated by the 
vector fields Ap, Ai,..., Aa has full rank at each point of R™, then the 
operator £ is hypoelliptic. Notice that this assumtion is stronger than (H). 


A straightforward proof of this result using the calculus of pseudo-diffe- 
rential operators can be found in Khon [170]. On the other hand, Oleimik 
and Radkevié [277] have made generalizations of Hormander’s theorem to 
include operators £, which cannot be written in Hérmander’s form (as a 
sum of squares). 


In order to relate the hypoellipticity property with the smoothness of 
the density of X+, let us consider an infinitely differentiable function f 
with compact support on (0,00) x R™. By means of It6’s formula we can 
write for t large enough 


t 
0= EIXO- BLO. Xo) = E| | (Z +0) XA] 
0 S 
where 2 
7 1 m men ə m ; a 
G = 5 2. (4A Va rE a 


Notice that G — B = £ — Ao, where £ is defined in (2.62). Denote by p;(dy) 
the probability distribution of X+. We have 


ÖSE e $ 9) f(s, X.)ds z LLG reuna: 


This means that p+(dy) satisfies the forward Fokker-Planck equation (— 2 + 


G*)p = 0 (where G* denotes the adjoint of the operator G) in the distribu- 
tion sense. Therefore, the fact that p;(dy) has a C% density in the variable 
y is implied by the hypoelliptic character of the operator 2 —G*. Increasing 
the dimension by one and applying Hormander’s theorem to the operator 
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2 —G*, one can deduce its hypoellipticity assuming hypothesis (H) at each 
point zp in R™. We refer to Williams [350] for a more detailed discussion 
of this subject. 

Let us turn to the proof of Theorem 2.3.2. First we carry out some 
preliminary computations that will explain the role payed by the nonde- 
generacy condition (H). Suppose that V(x) = V*(« a) is a C% vector 
field on R™. The Lie brackets appear when we apply Ito’s formula to Bs 
process Y; 'V(X;), where the process Y,;~' has been defined in (2.58). I 
fact, we have 


t d 
+f i {lav + 5 Sle Me VI} xe (2.63) 


We recall that from (2.58) we have 


d t 
Yeg = CEY Y,10A,(X,)dW* 
ha 20 


t 
ae 
where Ap and OB respectively denote the Jacobian matrices (0; A$) and 


(0;B'), i,j = 1,...,m. In order to show Eq. (2.63), we first use Itô’s 
formula: 


j- Saal JOAR(X 5 ds, 


t d 
Y,-!V(X:) =V(xo) + [x Deva av) (X,)dw* 
0 k=1 
t 
+ f Y7 ' (ƏV B — OBV) (X.)ds 
0 


t d 
+ f y D (0AðAV(Xa)ds (2.64) 


n a SE IV) AUK) AL(X,)ds 


iJ =L k=1 


t 
= | yY! SO (0A OV An) (X. )ds 
0 k=1 


Notice that 


OV A; = OARV = |Ak, v], and 
dVB-—OBV = [|B,V]. 
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Additionally, we can write 


d 
1 
[Ao,V] + 5 X lr, [Ax VI] - [B, V] 

k=1 

1 d 1 d 

= pete. ws ty Ds [Az [Ak, V 

k=1 k=1 

d 


1 
= 3) {AP AR) YV +V (AYA) + AR (ARV) 
=1 
—AY (VY Ax) — (AX V)“ Ar + (VY Ak)” Ak} 
d 
1 : , A 
= 5) { — Ata, AL ôV + Vid, ALO, Ay + ViALO;O, Ak 
k=1 


—AiV'd;0) Ag E A} OV OAR + Vid:A, OAR} 


d 
; 1 cs A 
=- 5 {Vid,A,OAn + SAL ALO — AjO:V'OAc}. 


k=1 
Finally expression (2.63) follows easily from the previous computations. 


Proof of Theorem 2.3.2: Fix t > 0. Using Theorem 2.1.2 (or Theorem 
2.1.1) it suffices to show that the matrix C; given by (2.61) is invertible 
with probability one. Suppose that P{det C; = 0} > 0. We want to show 
that under this assumption condition (H) cannot be satisfied. Let K, be 
the random subspace of R™ spanned by {Y7 !Ak(Xo);0 < o < s,k = 

., da}. The family of vector spaces {K,, s > 0} is increasing. Set Ko+ = 
Ns>0oKs. By the Blumenthal zero-one law for the Brownian motion (see 
Revuz and Yor [292, Theorem III.2.15]), Ko+ is a deterministic space with 
probability one. Define the increasing adapted process {dim K,, s > 0} and 
the stopping time 


7 =inf{s > 0: dim K, > dim Ko+ }. 


Notice that P{r > 0} = 1. For any vector v € R™ of norm one we have 


d t 
Pere ae jw? ¥-1Ay(X,)|2ds. 
k=179 


As a consequence, by continuity v’C,v = 0 implies v? Y>1A,(X,) = 0 
for any s € [0,¢] and any k = 1,...,d. Therefore, Koọo+ 4 R™, otherwise 
K, = R™ for any s > 0 and any vector v verifying vfCw = 0 would be 
equal to zero, which implies that C; is invertible a.s., in contradiction with 
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our hypothesis. Let v be a fixed nonzero vector orthogonal to Ko+. Observe 
that u_LK, if s < 7, that is, 


wo ¥> ‘A X,) =0,; for k=1,...,d ands <7. (2.65) 


We introduce the following sets of vector fields: 


So = {Aj,...,Aa}, 
Un = {Ak V] hades yh V Ee Ena} ifn > 1, 
2 = Urns 
and 
x = XX, 
En = {[Ar, V], k=1,.. id, Vex, 1 


d 
1 
[Ao, V sta Aj,[Aj,V]],V € En} ifn >, 
j=l 
D cae UR 


We denote by ©,,(a) (resp. X’ (x)) the subset of R™ obtained by freezing 
the variable x in the vector fields of Xn (resp. X/,). Clearly, the vector spaces 
spanned by X(x) or by &’(x) coincide, and under Hérmander’s condition 
this vector space is R™. We will show that for all n > 0 the vector v is or- 
thogonal to X’ (xo), which is in contradiction with Hormander’s condition. 
This claim will follow from the following stronger orthogonality property: 


v Y,1V(X,)=0, foralls<7,VeEri,n>0. (2.66) 


Indeed, for s = 0 we have Yo 'V(Xo) = V(ao). Property (2.66) can be 
proved by induction on n. For n = 0 it reduces to (2.65). Suppose that it 
holds for n — 1, and let V € X’ ,_;. Using formula (2.63) and the induction 
hypothesis, we obtain 


0 = J v Y.1 Ag, V(Xu)dWE 
0 
s 1 d 
+f v¥,* 4 [Ao, V] + 5 X [Ar (Ae, V] è (Xu)du 
0 2 k=1 


for s < 7. If a continuous semimartingale vanishes in a random interval 
(0,7), where 7 is a stopping time, then the quadratic variation of the mar- 
tingale part and the bounded variation part of the semimartingale must be 
zero on this interval. As a consequence we obtain 


AR V(X.) =0 
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and 
1 d 
TYI JA -N [Ak [A X.) = 
v s oV GPA ksl k V ( s) 0, 


for any s < T. Therefore (2.66) is true for n, and the proof of the theorem 
is complete. 


2.8.8 Smoothness of the density 
under Hormander’s condition 


In this section we will show the following result. 


Theorem 2.3.3 Assume that {X(t),t > 0} is the solution to Eq. (2.37), 
where the coefficients do not depent on the time. Suppose that the coeffi- 
cients Aj, 1 < j < d, B are infinitely differentiable with bounded partial 
derivatives of all orders and that Hormander’s condition (H) holds. Then 
for any t > 0 the random vector X(t) has an infinitely differentiable den- 
sity. 


From the previous results it suffices to show that (det C,)~+ has moments 
of all orders. We need the following preliminary lemmas. 


Lemma 2.3.1 Let C be a symmetric nonnegative definite m x m random 
matriz. Assume that the entries CY’ have moments of all orders and that 
for any p > 2 there exists co(p) such that for all e < colp) 


sup P{v?Cu < e} < æ. 
[v|=1 


Then (det C,)~+ € L?(Q) for all p. 


Proof: Let A = inf),j=1 vT Cv be the smallest eigenvalue of C. We know 
that A™ < det C. Thus, it suffices to show that F(A?) < oo for all p > 2. 


1 
Set |C| = pana *| Fix e > 0, and let v1,...,uy be a finite set of 
unit vectors such that the balls with their center in these points and radius 
= cover the unit sphere $”~!. Then we have 


P{rX<e} = Pii vT Cu < e} 


IA 


1 1 
P{ inf, v' Cu < €, |C] < F + P{|C| > ch (2.67) 


Assume that |C| < + and vf Cvp > 2e for any k = 1,..., N. For any unit 
vector v there ahs a ux such that |v — vz] < = and we can deduce the 
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following inequalities: 

vT Cu vf Cup — wT Cu — vf Cug 
2e — [|v’ Cv — v” Cug| + |v" Cup — vg Corl] 


2e — 2|C||v — vz] > €. 


IV Iv IV 


As a consequence, (2.67) is bounded by 


N 

1 

P (Ù {ul Cu < 24) + P{IC| > =} < N26?" + PE(ICP) 
k=1 


ife < $€0(p + 2m). The number N depends on e but is bounded by a 
constant times «~?”. Therefore, we obtain P{A < e} < const.e? for all 
€ < €;(p) and for all p > 2. Clearly, this implies that \~' has moments of 
all orders. 


The next lemma has been proved by Norris in [239], following the ideas of 
Stroock [320], and is the basic ingredient in the proof of Theorem 2.3.3. The 
heuristic interpretation of this lemma is as follows: It is well known that if 
the quadratic variation and the bounded variation component of a contin- 
uous semimartingale vanish in some time interval, then the semimartingale 
vanishes in this interval. (Equation (2.69) provides a quantitative version 
of this result.) That is, when the quadratic variation or the bounded varia- 
tion part of a continuous semimartingale is large, then the semimartingale 
is small with an exponentially small probability. 


Lemma 2.3.2 Let a,y E€ R. Suppose that G(t), y(t) = (71 (0),---,Ya(), 
and u(t) = (ui(t),...,ua(t)) are adapted processes. Set 


t t 
at) = a+ f Boast f (saw; 
0 0 
t t 
Y(t) = v+ a(s)ds +f uj(s)dW3, 
0 0 
and assume that there exists to > 0 and p > 2 such that 
c=E ( sup (IBI + |y(t)| + la(é)| + ja)” < oo. (2.68) 
0<t<to 


Then, for any q > 8 and for any r,v > 0 such that 18r + 9v < q—8, there 
exists co = colto, q,r, v) such that for all € < € 


to to 
P 7 Y’ dt < Ra (Ja(t)|? + |u(t)|?)dt > e} <ce™? + e~* ". (2.69) 
0 0 
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Proof: Set 6, = |G(t)| + |y(t)| + |a(t)| + Ju(t)|. Fix q > 8 and r, v such 
that 18r + 9v < q—8. Suppose that v’ < v also satisfies 18r + 9v’ < q — 8 
Then we define the bounded stopping time 


T =int {s>0; sup > Ato 
O<u<s 


We have 
to to 
Pf f° ygat<e, f 4a + OPa > eb < A + Ao, 
0 0 
with A, = P{T << to} and 


to to 
BaP a Y2dt < ao (|a(t)|? + ju(#)|2)dt > e, T = to} 
0 0 


By the definition of T and condition (2.68), we obtain 


Ai < at sup 6, > a} < PE | sup | < ce”. 
0<s<to 0<s<to 


Let us introduce the following notation: 
t t i 
A= I a(s)ds, M: = | ui(s)dW,, 
0 0 
t . t , 
Ne= | Youlawi, Q= f| Alsyr(syawvs. 
0 0 
Define for any p; > 0, 6; > 0, i = 1, 2,3, 
Bı = {Wy < pı, sup |Ns| > i}, 
0<s<T 
By = {r < pə, sup |M;| > val 
0<s<T 
Ba = {(Q)r < psy sup, Q31 > 5a} 
0<s<T 


By the exponential martingale inequality (cf. (A.5)), 


P(B,) < 2exp(— = ji (2.70) 


i 


for i = 1,2,3. Our aim is to prove the following inclusion: 


ih T 
l i. ¥2dt < ef, I (\a(t)|? + |u(t)2)dt > e, T = 7 
0 0 


C Bı U B2 U B3, (2.71) 
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for the particular choices of p, and 6;: 
pi = 6t, i=, Cr Se ee 
po =2AQto+1)Fe-7+F, ð=, qpg=§- 5- 5, 


= —2r+2 = = 
p3 = 3667?" 1° to, Og ey aS a a 


From the inequality (2.70) and the inclusion (2.71) we get 


Ww 


si 52 03 
A < 2[|exp( ) + exp( ) + exp( 
2/1 2p2 2p3 


a, l TE eet ee 
ex € + ex € Hex € 

= PTa PIVI DEG PAT 7286 

< exp(—e”) 


for € < €o, because 


2n+2r-q = v, 
2q2 + 2r 2 = v, 
2q3 +2r— 2 = v, 


which allows us to complete the proof of the lemma. It remains only to 
check the inclusion (2.71). 


Proof of (2.71): Suppose that w ¢ Bı U B2 U B3, T (w) = to, and A Y?dt < 
c1. Then 


T: 
(W)r = | YeluiPat < H = py, 
0 


<6, =e”. Also 


. tar igi 

Then since w ¢ By, SUPo<s<T | Y,u,dW; 
a 
2 


t T ; ; 
i Y,a,ds < to f Y? a?dt Sipe Tta, 
0 0 
t 
f Y,dY, 
0 


By Itô’s formula Y? = y? +2 J, YsdY, + (M), and therefore 


T T T t 
| (M) dt f Y dt- Ty’ — 2 | @ vaar.) dt 
0 0 0 (0) 


E1 + 2to (Vto + en) < (2to + Le”, 


sup 
0<s<T 


Thus, 


< Vige T? ten, 


sup 
0<s<T 


II 


x 
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for € < eo because q > qı and —r + $ > qı. Since (M): is an increasing 
process, for any 0 < y < T we have 


Y(M)r-y < (2to + 1)", 


and hence (M)r < y~1(2to + le" + ye~2". Choosing y = (2to + 1)2€7, 
we obtain (M)r < ps, provided e < 1. Since w ¢ B2 we get 


sup |Mi| < 62 =e”. 
0<s<T 


Recall that ie Y?dt < €4 so that, by Tchebychev’s inequality, 
At € [0, T] : |Ye(w)| > ë} < €$, 
and therefore 
At € [0, T] : ly + Arlw)| > eë +2} < e3. 
We can assume that «3 < to, provided e < €o(to). So for each t € [0, T], 
there exists s € [0,T] such that |s — t| < e3 and |y + As| < 63 + e2. 
Consequently, 
t 
WALSHA] f adr < (0 ei + em, 


In particular, |y| < (1 + €~")e3 + e2, and for all t € [0, T] we have 


|A| < 2 (a fer es e2) < 6e”, 


because q2 < 4 — r. This implies that 
T 
Qn = f Ably|Pat < 36t0e%— = py, 
0 
So since w ¢ B3, we have 


< 63 = €%, 


F 
UE | | Avy,(t)dWi(t) 


Finally, by Ito’s formula we obtain 


wi T 
ih (a? + hufai = | IEE 
0 0 


T: T: 
pay ees f Apit- | Avy,(t)aWi + (M}r 
0 0 


< (1+ to)6e?—" + € + 2,/2t + le” t? <e 


for € < €o, because q2 — r > q3, q3 > 1, and —2r+ $ > 1. 
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Now we can proceed to the proof of Theorem 2.3.3. 


Proof of Theorem 2.8.3: Fix t > 0. We want to show that E[(det C,)~?] < 
co for all p > 2. By Lemma 2.3.1 it suffices to see that for all p > 2 we have 


sup Plu? Cw Se} <e 
[v|=1 


for any € < €9(p). We recall the following expression for the quadratic form 
associated to the matrix C;: 


d t 
vT Cw = a [TYT A; (X)|? ds. 
gai? 


By Hoérmander’s condition, there exists an integer jo > 0 such that the 
linear span of the set of vector fields a X;(x) at point zo has dimension 
m. As a consequence there exist constants R > 0 and c > 0 such that 


S> Yo Vy)? Se. 


j=0 VEX; 


for all v and y with |v| = 1 and |y — zo| < R. 
For any j = 0,1,...,j9 we put m(j) = 274 and we define the set 


t 
E;=< > | (oT ¥1V(X,)) ds < "0 
venn”? 


Notice that {vT Civ < e} = Eo because m(0) = 1. Consider the decompo- 
sition 
Eo C (Eo N Ef) U (Fy N E5) U- U (Ej-1 N E5) UF, 
where F = Eo N E1 NO -++ AO Eja- Then for any unit vector v we have 
Jo 
P{u™ Cy < e} = P(Eo) < P(F) + X P(E; A ES,,). 
j=0 
We are going to estimate each term of this sum. This will be done in two 
steps. 
Step 1: Consider the following stopping time: 
A -1 1 
S=inf{o>0: sup |Xs -zo| > R o sup |Y¥,°-I)/>=-}At. 
O<s<o O<s<o 2 


We can write 


P(F) < P(FN{S > e}) + P{S < P}, 
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where 0 < 3 < m(jo). For € small enough, the intersection FN {S > eê} is 
empty. In fact, if S > e°, we have 


j=0 vex, “0 
OV VEG) 7 ce? 
D T (a) WY "ds > Š, (2.72) 
j= =0 VEX; 


because s < S implies Ju’ Y>1| > 1 — |I — Y7+| > 4. On the other hand, 
the left-hand side of (2.72) is bounded by (jo + 1)e™%) on the set F, and 
for e small enough we therefore obtain F N {S > ef} = Ø. Moreover, it 
holds that 


P{S < Ê} < z sup |X, — zo| > n} 
O0<s<eP 


1 
sd sup |Y7* -I| > n} 


0<s<ef 


< RVE | sup |X: —20|!| +21E 


O0<s<e8 


sup |Y;'- rel 


O0<s<e8 


for any q > 2. Now using Burkholder’s and Holder’s inequalities, we deduce 
that P{S < e} < Ce® for any q > 2, which provides the desired estimate 
for P(F). 


Step 2: For any j = 0,...,jo9 we introduce the following probability: 


PLE OES 4) = P ae (wT Y1V(X,))* ds < "O, 
VEX; 


> Ji (Ory. 1V(X. s)” ds Sent) 


VEX; 


IA 
Y 
p 
= 
T 

p] 
d 
= 
a 
Va] 
A 
m 
3 


d t t 

I (vY; [Ak VIX.) as + f (x ‘(tam 
k=179 0 

fo i m(j+1) 
+ 5 2 lA; [AV] (X+) | ds > aG i 
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where n(j) denotes the cardinality of the set X}. Consider the continu- 
ous semimartingale {v'Y>1V(X,),s > 0}. Fim (2.63) we see that the 
quadratic variation of this semimartingale is equal to 


d s 
pret : 2 0, 
2i Y Ar, V(X)? 


and the bounded variation component is 


d 
á i 1 
ib vt Y>1 4 (Ao, V] + FD 5143, V]]| è (Xo)do. 


j=1 


Taking into account that 8m(j + 1) < m(j), we get the desired estimate 
from Lemma 2.3.2 applied to the semimartingale Y, = v' Y>!V(X,). The 
proof of the theorem is now complete. 


Remarks: 


1. Note that if the diffusion matrix o(x) = Sha A; (x) A? (x) is elliptic at 
the initial point (that is, øo (xo) > 0), then Hérmander’s condition (H) holds, 
and for any t > 0 the random variable X; has an infinitely differentiable 
density. The interesting applications of Hormander’s theorem appear when 
a(x) is degenerate. 


Consider the following elementary example. Let m = d = 2, Xo = 0, 
B = 0, and consider the vector fields 


AG | a And) Age | ani Is 


Tı 
In this case the diffusion matrix 


S 1+sin? zo gı(2+ sin z2) 
PNT xı(2 + sin x2) 5x? 


degenerates along the line zı = 0. The Lie bracket [A;, A2] is equal to 

221 COS T2 
| 1 — 2sin £2 
R? and Hörmander’s condition holds. So from Theorem 2.3.3 X(t) has a 
C™ density for any t > 0. 


. Therefore, the vector fields A; and [A;, Ag] at £x = 0 span 


2. The following is a stronger version of Hörmander’s condition: 


(H1) The Lie algebra space spanned by the vector fields Aj,...,Aqg at 
point xo is R™. 

The proof of Theorem 2.3.3 under this stronger hypothesis can be done 
using the simpler version of Lemma 2.3.2 stated in Exercise 2.3.4. 
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Exercises 
2.3.1 Let W = {(W', W2), t > 0} be a two-dimensional Brownian motion, 
and consider the process X = {X;,t > 0} defined by 
Xi = Wi, 
t 
X? = f Widw?. 
0 
Compute the Malliavin matrix y, of the vector X+, and show that 


t 
det y, > if (W2)?ds. 
0 


Using Lemma 2.3.2 show that E|| Jf (W2)2ds|-?] < œ for all p > 2, and 
conclude that for all t > 0 the random variable X+ has an infinitely differ- 
entiable density. Obtain the same result by applying Theorem 2.3.3 to a 
stochastic differential equation satisfied by X(t). 


2.3.2 Let f(s,t) be a square integrable symmetric kernel on [0,1]. Set 
F = 12(f). Show that the norm of the derivative of F is given by 


DFI? = S| A W (en}?, 


n=1 


where {An} and {en} are the corresponding sequence of eigenvalues and 
orthogonal eigenvectors of the operator associated with f. In the particular 
case where Àn = (7™n)~?, show that 


=) 


P(||DF lz < €) < v2 exp(— zzz 


and conclude that F has an infinitely differentiable density. 
Hint: Use Tchebychev’s exponential inequality with the function e7 
and then optimize over A. 


2.3.3 Let m = 3, d= 2, and Xo = 0, and consider the vector fields 


Nea 


1 0 0 
Ai(x) = | 0 |, Ao(z) = | sina, |, B(z)= | $sin gzcosz+1 
0 Uy 1 


Show that the solution to the stochastic differential equation X(t) associ- 
ated to these coefficients has a C' density for any t > 0. 


2.3.4 Prove the following stronger version of Lemma 2.3.2: Let 


yo=u+ f a(syds+ f u;(s)dW?, te [0,tol, 
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be a continuous semimartingale such that y € R and a and u; are adapted 
processes verifying 


c= B| up (lee + bu < œ. 


S 
0<t<to 


Then for any q,r,v > 0 verifying q > v + 10r + 1 there exists co = 
colto, q,r, v) such that for € < €o 


to to =y 
P y Y?dt < e, f |u(t)|?dt > e} < cee? +e 
0 0 


2.3.5 (Elworthy formula [90]) Let X = {X(t), t € [0,7]} be the solution 
to the following d-dimensional stochastic differential equation: 


d t t 
x)= 20+) | A(x(s)aws + | B(X(s))ds, 


where the coefficients A; and B are of class C!+®, a > 0, with bounded 
derivatives. We also assume that the m x m matrix A is invertible and that 
its inverse has polynomial growth. Show that for any function y € Ci (R®) 
and for any t > 0 the following formula holds: 


Blax] = FE fox) f ADELA aw], 


where Y(s) denotes the Jacobian matrix xe given by (2.57). 
Hint: Use the decomposition D,X; = Y(t)Y~+(s)A(X,) and the dual- 
ity relationship between the derivative operator and the Skorohod (Itô) 


integral. 


2.4 Stochastic partial differential equations 


In this section we discuss the applications of the Malliavin calculus to estab- 
lishing the existence and smoothness of densities for solutions to stochastic 
partial differential equations. First we will treat the case of a hyperbolic 
system of equations using the techniques of the two-parameter stochastic 
calculus. Second we will prove a criterion for absolute continuity in the case 
of the heat equation perturbed by a space-time white noise. 


2.4.1 Stochastic integral equations on the plane 


Suppose that W = {W, = (W},...,W#),z € RÈ} is a d-dimensional, 
two-parameter Wiener process. That is, W is a d-dimensional, zero-mean 
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Gaussian process with a covariance function given by 
E(W*(s1, t1)W? (so, t2)] = iz(s1 A $2)(t1 A t2). 


We will assume that this process is defined in the canonical probability 
space (Q, F, P), where Q is the space of all continuous functions w : R? > 
R? vanishing on the axes, and endowed with the topology of the uniform 
convergence on compact sets, P is the law of the process W (which is 
called the two-parameter, d-dimensional Wiener measure), and F is the 
completion of the Borel o-field of Q with respect to P. We will denote 
by {Fz,z € RÊ} the increasing family of o-fields such that for any z, 
F, is generated by the random variables {W(r),r < z} and the null sets 
of F. Here r < z stands for rı < zı and rg < z2. Given a rectangle 
A = (81, $2] x (t1, ta], we will denote by W(A) the increment of W on A 
defined by 


W(A) = W (s2, ta) = W (so, t1) = W (s1, t2) + W(s1,t1). 
The Gaussian subspace of L? (Q, F, P) generated by W is isomorphic to 
the Hilbert space H = L? (R? ; R3). mi b a to element h € H 
we associate the random variable W (A) = 24-1 Jre hi i(z)dW2(z). 


A stochastic process {Y(z),z € = is said to pe adapted if Y(z) is 
F.-measurable for any z € R. The It6 stochastic integral of adapted and 
square integrable processes can be constructed as in the one-parameter case 
and is a special case of the Skorohod integral: 


Proposition 2.4.1 Let L?(R?_ x Q) be the space of square integrable and 
adapted processes {Y (z), z E€ R4.} such that Jre E(Y?(z))dz < œ. For any 


j=1,...,d there is a linear isometry D: L? (R? x Q) = L? (Q) such that 
Pegg) = WI ((z1, z2]) 


for any zı < z2. Furthermore, L2 (R?_x Q; R?) C Dom ô, and 6 restricted to 
L? (RÈ x Q; RI) coincides with the sum of the Itô integrals I’, in the sense 
that for any d-dimensional process Y € LZ(R?_ x Q; Rĉ) we have 


d 
ee (Yi) =} f, ve z)dW)(z). 


Let A;,B : R” — R™, 1 < j < d, be globally Lipschitz functions. 
We denote by X = {X(z ), z € RÊ} the m-dimensional, two-parameter, 
continuous adapted process given by the following system of stochastic 
integral equations on the plane: 


o=atD | )dWi + | B(X,)dr, (2.73) 
[0,2] 
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where xo E€ R™ represents the constant value of the process X(z) on the 
axes. As in the one-parameter case, we can prove that this system of sto- 
chastic integral equations has a unique continuous solution: 


Theorem 2.4.1 There is a unique m-dimensional, continuous, and 


adapted process X that satisfies the integral equation (2.73). Moreover, 


E 
re[0,z] 


sup xap < œ 


for any p > 2, and any z € RÊ. 


Proof: Use the Picard iteration method and two-parameter martingale 
inequalities (see (A.7) and (A.8)) in order to show the uniform convergence 
of the approximating sequence. 


Equation (2.73) is the integral version of the following nonlinear hyper- 
bolic stochastic partial differential equation: 


PXL X Ay(X(s,)) E eA + B(X(s,t)). 


Suppose that z = (s,t) is a fixed point in R4 not on the axes. Then 
we may look for nondegeneracy conditions on the coefficients of Eq. (2.73) 
so that the random vector X(z) = (X1(z),...,X™(z)) has an absolutely 
continuous distribution with a smooth density. 

We will assume that the coefficients A; and B are infinitely differentiable 
functions with bounded partial derivatives of all orders. We can show as in 
the one-parameter case that X*(z) € D® for all z € RŽ andi =1,...,m. 
Furthermore, the Malliavin matrix QY’ = (DX!, DX!) y is given by 


d 
Qï =X | Pee eae (2.74) 
t=1 7 10.2 


where for any r, the process {Dk X!,r < z,1 <i < m,1 < k < d} satisfies 
the following system of stochastic differential equations: 


DIX, = A(X.) + | RAI (Xu) D XAW 
+ Oy B’ (Xu) DIX" du. (2.75) 
[rz] 
Moreover, we can write DIX? = €j(r, z)Al(X,), where for any r, the 


process {é (r, z) r < z,1 < i,j < m} is the solution to the following 


2.4 Stochastic partial differential equations 145 
system of stochastic differential equations: 


Eilr, z) = + | OAi(Xu)Ee(r, wdWi 


[r,2] 


+ ôr B’ (Xu )EF (r, u)du. (2.76) 


[r2] 


However, unlike the one-parameter case, the processes D/X! and E (r, z) 
cannot be factorized as the product of a function of z and a function of 
r. Furthermore, these processes satisfy two-parameter linear stochastic dif- 
ferential equations and the solution to such equations, even in the case of 
constant coefficients, are not exponentials, and may take negative values. 
As a consequence, we cannot estimate expectations such as E(\& (r,z)|7?). 
The behavior of solutions to two-parameter linear stochastic differential 
equations is analyzed in the following proposition (cf. Nualart [243]). 


Proposition 2.4.2 Let {X(z),z E€ R} be the solution to the equation 
Re eat | aX,dW,, (2.77) 
[0,2] 


where a € R and {W(z),z € RŽ} is a two-parameter, one-dimensional 
Wiener process. Then, 


(i) there exists an open set A C RÊ. such that 


P{X, <0 forall z€ A}>0; 
(ii) E(|Xz|~!) = œ for any z out of the azes. 
Proof: Let us first consider the deterministic version of Eq. (2.77): 
s t 
g(s,t)=1 + J ag(u, v)dudv. (2.78) 
o Jo 


The solution to this equation is g(s,t) = f (ast), where 


In particular, for a > 0, g(s, t) = Ip(2V/ast), where To is the modified Bessel 
function of order zero, and for a < 0, g(s,t) = Jo(2,/|a|st), where Jo is 
the Bessel function of order zero. Note that f(x) grows exponentially as x 
tends to infinity and that f(x) is equivalent to (r /|x|)~? cos(2,/|z| — 4) 
as x tends to —oo. Therefore, we can find an open interval I = (—{,—a) 
with 0<a< 8 such that f(x) < —d < 0 for all x € T. 
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In order to show part (i) we may suppose by symmetry that a > 0. Fix 
N > 0 and set A = {(s,t): Z < st < 20 < s,t < N}. Then A is an open 
set contained in the rectangle T = [0, N]? and such that f(—ast) < —6 
for any (s,t) € A. For any € > 0 we will denote by X$ the solution to the 


equation 
Xf=1 +f aeX,dW,. 
[0,2] 


By Lemma 2.1.3 the process W<(s,t) = W(s,t) — ste~' has the law of 
a two-parameter Wiener process on T = [0, N]? under the probability P, 
defined by 
dP. 
dP 
Let Yf be the solution to the equation 


1 
= exp (WN) — zen?) ; 


Yf =1+ | aeY “dWe =1 + | aeY, “dW, — aY<dr. (2.79) 
[0,2] [0,2] [0,2] 


It is not difficult to check that 


K = sup sup E(|Y£|?) < œ. 
0<e<1 zET 


Then, for any e < 1, from Eqs. (2.78) and (2.79) we deduce 
(s,t)ET 


<c ( [ Eley) = Hazy) P)dedy + eK) 


for some constant C > 0. Hence, 


limE| sup |Y<(s,t)— f(—ast)|? | =0, 
elo (s,t)€T 


and therefore 


P{Y <0 forall ze A} > z sup |Y‘(s,t) — f(—ast)| < s} 
(s,t)EA 


IV 


z sup |Y‘(s,t) — f(—ast)| < s) f 
( 


s,t)ET 


which converges to one as € tends to zero. So, there exists an €9 > 0 such 
that 
P{Y <0 forall ze A}>0 
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for any e€ < €o. Then 
P:.{Yf <0 forall zeA}>0 

because the probabilities P. and P are equivalent, and this implies 
P{X$<0 forall ze A}>0. 


By the scaling property of the two-parameter Wiener process, the processes 
X*(s,t) and X(es, et) have the same law. Therefore, 


P{X(es,et) <0 forall (s,t)€ A} >0, 


which gives the desired result with the open set €A for all e < €9. Note that 
one can also take the open set {(€7s,t) : (s,t) € A}. 


To prove (ii) we fix (s,t) such that st # 0 and define T = inf{o > 0: 
X(o,t) =0}. T is a stopping time with respect to the increasing family of 
o-fields {F51,0 > 0}. From part (i) we have P{T < s} > 0. Then, applying 
Itô’s formula in the first coordinate, we obtain for any e€ > 0 


E|(X(s,t)? + ©72] = E[(X(s AT, t)? +673] 


+58 {exe t)? — €)(X(z,t)? + €)7 2d(X(-,t)) 2 


Finally, if e | 0, by monotone convergence we get 


E(|X(s,t)|7+) = lim E[(X(s, t)? + €)72] > œP{T < s} = œ. 


In spite of the technical problems mentioned before, it is possible to show 
the absolute continuity of the random vector X, solution of (2.73) under 
some nondegeneracy conditions that differ from Hörmander’s hypothesis. 

We introduce the following hypothesis on the coefficients A; and B, which 
are assumed to be infinitely differentiable with bounded partial derivatives 
of all orders: 


(P) The vector space spanned by the vector fields A1,...,Aa, | AY Aj, 
1 <i, j <d, AY (AY Ak), 1 <i jik <d,..., An (e (AY Ain), 
1 < ii,..., in < d, at the point zp is R™. 


Then we have the following result. 
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Theorem 2.4.2 Assume that condition (P) holds. Then for any point z 
out of the axes the random vector X(z) has an absolutely continuous prob- 
ability distribution. 


We remark that condition (P) and Hoérmander’s hypothesis (H) are not 
comparable. Consider, for instance, the following simple example. Assume 
that m > 2, d = 1, zọ = 0, Aya) = (ye a7) ye) and B(x) = 0. 
This means that X, is the solution of the differential system 


dXi = aW; 

dX? = X!aw. 
dX = XdW, 
dX™ = X™-lgw,, 


and X, = 0 if z is on the axes. Then condition (P) holds and, as a con- 
sequence, Theorem 2.4.2 implies that the joint distribution of the iter- 
ated stochastic integrals W,, fig, WdW,..., fio, Ct S WaW) -+ )dW = 


Í <..-<z,, IW (21) -+ + dW (2m) possesses a density on R™. However, Hörman- 


der’s hypothesis is not true in this case. Notice that in the one-parameter 
case the joint distribution of the random variables W, and i W,dW, is 


singular because Itô’s formula implies that W? — 2 dhe W,dW, —t=0. 


Proof of Theorem 2.4.2: The first step will be to show that the process 
(r, z) given by system (2.76) has a version that is continuous in the vari- 
able r € [0,z]. By means of Kolmogorov’s criterion (see the appendix, 


Section A.3), it suffices to prove the following estimate: 
E(\é(r,2) — &(r', 2)P) Opr =r]? (2.80) 


for any r,r’ € [0, z] and p > 4. One can show that 


sup e( sup erap) < C(p, z), (2.81) 


re[0,z] vEfr,z 


where the constant C (p, z) depends on p, z and on the uniform bounds of 
the derivatives ô% B’ and ôk Aj. As a consequence, using Burkholder’s and 
Hölder’s inequalities, we can write 
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E(\&(r, 2) — El’, 2)|”) 


cong e (|S: (| Paasionvietinad seai 


ij=1 
5 


+ kB (X (EF (r, v) — EFO, v))de ) 


m 


+E||S~ ( / 7 [paio oaw 
ij=1 r,z|—[r’,z 


+ rB (X.E? (r, v)do| 


m 


+E||S° ( / = [aixo vaw, 


PR 
2 


+ On Bi (X E} (r’, v)do| 


< C(p,2) (r- rË + / peg EE) - (7.0) , 


Using a two-parameter version of Gronwall’s lemma (see Exercise 2.4.3) we 
deduce Eq. (2.80). 

In order to prove the theorem, it is enough to show that detQ, > 0 
a.s., where z = (s,¢) is a fixed point such that st # 0, and Q, is given 
by (2.74). Suppose that P{det Q, = 0} > 0. We want to show that under 
this assumption condition (P) cannot be satisfied. For any ø € (0, s] let Ko 
denote the vector subspace of R™ spanned by 


(AG) 0S 6s oj 1, a}. 


Then {K,,0 < ø < s} is an increasing family of subspaces. We set Ko+ = 
No>0Ko. By the Blumenthal zero-one law, Ko+ is a deterministic subspace 
with probability one. Define 


= inf{o > 0: dim Ko > dim Ko+}. 


Then p > 0 a.s., and p is a stopping time with respect to the increasing 
family of o-fields {F,1,0 > 0}. For any vector v € R” we have 


v' Qv = = a (viti ( T, z) Al(X,))?dr. 
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Assume that v7Q.v = 0. Due to the continuity in r of E (r, z), we de- 
duce v;êi(r, z)Al(X,) = 0 for any r € [0,2] and for any j = 1,...,d. In 
particular, for r = (0,t) we get vT A;(Xst) = 0 for any o € [0,s]. As a 
consequence, Ky+ # R™. Otherwise K, = R™ for all ø € [0,s], and any 
vector v verifying v'Q.v = 0 would be equal to zero. So, Q, would be 
invertible a.s., which contradicts our assumption. Let v be a fixed nonzero 
vector orthogonal to Ko+. We remark that v is orthogonal to Ko if a < p, 
that is, 


v” Aj(Xot) =0 forall o<p and j=1.,...,d. (2.82) 


We introduce the following sets of vector fields: 


Xo = tA Aa}, 
En = {AYV,j=1,...,d,V €En} n21, 
E = ye 3, 


Under property (P), the vector space (X(ao)) spanned by the vector fields of 
X at point xp has dimension m. We will show that the vector v is orthogonal 
to (X,(Xo)) for all n > 0, which contradicts property (P). Actually, we will 
prove the following stronger orthogonality property: 


v' V(Xo4)=0 forall o<p,V €E, and n>0. (2.83) 


Assertion (2.83) is proved by induction on n. For n = 0 it reduces to 
(2.82). Suppose that it holds for n — 1, and let V € X,,_;. The process 
{vT V (Xot), o € [0,s]} is a continuous semimartingale with the following 
integral representation: 


v'V(Xor) = v”V(zo) +f [te T(V) (Xet) AF (Xer)dWe, 


+ vT (O.V)(Xer)B* (Xe, )dédr 
d 
+ LTV (Xe) 5 Al (Xer) AP (Xe,)dédr 


l=1 


The quadratic variation of this semimartingale is equal to 


P [e T(,V)(Xer)A*(Xer)) dédr. 


By the induction hypothesis, the semimartingale vanishes in the random 
interval [0, p). As a consequence, its quadratic variation is also equal to 
zero in this interval, and we have, in particular, 
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uT (AYV)(Xot) =0 forall o<p and j=1l.,...,d. 


Thus, (2.83) holds for n. This achieves the proof of the theorem. 


It can be proved (cf. [256]) that under condition (P), the density of X, is 
infinitely differentiable. Moreover, it is possible to show the smoothness of 
the density of X, under assumptions that are weaker than condition (P). 
In fact, one can consider the vector space spanned by the algebra generated 
by A,,...,Aq with respect to the operation Y, and we can also add other 
generators formed with the vector field B. We refer to references [241] and 
[257] for a discussion of these generalizations. 


2.4.2 Absolute continuity for solutions 
to the stochastic heat equation 


Suppose that W = {W(t,x),t € [0,T],x € [0,1]} is a two-parameter 
Wiener process defined on a complete probability space (Q, F, P). For each 
t € [0,7] we will denote by F, the o-field generated by the random vari- 
ables {W (s, x), (s,x) € [0,t] x [0,1]} and the P-null sets. We say that a 
random field {u(t,2),t € [0,T],x € [0,1]} is adapted if for all (t,x) the 
random variable u(t, x) is F;-measurable. 

Consider the following parabolic stochastic partial differential equation 
on [0,7] x [0,1]: 


(2.84) 


with initial condition u(0, £) = uo(x), and Dirichlet boundary conditions 
u(t,0) = u(t, 1) = 0. We will assume that uo € C((0,1]) satisfies uo(0) = 

It is well known that the associated homogeneous equation (i.e., when b = 
0 and ø = 0) has a unique solution given by v(t, 7) = J G(x, y)uo(y)dy, 
where G(x, y) is the fundamental solution of the heat equation with Dirich- 
let boundary conditions. The kernel G(x, y) has the following explicit for- 
mula: 


Glz, y) = ae. {exp(- =") 
ex( oie a) figs 


On the other hand, G(x, y) coincides with the probability density at point 
y of a Brownian motion with variance /2t starting at x and killed if it 
leaves the iterval [0,1]. This implies that 


Gi(z,y) < = exo( ew). (2.86) 
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Therefore, for any 8 > 0 we have 


1 5 7 
if Gi(x,y)?dy < (4nt)-2 | e- dr = Cot”. (2.87) 
0 R 


Note that the right-hand side of (2.87) is integrable in t near the origin, 
provided that 8 < 3. 

Equation (2.84) is formal because the derivative aw 
we will replace it by the following integral equation: 


does not exist, and 


uta) = | Gievjuoldyt | | Gisle solul y)dyds 
+f l Gı—s(x,y)o(u(s, y))W (dy, ds) . (2.88) 


One can define a solution to (2.84) in terms of distributions and then show 
that such a solution exists if and only if (2.88) holds. We refer to Walsh 
[342] for a detailed discussion of this topic. We can state the following result 
on the integral equation (2.88). 

Theorem 2.4.3 Suppose that the coefficients b and o are globally Lip- 


schitz functions. Then there is a unique adapted process u = {u(t,x),t € 
[0,T],x € [0,1]} such that 


E ih [ waar) < œ, 


and satisfies (2.88). Moreover, the solution u satisfies 


sup E(|u(t, x)|P) < co (2.89) 
(t,x)e[0,T]x [0,1] 


for all p > 2. 


Proof: Consider the Picard iteration scheme defined by 


wolt.2) =f Gile vjuol(o)dy 
and 
Un+i(t, £) = uo(t, £) + f Í Gi—s (x, y)b(un(s, y))dyds 


+f f Gi_s(@, y)o(Un(s, y))W(dy,ds), (2.90) 


2.4 Stochastic partial differential equations 153 


n > 0. Using the Lipschitz condition on b and o and the isometry property 
of the stochastic integral with respect to the two-parameter Wiener process 
(see the Appendix, Section A.3), we obtain 


E(|un41(t, ©) — Un(t, 2)]*) 


< e((f [ie -s(z,y)lun(s, y) — Un1(8, 9) ldyds )) 
) 


ve (f T P E E E TE ENC tps 
S ATED l [ Gys(2,y)?E (ltun(s, y) — un—1(8,y) I?) dyds. 


Now we apply (2.87) with @ = 2, and we obtain 
E(|Un+1(t,2) — un(t, x)|) 
< Cr f i E(|tn(8,y) — un—1(8,y)|’)(t — 8)” 2dyds. 
Hence, 
E(|tn41(t, £) — Un(t, 2) |?) 


< af a ‘a E(|un(r, z) — Un—1(r, z)|?)(s — 7) 72 (t — s)~ 2dzdrds 
= o,f L E(|un(r, z) — Un—1(r, z)|?)dzdr. 


Iterating this inequality yields 


Co 


1 
5 sup J E(\un+1(t, £) — un (t, x)| d£ < co. 
n—o t€[0,T] JO 


This implies that the sequence u,,(t, x) converges in L?([0, 1] xQ), uniformly 
in time, to a stochastic process u(t, x). The process u(t, x) is adapted and 
satisfies (2.88). Uniqueness is proved by the same argument. 

Let us now show (2.89). Fix p > 6. Applying Burkholder’s inequality for 
stochastic integrals with respect to the Brownian sheet (see (A.8)) and the 
boundedness of the function ug yields 


E (Junt DP) < c (uol 


g (U l Gi—s(2, y) blun (ss 9))I asas) ) 
se (([ ['ocsteareutenrart)')) 
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Using the linear growth condition of b and o we can write 


E (|unsilt, 2)/?)< Cpr (ief (f f cisteina) }) ; 


Now we apply Hölder’s inequality and (2.87) with 8 = _ < 3, and we 
obtain 


p-2 
2 


t pl 6 
E(\une1,2)/?) < Cpr | 1+ (f | Gisten ayas) 
o Jo 


4) l | “B(un(s.v) 
sa (1 +f l T l Blur (s, eds) | 


and we conclude using Gronwall’s lemma. 

The next proposition tells us that the trajectories of the solution to the 
Equation (2.88) are a-Hélder continuous for any a < }. For its proof we 
need the following technical inequalities. 


(a) Let 8 € (1,3). For any x € (0, 1] and t,h € [0,7] we have 
f [ IGs4n(x,y) — Gs(2,y)|%dyds < Cuuh =, (2.91) 
(b) Let 8 € (3,3). For any x,y € [0,1] and t € [0, T] we have 
1 f IGs(x, z) — Gs(y, 2)|Pdzds < Cr gl£ — y|’. (2.92) 


Proposition 2.4.3 Fira < L, Let uo be a 2a-Holder continuous function 
such that uo(0) = uo(1) = 0. Then, the solution u to Equation (2.88) has 
a version with a-Holder continuous paths. 


Proof: We first check the regularity of the first term in (2.88). Set 
G(x, uo) := J G(x, y)uo(y)dy. The semigroup property of G implies 


É 1 
A E E 1 J AORT E EAT 
0 0 
Hence, using (2.86) we get 


IG; (x, u0) — G(x, uo)| 


IA 


1 1 
cf r Gs(£, y)Gr_s(y, z)|z — y|?*dedy 
0 0 


IA 


1 
of G(x, y)|t — s|“dy < C’|t — s|*. 
0 
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On the other hand, from (2.85) we can write 


Glz, y) = pily — x) — pily +2), 


where ~,(x) = aa pause e~ (t—2n)/4t Notice that SUP .€[0,1] J p(z — 


x)dz < C. We can write 


1 
Gile, uo) ~ Gilyuo) = f ile- 2) = plz = y) wled 
0 
1 
- f ele +2) = dle + y) uolede 
0 
= Aj + By. 
It suffices to consider the term A, because Bı can be treated by a similar 


method. Let 7 = y — x > 0. Then, using the Holder continuity of uo and 
the fact that uo(0) = ui(0) = 1 we obtain 


1-n 
[Al < p(z — x) |uo(z) — uo(z + n)| dz 
1 n 
+f v(z-2)\u@\lde+ [v4 -v)luol2)] a2 
1-7 0 
1 n 
< C+C v-a- 27dz+C | p(z — y)” dz 
1—n 0 
< Cae. 
Set 


Vea = i f E EE E E 


E(\U(t, x) — U(t,y)|”) 


Applying Burkholder’s and Holder’s inequalities (see (A.8)), we have for 
any p > 6 

t pl 3 

SOB ||| | Iis) —Ge-alura)Plo(u(s,2))Paeds 

o Jo 
p—2 
Eohi A Fa 
<Cpr( f f Gesa) - Gestal dads) 
o Jo 


because fo J E(\o(u(s, z))|?)dzds < oo. From (2.92) with 6 = rat we 
know that this is bounded by Cla — y. 
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On the other hand, for t > s we can write 


E(\U(t, £) — U(s,x)|?) 


< of 


+e( f | G10, 9) P|o(w(0,y)) Paya 


< Cp,T 


) 


| l | IG.-o(#,y) — Gx-0(2, y)Plo(u(6,y)) dyad 


J 


Ss T 2p 
1) | C(O eae 
0 0 


s 1 
| | Gy-o(a,y) 28 dydð 
0 0 


Using (2.91) we can bound the first summand by C,|t— sT. From (2.87) 
the second summand is bounded by 


t—s 1 oi 
i i Go( x,y) ?"? dydb 
0 0 


As a consequence, 


p=2 
2 


poe 
z 


+ 


IA 


s p+2 
G 0 2-2 dé 
0 


C! lt ata ay 
pl — s| i 


II 


p—-6 p-6 
E(\U(t,2) — U(s,y)I) < Cpa (le = yl +|t-sl"**), 


and we conclude using Kolmogorov’s continuity criterion. In a similar way 
we can handle that the term 


Vita) = f f Giı—s(x, y)b(u(s, y))dyds. 


In order to apply the criterion for absolute continuity, we will first show 
that the random variable u(t, £) belongs to the space D!:?. 


Proposition 2.4.4 Let b and o be Lipschitz functions. Then u(t,x) € 
D'?, and the derivative Ds yu(t,x) satisfies 


Dsyult,t) = Gts(x,y)o(u(s, y)) 


t 1 
+ 1 J Gioele, n) Bon Ds yul0, n)dndð 
s 0 


t 1 
+ / J Geol, n) Son Ds yulO, 1) W (d8, dn) 
s 0 


ifs < t, and Dsyult,x) = 0 if s > t, where Bon and Son, (9,) € 
[0, T] x [0,1], are adapted and bounded processes. 
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Remarks: If the coefficients b and o are functions of class C! with 
bounded derivatives, then Bg, = b’(u(@,7)) and So, = o’(u(9,7)). 


Proof: Consider the Picard approximations u,,(t, 2) introduced in (2.90). 
Suppose that un (t,£) € D1? for all (t,x) € [0,7] x [0,1] and 


bk 
sup E n | Ds yn(t,2)Pdyds) < oO. (2.93) 
(t,x) €[0,T] x [0,1] o Jo 


Applying the operator D to Eq. (2.90), we obtain that un+1(t, £) € Dt? 
and that 


Dg ytn+r(t, x) = Gi_.(2, y)o(Un(s, y)) 


t iI: 
+ 1 J Ge-o(@, n) Bgy Ds, yun (0, n)dndð 
s 0 


t 1 
+f f Gx0(c.1)S§.)Dz.ytin(8,m)W (8, dn), 
s 0 


where Bj, and S¢.,,, (8,7) € [0, T] x [0, 1], are adapted processes, uniformly 
bounded by the Lipschitz constants of b and ø, respectively. Note that 


E ( L i G4 soot)? 


<C ( + sup Elon) < Co, 
[ 


te[0,T],xEe[0,1] 


for some constants C1, C2 > 0. Hence 


t pl 
E (/ / [Da ytinsa( ts) Pdyds 
o Jo 
t pl pt pl 
< Os (1 +5(f f l f ee 
< Oi (: +f sup T T t— 0) 2 E(|Ds yun(0,n)| 'dsasds) 
0 né€ [0,1] 


Let ran 
V,(t) = sup E (/ | Da tint) duds) ; 
ze[0,1] o Jo 


Cı (1 ý COE 


Then 


Vn+1 (t) 


IA 


t 0 
< O; (+f Valet O 0) tana) 


IA 
Q 
oN 
= 
} 
z œ 
à 
= 
a 
2 
Ne 
A 
8 
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due to (2.93). By iteration this implies that 


sup Va (t) < C, 
tE[0,T],x€ [0,1] 


where the constant C does not depend on n. Taking into account that 
Un(t, x) converges to u(t, x) in L?(Q) for all p > 1, we deduce that u(t, x) € 
D!?, and Du, (t,x) converges to Du(t, x) in the weak topology of L? (Q; H) 
(see Lemma 1.2.3). Finally, applying the operator D to both members of 
Eq. (2.88), we deduce the desired result. 


The main result of this section is the following; 


Theorem 2.4.4 Let b and o be globally Lipschitz functions. Assume that 
a(uo(y)) # 0 for some y € (0,1). Then the law of u(t,x) is absolutely 
continuous for any (t,x) € (0, T] x (0,1). 


Proof: Fix (t,x) € (0,T] x (0,1). According to the general criterion for 
absolute continuity (Theorem 2.1.3), we have to show that 


t 1 
J / |Ds „u(t, x)|?dyds > 0 (2.94) 
0 40 


a.s. There exists an interval [a,b] C (0,1) and a stopping time 7 > 0 such 
that o(u(s,y)) > ô > 0 for all y € [a,b] and 0 < s < T. Then a sufficient 
condition for (2.94) is 


b 
/ D,yu(t,z)dy >0 forall 0O<s<r, (2.95) 


a.s. for some b > a. We will show (2.95) only for the case where s = 0. The 
case where s > 0 can be treated by similar arguments, restricting the study 
to the set {s < T}. On the other hand, one can show using Kolmogorov’s 
continuity criterion that the process {Ds „u(t, £),s € [0,¢], y € [0,1]} pos- 
sesses a continuous version, and this implies that it suffices to consider the 
case s = 0. 

The process 


b 
TEE f Doyult, 2)dy 


is the unique solution of the following linear stochastic parabolic equation: 
b t pl 
ota) = | Giævoluol)dy+ | | Groen Bayols.shdsdy 
a 0 JO 


+f | Gt—s(£,Y)Ss yv(s, y) W (ds, dy). (2.96) 


We are going to prove that the solution to this equation is strictly positive 
at (t,x). By the comparison theorem for stochastic parabolic equations (see 
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Exercise 2.4.5) it suffices to show the result when the initial condition is 
61 {a,4), and by linearity we can take 6 = 1. Moreover, for any constant c > 0 
the process e“'v(t, x) satisfies the same equation as v but with Bs y replaced 
by Bs „ +c. Hence, we can assume that Bs y > 0, and by the comparison 
theorem it suffices to prove the result with B = 0. 

Suppose that a < x < 1 (the case where 0 < x < a would be treated by 
similar arguments). Let d > 0 be such that x < b+ d < 1. We divide (0, t] 
into m smaller intervals [A+¢, Rt), 1 < k <m. We also enlarge the interval 
[a,b] at each stage k, until by stage k = m it covers [a,b + d]. Set 


d(k—1) 


b+ ae) 
a= inf n G + (y, z)dz, 


= — inf inf 
2 m211<k<m ye [a,b+ £4] 
and note that a > 0. For k = 1,2,...,m we define the set 
kt k 
Ex = v(t) 2a Lia, o+ t2] (Y), Yy € (0, 1] : 
We claim that for any 6 > 0 there exists mo > 1 such that if m > mo then 


P(Efys|Ei E (2.97) 


Sjo 


for all 0 < k < m — 1. If this is true, then we obtain 


P{v(t, x) > 0} a P {v(t,y) > a™ Lja, b+d] (y), Yy E [0, 1]} 
> P(Em|Em-1N0-- N0 E1) 
xP(Em-1|Em-2 NAN E1) sae P(E) 
m 


and since 6 is arbitrary we get P{v(t,x) > 0} = 1. So it only remains to 
check Eq. (2.97). We have for s € [ee eI) 


1 kt 
egy = J RE EE 
0 we m 


s 1 
+ J. f Co-o 280.2018, W00, a2). 
£ Jo 


Again by the comparison theorem (see Exercise 2.4.5) we deduce that on 
the set E N +-+ N Ey the following inequalities hold 


v(s,y) 2 w(s,y) > 0 
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for all (s, y) € [#, ££] x (0, 1], where w = {w(s,y),(s,y) € [@, M9] x 
(0, 1]} is the solution to 


1 
w(s,y) = J Ciwan (ede 
0 


+ 


s 1 
J f EE E E EE ET 
tk 0 


m 


Hence, 


PB Eten Er) 


k+1)t k+1)d 
>P fus > abt Wy € [a,b-+ eh _ (2.98) 

m m 

On the set Ep and for y € [a,b + (eI) a) it holds that 
b+ Et 

| G + (y, z)dz > 2a 
Thus, from (2.98) we obtain that 
P(Eġgpi| E1 N: NEk) < P sup [Piri (y)| > a| E1 N:+ N Ek 

ye [a,b+ t23] 
<a PE sup |®p41( )|P | Ey N Ek ; 
ye [0 


for any p > 2, where 


mised) 


Opsily e T G an _ (Vz z)Ss,z ws. Aw (ds, dz). 


Applying Burkholder’s inequality and taking into account that Ss, is uni- 
formly bounded we obtain 


E (\®x41(y1) — Priya) [PE N: -N Ex) 


<cx(| [* [eu s(y1; 2) — Ge(ya, z))?a™* 


(xc (coun i id 


mnnm); 
m 


Note that sup,., 2€[0,1],se[## 242) aT? E (w(s,z)74|E, N- N Ex) is 
bounded by a constant not depending on m for all q > 2. As a conse- 
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quence, Hölder’s inequality and Eq. (2.68) yield for p > 6 


E (|®g41(y1) — Pki (y2) [P/E +++ Ex) 


2g ey Cas rence - Gyn. 2aat) 


p(i~n) 


< Cm-a|x — y] M ty 


pee 
37 


where 2 v : << 1. Now from (A.11) we get 


IA 
Q 
3 
alH 


E ( sup [k+ (y) P| E ANANA rs) 
ye [0,1] 


which concludes the proof of (2.97). 


Exercises 


2.4.1 Prove Proposition 2.4.1. 
Hint: Use the same method as in the proof of Proposition 1.3.11. 


2.4.2 Let {X,,z € RŽ } be the two-parameter process solution to the linear 
equation 


X,=1 +f aX,dW,. 
[0,2] 


Find the Wiener chaos expansion of Xz. 


2.4.3 Let a, ß : R? — R be two measurable and bounded functions. Let 
Fr R? — R be the solution of the linear equation 


f(z) =a(z)+ B(r) f(r)dr. 


[0,2] 


Show that for any z = (s, t) we have 


If < sup ja(r)| X (m!)~ sup |B(r)/"(st)”. 


re[o0,z] m=O ré€[0,z] 


2.4.4 Prove Eqs. (2.91) and (2.92). 
|e—yl? 


Hint: It suffices to consider the term Tae z in the series expansion 
of G(x, y). Then, for the proof of (2.92) it is convenient to majorize by the 
integral over [0,t] x R and make the change of variables z = (a — y)&, 


s = (x —y)?n. For (2.91) use the change of variables s = hu and y = Vhz. 


2.4.5 Consider the pair of parabolic stochastic partial differential equations 


i 2,,0 2 
LER EE ea BG E A a > E 
Ot Ox? x£ 
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where f;, g are Lipschitz functions, and B and G are measurable, adapted, 
and bounded random fields. The initial conditions are u‘(0,7) = 9;(z). 
Then y, < Yə (fi < f2) implies uz < u2. 

Hint: Let {e;,i > 1} be a complete orthonormal system on L?([0,1]). 
Projecting the above equations on the first N vectors produces a stochastic 
partial differential equation driven by the N independent Brownian motions 
defined by 


1 
wit) = | WO. Fama 
0 
In this case we can use It6’s formula to get the inequality, and in the general 


case one uses a limit argument (see Donati-Martin and Pardoux [83] for 
the details). 


2.4.6 Let u = {u(t,x),t € [0,T],x € [0,1]} be an adapted process such 
that fo to E(u? „)dyds < oo. Set 


t pl 
Lin = I J Gi—s(£, Y)us ydWs y. 
o Jo 


Show the following maximal inequality 
( sup Zeal) 
O<t<T 


T pl t pl 2 
< Cor | J E (u J Gi—s(x, y) (t — 5) Mul duds) dxdt, 
o Jo o Jo 


where a < + and p > x. 
Hint: Write 


T 


P t pl 
Zis = [ [ Gt_-s(2, y)(t — 8)°1Y,.ydyds, 
0 0 


where ‘ 
Y= | f Ge-oly.2(6- 6)" uo 2dWs 
0 0 


and apply Holder and Burholder’s inequalities. 


Notes and comments 


[2.1] The use of the integration-by-parts formula to deduce the exis- 
tence and regularity of densities is one of the basic applications of the 
Malliavin calculus, and it has been extensively developed in the litera- 
ture. The starting point of these applications was the paper by Malliavin 
[207] that exhibits a probabilistic proof of Hérmander’s theorem. Stroock 
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[318], Bismut [38], Watanabe [343], and others, have further developed the 
technique Malliavin introduced. The absolute continuity result stated in 
Theorem 2.1.1 is based on Shigekawa’s paper [307]. 

Bouleau and Hirsch [46] introduced an alternative technique to deal with 
the problem of the absolute continuity, and we described their approach 
in Section 2.1.2. The method of Bouleau and Hirsch works in the more 
general context of a Dirichlet form, and we refer to reference [47] for a 
complete discussion of this generalization. The simple proof of Bouleau 
and Hirsch criterion’s for absolute continuity in dimension one stated in 
Theorem 2.1.3 is based on reference [266]. For another proof of a similar 
criterion of absolute continuity, we refer to the note of Davydov [77]. 

The approach to the smoothness of the density based on the notion 
of distribution on the Wiener space was developed by Watanabe [343] and 
[144]. The main ingredient in this approach is the fact that the composition 
of a Schwartz distribution with a nondegenerate random vector is well 
defined as a distribution on the Wiener space (i.e., as an element of D~°°). 
Then we can interpret the density p(x) of a nondegenerate random vector 
F as the expectation E[6,(F')], and from this representation we can deduce 
that p(x) is infinitely differentiable. 

The connected property of the topological support of the law of a smooth 
random variable was first proved by Fang in [95]. For further works on the 
properties on the positivity of the density of a random vector we refer to 
[63]. On the other hand, general criterion on the positivity of the density 
using technique of Malliavin calculus can be deduced (see [248]). 

The fact that the supremum of a continuous process belongs to D!? 
(Proposition 2.1.10) has been proved in [261]. Another approach to the 
differentiability of the supremum based on the derivative of Banach-valued 
functionals is provided by Bouleau and Hirsch in [47]. The smoothness of 
the density of the Wiener sheet’s supremum has been established in [107]. 
By a similar argument one can show that the supremum of the fractional 
Brownian motion has a smooth density in (0, +00) (see [190]). In the case of 
a Gaussian process parametrized by a compact metric space S, Ylvisaker 
[352], [353] has proved by a direct argument that the supremum has a 
bounded density provided the variance of the process is equal to 1. See also 
(351, Theorem 2.1]. 


[2.2] The weak differentiabilility of solutions to stochastic differential 
equations with smooth coefficients can be proved by several arguments. In 
[146] Ikeda and Watanabe use the approximation of the Wiener process by 
means of polygonal paths. They obtain a sequence of finite-difference equa- 
tions whose solutions are smooth functionals that converge to the diffusion 
process in the topology of D®. Stroock’s approach in [320] uses an iterative 
family of Hilbert-valued stochastic differential equations. We have used the 
Picard iteration scheme X,,(t). In order to show that the limit X(t) be- 
longs to the space D”, it suffices to show the convergence in L’, for any 
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p > 2, and the boundedness of the derivatives DN X,,(t) in L?(Q; HSN), 
uniformly in n. 

In the one-dimensional case, Doss [84] has proved that a stochastic differ- 
ential equation can be solved path-wise — it can be reduced to an ordinary 
differential equation (see Exercise 2.2.2). This implies that the solution in 
this case is not only in the space Dt? but, assuming the coefficients are of 
class C1(R), that it is Fréchet differentiable on the Wiener space Co([0, T]). 
In the multidimensional case the solution might not be a continuous func- 
tional of the Wiener process. The simplest example of this situation is 
Lévy’s area (cf. Watanabe [343]). However, it is possible to show, at least if 
the coefficients have compact support (Üstünel and Zakai [337]), that the 
solution is H-continuously differentiable. The notion of H-continuous dif- 
ferentiability will be introduced in Chapter 4 and it requires the existence 
and continuity of the derivative along the directions of the Cameron-Martin 
space. 


[2.3] The proof of Hérmander’s theorem using probabilistic methods 
was first done by Malliavin in [207]. Different approaches were developed 
after Malliavin’s work. In [38] Bismut introduces a direct method for prov- 
ing Hormander’s theorem, based on integration by parts on the Wiener 
space. Stroock [319, 320] developed the Malliavin calculus in the context 
of a symmetric diffusion semigroup, and a general criteria for regularity of 
densities was provided by Ikeda and Watanabe [144, 343]. The proof we 
present in this section has been inspired by the work of Norris [239]. The 
main ingredient is an estimation for continuous semimartingales (Lemma 
2.3.2), which was first proved by Stroock [320]. Ikeda and Watanabe [144] 
prove Hormander’s theorem using the following estimate for the tail of the 
variance of the Brownian motion: 


P (f (m z [ w,as)?) dt < e) < Viexp(—572): 


In [186] Kusuoka and Stroock derive Gaussian exponential bounds for 
the density p;:(xo,-) of the diffusion X;(xo9) starting at xo under hypoel- 
lipticity conditions. In [166] Kohatsu-Higa introduced in the notion of 
uniformly elliptic random vector and obtained Gaussian lower bound es- 
timates for the density of a such a vector. The results are applied to the 
solution to the stochastic heat equation. Further applications to the poten- 
tial theory for two-parameter diffusions are given in [76]. 

Malliavin calculus can be applied to study the asymptotic behavior of the 
fundamental solution to the heat equation (see Watanabe [344], Ben Arous, 
Léandre [26], [27]). More generally, it can be used to analyze the asymptotic 
behavior of the solution stochastic partial differential equations like the 
stochastic heat equation (see [167]) and stochastic differential equations 
with two parameters (see [168]). 
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On the other hand, the stochastic calculus of variations can be used 
to show hypoellipticity (existence of a smooth density) under conditions 
that are strictly weaker than Hormander’s hypothesis. For instance, in [24] 
the authors allow the Lie algebra condition to fail exponentially fast on a 
submanifold of R™ of dimension less than m (see also [106]). 

In addition to the case of a diffusion process, Malliavin calculus has been 
applied to show the existence and smoothness of densities for different types 
of Wiener functionals. In most of the cases analytical methods are not 
available and the Malliavin calculus is a suitable approach. The following 
are examples of this type of application: 


(i) Bell and Mohammed [23] considered stochastic delay equations. The 
asymptotic behaviour of the density of the solution when the variance 
of the noise tends to zero is analized in [99]. 


(ii 


wa 


Stochastic differential equations with coefficients depending on the 
past of the solution have been analyzed by Kusuoka and Stroock 
[187] and by Hirsch [134]. 


(iii) The smoothness of the density in a filtering problem has been dis- 
cussed in Bismut and Michel [43], Chaleyat-Maurel and Michel [61], 
and Kusuoka and Stroock [185]. The general problem of the exis- 
tence and smoothness of conditional densities has been considered by 
Nualart and Zakai [266]. 


(iv) The application of the Malliavin calculus to diffusion processes with 
boundary conditions has been developed in the works of Bismut [40] 
and Cattiaux [60]. 


(v) Existence and smoothness of the density for solutions to stochastic 
differential equations, including a stochastic integral with respect to 
a Poisson measure, have been considered by Bichteler and Jacod [36], 
and by Bichteler et al. [35], among others. 


(vi) Absolute continuity of probability laws in infinite-dimensional spaces 
have been studied by Moulinier [232], Mazziotto and Millet [220], and 
Ocone [271]. 


(vii) Stochastic Volterra equations have been considered by Rovira and 
Sanz-Solé in [295]. 


Among other applications of the integration-by-parts formula on the 
Wiener space, not related with smoothness of probability laws, we can 
mention the following problems: 


(i) time reversal of continuous stochastic processes (see Féllmer [109], 
Millet et al. [229], [230]), 
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(ii) estimation of oscillatory integrals (see Ikeda and Shigekawa [143], 
Moulinier [233], and Malliavin [209}), 


(iii) approximation of local time of Brownian martingales by the normal- 
ized number of crossings of the regularized process (see Nualart and 
Wschebor [262]), 


(iv) the relationship between the independence of two random variables 
F and G on the Wiener space and the almost sure orthogonality of 
their derivatives. This subject has been developed by Ustiinel and 
Zakai [333], [334]. 


The Malliavin calculus leads to the development of the potential the- 
ory on the Wiener space. The notion of cp, capacities and the associated 
quasisure analysis were introduced by Malliavin in [208]. One of the basic 
results of this theory is the regular disintegration of the Wiener measure 
by means of the coarea measure on submanifolds of the Wiener space with 
finite codimension (see Airault and Malliavin [3]). In [2] Airault studies 
the differential geometry of the submanifold F = c, where F is a smooth 
nondegenerate variable on the Wiener space. 


[2.4] The Malliavin calculus is a helpful tool for analyzing the regularity 
of probability distributions for solutions to stochastic integral equations 
and stochastic partial differential equations. For instance, the case of the 
solution {X (z), z € R4.} of two-parameter stochastic differential equations 
driven by the Brownian sheet, discussed in Section 2.4.1, has been studied 
by Nualart and Sanz [256], [257]. Similar methods can be applied to the 
analysis of the wave equation perturbed by a two-parameter white noise 
(cf. Carmona and Nualart [59], and Léandre and Russo [194]). 

The application of Malliavin calculus to the absolute continuity of the 
solution to the heat equation perturbed by a space-time white noise has 
been taken from Pardoux and Zhang [282]. The arguments used in the last 
part of the proof of Theorem 2.4.4 are due to Mueller [234]. The smoothness 
of the density in this example has been studied by Bally and Pardoux 
[19]. As an application of the L? estimates of the density obtained by 
means of Malliavin calculus (of the type exhibited in Exercise 2.1.5), Bally 
et al. [18] prove the existence of a unique strong solution for the white 
noise driven heat equation (2.84) when the coefficient b is measurable and 
locally bounded, and satisfies a one-sided linear growth condition, while the 
diffusion coefficient o does not vanish, has a locally Lipschitz derivative, 
and satisfies a linear growth condition. Gyöngy [130] has generalized this 
result to the case where ø is locally Lipschitz. 

The smoothness of the density of the vector (u(t, 71), ..., u(t, £n)), where 
u(t, x) is the solution of a two-dimensional non-linear stochastic wave equa- 
tion driven by Gaussian noise that is white in time and correlated in the 
space variable, has been derived in [231]. These equations were studied by 
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Dalang and Frangos in [75]. The abolute continuity of the law and the 
smoothness of the density for the three-dimensional non-linear stochastic 
wave equation has been considered in [288] and [289], following an approach 
to construct a solution for these equations developed by Dalang in [77]. 

The smoothness of the density of the projection onto a finite-dimensional 
subspace of the solution at time t > 0 of the two-dimensional Navier- 
Stokes equation forced by a finite-dimensional Gaussian white noise has 
been established by Mattingly and Pardoux in [219] (see also [132]). 


3 


Anticipating stochastic calculus 


As we have seen in Chapter 2, the Skorohod integral is an extension of the 
It6 integral that allows us to integrate stochastic processes that are not 
necessarily adapted to the Brownian motion. The adaptability assumption 
is replaced by some regularity condition. It is possible to develop a stochas- 
tic calculus for the Skorohod integral which is similar in some aspects to 
the classical Ito calculus. In this chapter we present the fundamental facts 
about this stochastic calculus, and we also discuss other approaches to the 
problem of constructing stochastic integrals for nonadapted processes (ap- 
proximation by Riemann sums, development in a basis of L?({0, 1]), substi- 
tution methods). The last section discusses noncausal stochastic differential 
equations formulated using anticipating stochastic integrals. 


3.1 Approximation of stochastic integrals 


In order to define the stochastic integral J u,dW, of a not necessarily 
adapted process u = {uz,t € [0,1]} with respect to the Brownian motion 
W, one could use the following heuristic approach. First approximate u 
by a sequence of step processes u”, then define the stochastic integral of 
each process u” as a finite sum of the increments of the Brownian motion 
multiplied by the values of the process in each interval, and finally try 
to check if the sequence of integrals converges in some topology. What 
happens is that different approximations by step processes will produce 
different types of integrals. In this section we discuss this approach, and 
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in particular we study two types of approximations, one leading to the 
Skorohod integral, and a second one that produces a Stratonovich-type 
stochastic integral. 


3.1.1 Stochastic integrals defined by Riemann sums 


In this section we assume that {W(t),t € [0,1]} is a one-dimensional 
Brownian motion, defined in the canonical probability space (Q, F, P). 
We denote by m an arbitrary partition of the interval [0,1] of the form 
m = {0 = to < tı < --- < tn = 1}. We have to take limits (in probability, or 
in LP(Q), p > 1) of families of random variables S,, depending on 7, as the 
norm of 7 (defined as |r| = SUPo<i<n—1(ti+1—t:)) tends to zero. Notice first 
that this convegence is equivalent to the convergence along any sequence 
of partitions whose norms tend to zero. In most of the cases it suffices to 
consider increasing sequences, as the next technical lemma explains. 


Lemma 3.1.1 Let S, be a family of elements of some complete metric 
space (V,d) indexed by the class of all partitions of [0,1]. Suppose that for 
any fixed partition To we have 
lim d(Srvro, Sn) = 0, (3.1) 
|z|-0 
where T V To denotes the partition induced by the union ofn and mo. Then 
the family Sr converges to some element S if and only if for any increasing 
sequence of partitions {m(k),k > 1} of [0,1], such that |r(k)| — 0, the 
sequence Syok) converges to S as k tends to infinity. 


Proof: Clearly, the convergence of the family Sr implies the convergence of 
any sequence Sz) with |7(k)| — 0 to the same limit. Conversely, suppose 
that S%(,) —> S for any increasing sequence 7(k) with |7(k)| — 0, but 
there exists an € > 0 and a sequence z(k) with |r(k)| — 0 such that 
d(Sr(k); S) > € for all k. Then we fix ko and by (3.1) we can find a kı such 
that kı > ko and 


NIA 


d(Sr(ko)vr(ki)» Sx(k1)) < 


Next we choose ky > kı large enough so that 


€ 
d(Sr(ko)vr(ki)vr(k2) Sr(k2)) < > 


and we continue recursively. Set T(n) = m(ko) V a(k1) V +++ V a(kn). Then 
after the nth step we have 


€ 
d( Sen), S) 2 d(Sr(kn)> S) + d(Si(n), Sir(Ken)) > 2° 
Then 7(n) is an increasing sequence of partitions such that the sequence of 


norms |7(n)| tends to zero but d(S%(,),.9) > $, which completes the proof 
by contradiction. 
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Consider a measurable process u = {u;,t € [0,1]} such that J Jus|dt < 
co a.s. For any partition m we introduce the following step process: 


tiga 
ee — ( | usds) Lia): (3.2) 
tiga — ti 


i=0 
If E ( J jurat) < œœ we define the step process 


n=i 
a 


i=0 


ti+ı 
( i (ul Festi) Litaa(t). (8.3) 


ti 


— 


We recall that Fiatia] denotes the o-field generated by the increments 
W; — Ws, where the interval (s, ¢] is disjoint with [t;, ti+1]. 

The next lemma presents in which topology the step processes u™ and 
u™ are approximations of the process u. 


Lemma 3.1.2 Suppose that u belongs to L?([0,1] x9). Then, the processes 
u™ and Ù” converge to the process u in the norm of the space L?([0,1] x Q) 
as |r| tends to zero. Furthermore, these convergences also hold in Lt? 
whenever u € L!?. 


Proof: The convergence u™ — u in L?([0,1] x Q) as |r| tends to zero 
can be proved as in Lemma 1.1.3, but for the convergence of U” we need a 
different argument. 

One can show that the families u” and u” satisfy condition (3.1) with 
V = L?([0,1] x Q) (see Exercise 3.1.1). Consequently, by Lemma 3.1.1 
it suffices to show the convergence along any fixed increasing sequence of 
partitions 7(k) such that |r (k)| tends to zero. In the case of the family u”, 
we can regard u™ as the conditional expectation of the variable u, in the 
probability space [0,1] x Q, given the product o-field of the finite algebra 
of parts of [0,1] generated by a times F. Then the convergence of u” to 
u in L?((0,1] x Q) along a fixed increasing sequence of partitions follows 
from the martingale convergence theorem. For the family U” the argument 
of the proof is as follows. 

Let 7(k) be an increasing sequence of partitions such that |(k)| > 0. 
Set a(k) = {0 = t§ < tẸ <--- < tk, = 1}. For any k we consider the 
o-field G* of parts of [0,1] x Q generated by the sets (t¥, t?,,] x F, where 
Oxi nge = I and Fe Flek th, je: Then notice that anh) = E(ulG*), 


where E denotes the mathematical expectation in the probability space 
[0,1] x Q. By the martingale convergence theorem, %7“") converges to some 
element T in L?([0,1] x Q). We want to show that u = Ñ. The difference 
v = u — T is orthogonal to L?([0, 1] x 2,G*) for every k. Consequently, for 
any fixed k > 1, such a process v satisfies f, p u(t,w)dtdP = 0 for any F € 
Firs ee, Je and for any interval I C [¢*, të 1] in (m) with m > k. Therefore, 
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E(t) | Fyr ex Je) = 0 for all (t,w) almost everywhere in [t?,t*,,] x Q. 
Therefore, for almost all t, with respect to the Lebesgue measure, the above 
conditional expectation is zero for any i,k such that t € [¢?,t?,,]. This 
implies that v(t,w) = 0 a.s., for almost all t, and the proof of the first part 
of the lemma is complete. 

In order to show the convergence in L1? we first compute the derivatives 
of the processes u” and U” using Proposition 1.2.8: 


n-1 1 


ti+ı 
4 ti 


o ti T 


and 


n—1 1 


tiga 
D,a" (t) = 5 — (| B(Drta Faas )48) 
ti 


— titi ti 
XLi ti O Letitia] (r) 


Then, the same arguments as in the first part of the proof will give the 
desired convergence. 


Now consider the Riemann sums associated to the preceding approxima- 
tions: 


n-1 t; 
w a 1 gz 
S™ = > eer g ut) (W (ti+1) — W(ti)) 


gr = F RE e ( | - E(w Festi) (W (tis) — W(t). 


— titi ti 


Notice that from Lemma 1.3.2 the processes ù” are Skorohod integrable 
for any process u in L?((0,1] x Q) and that 


S* = 6A"). 


On the other hand, for the process u™ to be Skorohod integrable we need 
some additional conditions. For instance, if u € Lt?, then u” € Lt? c 
Dom 6, and we have 


n—1 1 ti+ı ti+ı 
6(u™) = S" — 5 — D,u,dsdt. (3.4) 
tiga — ti Jt ti 
i=0 i i 


In conclusion, from Lemma 3.1.2 we deduce the following results: 


(i) Let u € L?([0,1] x Q). If the family S* converges in L2(Q) to some 
limit, then u is Skorohod integrable and this limit is equal to ô(u). 
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(ii) Let u € L12. Then both families $* = 6(@) and 6(u™) converge in 
12(Q) to 6(u). 


Let us now discuss the convergence of the family S7. Notice that 


1 
S™ =} uW; dt, 
0 


where 
n-1 
A W (ti —W(ti 
W= > at = l L (3.5) 
i=0 á 4 


Definition 3.1.1 We say that a measurable process u = {u,0 < t < 1} 

such that fo |uz|dt < co a.s. is Stratonovich integrable if the family S7 

converges in probability as |x| — 0, and in this case the limit will be denoted 
1 

by Jo uz o dW;. 


From (3.4) we see that for a given process u to be Stratonovich integrable 
it is not sufficient that u € L!:?. In fact, the second summand in (3.4) can 
be regarded as an approximation of the trace of the kernel Du in [0, 1]?, 
and this trace is not well defined for an arbitrary square integrable kernel. 
Let us introduce the following definitions: 


Let X € Lt? and 1 < p < 2. We denote by Dt X (resp. DTX) the 
element of L?((0,1] x Q) satisfying 


1 


lim sup E(|D,X; — (DT X).|?)ds = 0 (3.6) 
n> Jo s<t<(st4)Al 
(resp. 
1 
lim sup E(|D,X, — (D7 X).|?)ds = 0). (3.7) 


0 (s—4)v0<t<s 


We denote by Ly? (resp. L52) the class of processes in L}? such that (3.6) 
(resp. (3.7)) holds. We set L}? = Ly? N Lp? . For X € Li? we write 


(VX), = (DX): +(D-X)t. (3.8) 


Let X € L!?. Suppose that the mapping (s,t) —> D,X; is continuous 
from a neighborhood of the diagonal V; = {|s — t| < £} into L?(Q). Then 
X € L}? and 


(D* X), = (D7 X), = DiXy. 


The following proposition provides an example of a process in the class 
ler 
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Proposition 3.1.1 Consider a process of the form 
t t 
Xi = Xo +f u,dW +f vds, (3.9) 
0 0 


where Xo € D+? and u € D?:?(H), and v € L!?. Then, X belongs to the 
class Ls” and 


t t 
(Dt X); = Ut + D Xo + 1 Dyv,dr + | Dy,u,dW,., (3.10) 
0) 0 


(D°X)t 


II 


t t 
D Xo +f Dyv,dr +f Dyu,dW,.. (3.11) 
0 0 
Proof: First notice that X belongs to L'?, and for any s we have 
t t 
D: X; = us Liot] (s) + D; Xo +f Dsv,dr + D.urdW,p. 
0 0 
Thus, 


he sup E(|Ds X: — (D7 X),|")ds 


Ł)vo<t<s 


n 


1 s $ s 
z J E(\DyvrP)ards +2 | f E(|Dsu,|?)drds 
n Jo J(s—+)vo 0 J(s—+)vo 


1 1 s 
+2 f I E(|DeDsu,|*)drdsdo, 
0 Jo J(s—4)vo 


and this converges to zero as n tends to infinity. In a similar way we show 
that (D+ X); exists and is given by (3.10). 


IA 


In a similar way, be is the class of processes X in L!:?-F such that there 
exists an element D~ X € L?({0,1] x Q) for which (3.7) holds. Suppose that 
X; is given by (3.9), where Xp € D!?, u € LF and v € LF, then, X 
belongs to the class Lees and (D7 X); is given by (3.11). 


Then we have the following result, which gives sufficient conditions for 
the existence of the Stratonovich integral and provides the relation between 
the Skorohod and the Stratonovich integrals. 


1,2 
tiog 


Theorem 3.1.1 Letu eL Then u is Stratonovich integrable and 


1 1 1 1 
f Ut O dW, = I urd Wi es f (Vu):dt. (3.12) 
0 0 2 0 
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Proof: By the usual localization argument we can assume that u € rea 
Then, from Eq. (3.4) and the above approximation results on the Skorohod 
integral, it suffices to show that 


— i+1 i+1 
ya i, — | iA D,usdsdt —> = sf Vu)s 
i-0 ti+1 m 


in probability, as |r| — 0. We will show that the expectation 


E| S uf Duds-3 f (Doat 
— tina — ti Ju t 2 Jo ' 


converges to zero as |r| — 0. A similar result can be proved for the operator 
D~, and the desired convergence would follow. We majorize the above 
expectation by the sum of the following two terms: 

ın—1 


1 i+1 oe s 
i ( 2 oe, he (Dius — (D u) , ds 
ms tiga — 1 1 z 
J ok tiga — (Dru), a5 f (D*u), dt 


+e 


< 2 sup E(|D;us — (Dtu), |)dt 
0 tSs<(t+|m|)A1 


1 n—1 
ti+1—t 1 
+ i+1 
+E ( J (D u), c Fray why eta O — 3) dt ) f 


The first term in the above expression tends to zero by the definition of 
the class pre: For the second term we will use the convergence of the 
functions D e 1(,,t;,,](4) to the constant $ in the weak topology 
of L?([0,1]). This weak convergence implies that 


l (D*u) S titi (t) — 1 dt 
0 (Z ti- bi Cisti] 2 


converges a.s. to zero as || — 0. Finally, the convergence in L! (Q) follows 
by dominated convergence, using the definition of the space Ers 


Remarks: 
1. If the mapping (s,t) — Dsus is continuous from V; = {|s — t| < e} into 
L! (Q), then the second summand in formula (3.12) reduces to J Duidt. 


2. Suppose that X is a continuous semimartingale of the form (1.23). Then 
the Stratonovich integral of X exists on any interval [0,t] and coincides 
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with the limit in probability of the sums (1.24). That is, we have 


t t 
1 
f x.oaw.= f XdW, + 5(X,W)e, 
0 0 


where (X,W) denotes the joint quadratic variation of the semimartingale 
X and the Brownian motion. Suppose in addition that X € ree In that 
case, we have (D~ X),= 0 (because X is adapted), and consequently, 


n-1 


J, (DX), dt = OW) = lim, Y(t) — XDW ora) = WE), 
i=0 


where 7 denotes a partition of [0,1]. In general, for processes u € Lj’? that 
are continuous in L?(Q), the joint quadratic variation of the process u and 
the Brownian motion coincides with the integral 


I ‘((D*u), = (Du) Jdt 


(see Exercise 3.1.2). Thus, the joint quadratic variation does not coincide 
in general with the difference between the Skorohod and Stratonovich inte- 
grals. 


The approach we have described admits diverse extensions. For instance, 
we can use approximations of the following type: 


n-1 


do (0 = a)u(t:) + au(ti+1))(W (tis) — W(ti)), (3.18) 
i=0 


where a is a fixed number between 0 and 1. Assuming that u € I and 
E(uz) is continuous in t, we can show (see Exercise 3.1.3) that expression 
(3.13) converges in L1(Q) to the following quantity: 


au) +a f (Du) dta- f (Du), dt. (3.14) 


For a = 4 we obtain the Stratonovich integral, and for a = 0 expression 


(3.14) is the generalization of the Ité integral studied in [14, 30, 298]. 


3.1.2 The approach based on the L? development 

of the process 
Suppose that {W(A),A € B, (A) < œ} is an L?(Q)-valued Gaussian 
measure associated with a measure space (T,B, u). We fix a complete or- 
thonormal system {e;,i > 1} in the Hilbert space H = L?(T). We can 
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compute the random Fourier coefficients of the paths of the process u in 
that basis: 


u(t) = X (u, ei) Heilt). 
i=1 
Then one can define the stochastic integral of u (wihch we will denote by 
fo uz x dW, following Rosinski [293]) as the sum of the series 


Co 


f «dW, = X (u, e:)gW (ei), (3.15) 


i=1 


provided that it converges in probability (or in L?(Q)) and the sum does 
not depend on the complete orthonormal system we have chosen. We will 
call it the L?-integral. 


We remark that if u € L!?, then using (1.48) we have for any i 
(u, €:) 70(e;) = 6(e;(u, ex) H) + | J Dsureils)ei(t)u(ds)u(dt). 
TJT 


Consequently, if u € Lt? and the kernel D,u; has a summable trace for 
all w a.s., then the integral ihe uz x dW; exists, and we have the following 
relation (cf. Nualart and Zakai [263, Proposition 6.1]): 


T T 


The following result (cf. Nualart and Zakai [267]) establishes the relation- 
ship between the Stratonovich integral and the L?-integral when T = [0, 1] 
and u is the Lebesgue measure. 


Theorem 3.1.2 Letu be a measurable process such that fo u?dt < œ a.s. 


Then if the integral J ut x dW, exists, u is Stratonovich integrable, and 
both integrals coincide. 


Proof: It suffices to show that for any increasing sequence of partitions 
{x(n),n > 1} whose norm tends to zero and 7(n+1) is obtained by refining 
a(n) at one point, the sequence S*™” converges to J u,*dW; as n tends to 
infinity. The idea of the proof is to produce a particular complete orthonor- 
mal system for which $7” will be the partial sum of series (3.15). Without 
any loss of generality we may assume that 7(1) = {0,1}. Set e} = 1. For 
n > 1 define e,,41 as follows. By our assumption m(n+ 1) refines m(n) in one 
point only. Assume that the point of refinement 7 belongs to some interval 
(Sn, tn) of the partition a(n). Then we set 


on= (GE =) 
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if t € (Sn, TI, 


n= (ea) 


if t € (T, tn], and en41(t) = 0 for t € (Sn, tn]°. In this form we construct 
a complete orthonormal system in L?({0,1]), which can be considered as a 
modified Haar system. Finally, we will show by induction that the partial 
sums of series (3.15) coincide with the approximations of the Stratonovich 
integral corresponding to the sequence of partitions m(n). First notice that 
S7(»+)) differs from $7") only because of changes taking place in the 
interval (sn, tn]. Therefore, 


Geer pry = — = - udt) (W (tn) — W(sn)) 
z G l - 1 l udt) (W (7) — W(sn)) 
+ (= E - I wat) (W (tn) — W(r)). (3.17) 


On the other hand, 


1 1 
(/ ensi(Ouedt) | €n+1(t)dW; 
0 0 
2 pT _ 3 ptn 
= £ [i 4 / udt — E a ‘| wa) 
tn — Sn T—S8n i ty — T = 


(ES wo- we- FE] we- wo), 


T Sn 


which is equal to 


E T 


Comparing (3.17) with (3.18) obtains the desired result. 


Using the previous theorem, we can show the existence of the Stratonovich 
integral under conditions that are different from those of Theorem 3.1.1. 


Proposition 3.1.2 Let u be a process in ini, Suppose that for all w a.s. 


the integral operator from H into H associated with the kernel Du(w) is a 
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nuclear (or a trace class) operator. Then u is Stratonovich integrable, and 
we have 


ie uz o dW, = ô(u) + T(Du). (3.19) 
0 


Proof: We have seen that for any complete orthonormal system {e;,1 > 1} 


in H the series 
[oe 


>. ([ meitat) f e;(s)dW, 


i=1 
converges in probability to (uw) + T(Du). Then Proposition 3.1.2 follows 
from Theorem 3.1.2. 


Exercises 


3.1.1 Let u € L?([0,1] x Q). Show that the families u” and &7 defined 
in Eqs. (3.2) and (3.3) satisfy condition (3.1) with V = L?({0,1] x Q). If 
u € L1?, then (3.1) holds with V = L?. 


3.1.2 Let u € Lj” be a process continuous in L?(Q). Show that 


converges in L1(Q) to Jo ((Dtu), — (D~u),)dt as |r| tends to zero (see 
Nualart and Pardoux [249, Theorem 7.6}). 


3.1.3 Show the convergence of (3.13) to (3.14) in L1(Q) as |r| tends to 
zero. The proof is similar to that of Theorem 3.1.1. 


3.1.4 Show that the process us = W1_; is not L?-integrable but that it is 
Stratonovich integrable and 


1 1 
J Wi- o dW; = Wi + 2 | W,_,dW;. 
0 0 


Hint: Consider the sequences of {¢,,} and {w,,} of orthonormal functions 
in L?({0,1]) given by ¢,,(t) = V2cos(2rnt) and Y, (t) = V2 sin(2rn(1—t)), 
n > 1, t € [0,1] (see Rosinski [293]). 


3.1.5 Let w be a nonnegative C% function on [—1,1] whose integral is 1 
and such that (x) = y(—x). Consider the approximation of the identity 
w(x) = 4(£). Fix a process u € L!?, and define 


~ € 


1 
I.(u) = | u(y. * W)idt. 


Show that I.(u) converges in L! (Q) to the Stratonovich integral of u. The 


convergence holds in probability if u € Li 
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3.1.6 Let u = {w,t € [0,1]} be a Stratonovich integrable process and let 
F be a random variable. Show that Fu; is Stratonovich integrable and that 


1 T 
f FuodWi =F f u o dW. 
0 0 


3.2 Stochastic calculus for anticipating integrals 


In this section we will study the properties of the indefinite Skorohod inte- 
gral as a stochastic process. In particular we discuss the regularity proper- 
ties of its paths (continuity and quadratic variation) and obtain a version 
of the Itô formula for the indefinite Skorohod integral. 


3.2.1 Skorohod integral processes 


Fix a Brownian motion W = {W(t),t € [0,1]} defined on the canonical 
probability space (Q, F, P). Suppose that u = {u(t),0 < t < 1} is a Sko- 
rohod integrable process. In general, a process of the form w1,, +| may not 
be Skorohod integrable (see Exercise 3.2.1). Let us denote by L° the set of 
processes u such that uljo, is Skorohod integrable for any t € [0, 1]. Notice 
that the space L!? is included into Lê. Suppose that u belongs to Lê, and 
define 


X(t) = 6(ul1 fo, 4) -f usdWzs. (3.20) 


The process X is not adapted, and its increments satisfy the following 
orthogonality property: 


Lemma 3.2.1 For any process u € L° we have 
t 
af urdW,| Fise) =0 (3.21) 


for all s < t, where, as usual, Fise denotes the o-field generated by the 
increments of the Brownian motion in the complement of the interval |s, t]. 
Proof: To show (3.21) it suffices to take an arbitrary Fis 4j--measurable 
random variable F belonging to the space Dt:?, and check that 


t 1 
E(F f undW;) = E( i u,DyF Ug,q\(r)dr) = 0, 
s 0 


which holds due to the duality relation (1.42) and Corollary 1.2.1. 


Let us denote by M the class of processes of the form X(t) = ie usdW,, 
where u € L°. One can show (see [237]) that if a process X = {X;z,t € [0,1]} 
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satisfies X(0) = 0, E(X(t)”) < œ, for all t, and 


n-1 
sup DD E[(X(t;+1) — X(£;))?] < œ, 
n={0=to<t1 <- <tn =1} j=0 


then X belongs to M if and only if condition (3.21) is satisfied. The ne- 
cessity of (3.21) has been proved in Lemma 3.2.1. 


A process X in M is continuous in L?. However, there exist processes u 
in L® such that the indefinite integral k usdW, does not have a continuous 
version (see Exercise 3.2.3). This can be explained by the fact that the 
process X is not a martingale, and we do not dispose of maximal inequalities 
to show the existence of a continuous version. 


3.2.2 Continuity and quadratic variation 
of the Skorohod integral 


If u belongs to L12, then, under some integrability assumptions, we will 
show the existence of a continuous version for the indefinite Skorohod inte- 
gral of u by means of Kolmogorov’s continuity criterion. To do this we need 
the following L?(Q) estimates for the Skorohod integral that are deduced 
by duality from Meyer’s inequalities (see Proposition 1.5.8): 


Proposition 3.2.1 Let u be a stochastic process in L!?, and let p > 1. 
Then we have 


5(u)llp < Cp (i I “(Bleu))2ae)? + M f i | “(Deus)*dsat) p) (3.22) 


The following proposition provides a sufficient condition for the existence 
of a continuous version of the indefinite Skorohod integral. 


Proposition 3.2.2 Let u be a process in the class L':*. Suppose that for 
some p > 2 we have EAU. (D,uz)?ds)2 dt < oo. Then the integral process 
EN usdWs, 0 < t< 1} has a continuous version. 


Proof: We may assume that E(u:) = 0 for any t, because the Gaussian 
process i E(us)dW, always has a continuous version. Set X; = f usdWs. 
Applying Proposition 3.2.1 and Hölder’s inequality, we obtain for s < t 


ar) i 


t 1 
HUM — X.P) < CoE f | Dow)®abar|8) 
s 0 


t 
Cy |t — s|?~* E (/ 


IA 


1 
T (Dou,)?d0 
0 
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2? 
that p is close to 2. Applying Fubini’s theorem we can write 


Pi ARID 
E (/ | el sat) 
o Jo lt-s|? 


Set A, = | Jo (Dow,)a0| *. Fix an exponent 2 < a < 1 + 8, and assume 


t 
< 20E | e- s5 f A,drdsdt 
{s<t} s 
2 f (Ir = 887° = |1 = sl2-*) E(4,)drds 
R 
2 J{s<r} 


2C Ya Pree 
“epee. ee 


Hence, the random variable defined by 


1 fl 
Xi — X,|? 
r= J | Bea ai 
o Jo lt-sl| 
satisfies Æ(T) < co and by the results of Section A.3 we obtain 


|X: — Xo] < pal? lt- s| F 


for some constant Cpa- 


For every p > 1 and any positive integer k we will denote by L*? the 
space L” ([0, 1]; D?) c D*?(L?[0,1]). Notice that for p = 2 and k = 1 this 
definition is consistent with the previous notation for the space L!)?. 

The above proposition implies that for a process u in Te? , with p > 2, 
the Skorohod integral ie u,dW, has a continuous version. Furthermore, if 


u in Ll, p > 2, we have 
t p 
E| sup J u,dW, < OO. 
te [0,1] Jo 


It is possible to show the existence of a continuous version under different 
hypotheses (see Exercises 3.2.4, and 3.2.5.). 


The next result will show the existence of a nonzero quadratic variation 
for the indefinite Skorohod integral (see [249]). 


Theorem 3.2.1 Suppose that u is a process of the space L??. Then 


loc’ 
n-1 titan 
(/ usdw,) 
5 t; 


i=0 id 


2 


1 
= | uds, (3.23) 
0 


in probability, as |r| > 0, where n runs over all finite partitions {0 = to < 
tı < +++ < tn = 1} of [0,1]. Moreover, the convergence is in L1(Q) if u 
belongs to L!?. 
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Proof: We will describe the details of the proof only for the case u € L!?. 
The general case would be deduced by an easy argument of localization. 

For any process u in Lt? and for any partition m = {0 = to < ti <- < 
tn = 1} we define 


n-1 tipi 2 
V” (u) = 5 (/ ud, 
i=0 ti 


Suppose that u and v are two processes in Lt?. Then we have 


EV") -Vo < (eS (fe. vaw.) 
x (5 (S tust vara, ) ) 
< llu- vliurelju + vlz: (3.24) 


It follows from this estimate that it suffices to show the result for a class 
of processes u that is dense in L1:?. So we can assume that 


m—-1 
Ut = . ; Fy1(s;,8541)) 
j=0 


where F; is a smooth random variable for each j, and 0 = sọ < +: < 8m = 
1. We can assume that the partition m contains the points {s59,...,5m}. In 
this case we have 


m-1 bai 2 
V7(u) = 5 (EW) - Ue) = D.Fys 

J=0 {i:s;<ti<sj4i} ti 

m—1 


J=0 |{i:s;<ti<sj+1} 


ti+ı ti+1ı 
—2(W (ti+1) paman wet) f D, Fjds + (/ D.Fyés 
t t 


i i 


2 


With the properties of the quadratic variation of the Brownian motion, this 
converges in L1(Q) to 


1 
F? (8341 — 83) = J uds, 
0 


as |r| tends to zero. 
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1,2 


Ice İs a process such that 


As a consequence of the previous result, if u € L 
the Skorohod integral ile u,dW, has a continuous version with bounded 
variation paths, then u = 0. 


Theorem 3.2.1 also holds if we assume that u belongs to LË 


loc’ 


3.2.8 Itô’s formula for the Skorohod 
and Stratonovich integrals 


In this section we will show the change-of-variables formula for the indef- 
inite Skorohod integral. We start with the following version of this formula. 
Denote by Lip the space of processes u € L®? such that E(||Dullt2q0,12)) < 
oo. 


Theorem 3.2.2 Consider a process of the form 
t t 
X, = Xo +f usdWs +f vds, (3.25) 
0 0 


where Xo € Di? u € L?? and v € Li? 


loc? (4),loc loc’ 
has continuous paths. Let F : R— R be a twice continuously differentiable 
function. Then F'(X;)uz belongs to LE? and we have 


loc 


Suppose that the process X 


F(X) = F(Xo)+ f PEGAS f F" (Xu? 


+f F"(X,)(D~ X),usds. (3.26) 
0 


Proof: Suppose that (01, X?), (Q™?,u™) and (Q™3, v”) are localizing 
sequences for Xo, u and v, respectively. For each positive integer k let Yy 
be a smooth function such that 0 < ~, < 1, Y(£) = 0 if |z| > k +1, and 
p(x) = 1 if |z| < k. Define 


1 
uk = ula, (J TR) : (3.27) 
0 
Set XP” = XP + fo ub*dW, + J; v?ds and consider the familuy of sets 


1 
Gm = QI NARZ NRN { sup |X| < e} N 7 (u?)?ds < e} ; 
0 


O<t< 


Define F* = Fy,. Then, by a localization argument, it suffices to show the 
result for the processes X?, u™*, and v” and for the function F*. In this 
way we can assume that Xo € D!?, u € Lip: v € L)?, J u2ds < k, and 
that the functions F, F’ and F” are bounded. 
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Set t? = 2, 0 <i < 2”. As usual, the basic argument in proving a 
change-of-variables formula is Taylor development. Going up to the second 
order, we get 


2”—1 


F(X) = F(Xo)+ X FXX (tha) — X(e#) 
i=0 


2”—1 


DD E N XE), 
i=0 


where X; denotes a random intermediate point between X(t”) and X(t?,,). 
Now the proof will be decomposed in several steps. 


Step 1. Let us show that 


2”—1 


D ADA (a) XE) -f F"'(Xs)usds, (3.28) 
i=0 0 


in L1(Q), as n tends to infinity. 
The increment (X(t?) — X(t"))? can be decomposed into 


P 2 4 2 Py fi 
tipi tipi tipi tipi 

(/ vat, + (/ vats) +2 (/ ea) (/ va) ; 
t? t? t? t? 


The contribution of the last two terms to the limit (3.28) is zero. In fact, 
we have 


ana = try . t 
E| S$) F" (X; ( f ds) ae t27” if E(v2)ds, 
i=0 t? 0 
and 
2”—1 -= tipi tipa 
E| X F" (X;) (/ va) (/ va 
i=0 ty tr 


1 
t 2: 
< WP (2 f Beds) Hae. 
0 


Therefore, it suffices to show that 


ir a 2 t 
> F'(X) / usdW,) > J F"(X,)u2ds 
i=0 ty 3 


in L+(Q), as n tends to infinity. Suppose that n > m, and for any i = 
1,...,n let us denote by p the point of the mth partition that is closer 
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to t? from the left. Then we have 


27-1 = ty 
So PX) i) usdW, a F" (X,)u2ds 
i=0 tr 
2”—1 z ha 2 
< |D E") - Fxg”) ( I wa) 
i=0 tr 
ama tipa 2 tipa 
HE rey Cf aw) -f uas 
j=0 itet tm) ta t 
2™—1 ii t 
+| $2 PXE) | u2ds — J F"(X,)u2ds 
J0 g 0 
= bı +bz + bz. 


The expectation of the term bg can be bounded by 


|s—r|<t2-™ 


kE ( sup |F” (Xs) — rs) i 


which converges to zero as m tends to infinity by the continuity of the 
process X+. In the same way the expectation of bı is bounded by 


2”—1 


E sup |F"(X,)-— F"(X P ‘et . (3.29) 


|s—r|<t2-—™ 


Letting first n tends to infinity and applying Theorem 3.2.1, (3.29) con- 


verges to 
E sup |F"(X,) — F”"(X i uĉds |, 
|s—r|<t2-™ 


which tends to zero as m tends to infinity. Finally, the term bz converges 
to zero in L'(Q) as n tends to infinity, for any fixed m, due to Theorem 
3.2.1. 

Step 2. Clearly, 


2”—1 


F'(X (tẹ) ( me va) => “Pii (3.30) 
S renee) | J 


in L} (Q) as n tends to infinity. 
Step 3. From Proposition 1.3.5 we deduce 
te 


i+1 ti i ti 1 
rae) f “ud. = f TFE udWet | “D [F(X (t2)) eds. 
ot i: 


i 
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Therefore, we obtain 


anal tipa 2”-1 tipi 
XO F'(X (t) f usdWs = X` J F' (X(t) )JusdWs 
i=0 i=0 7 ee 


2”—1 


D N F" (X(C) Ds X(t? )usds. (3.31) 


Let us first show that 


21 am, 
2 [ F"(X(t"))D,X(t?)usds > [ F"(X,)(D~X)susds (3.32) 
in L'(Q) as n tends to infinity. We have 


2”—1 


a f* F"(X(t?))D.X(t Duds- f F"(X.)\(D7X)susds 


< E > F"(X(t?)) f i [D.X(t?) — (D7X).] uds 
+E =f [F(X (t?)) — F(X) (D7 X)susds 
< Mle {E( l a} 


3 1/2 
x | sup E(|D.X,—(D~X).|") ds 
0 s—t2-"<r<s 


s sup IEX) = P") f [>and] 


|s—r|<t2-” 
_ yn n 
= d? 4d". 


The term d% tends to zero as n tends to infinity because Ef, (D= X) .us| 
ds < œ. The term d? tends to zero as n tends to infinity because X belongs 
to L}? by Proposition 3.1.1. 

As a consequence of the convergences (3.28), (3.30) and (3.32) we have 
proved that the sequence 
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converges in L'(Q) as n tends to infinity to 
t 1 t 
®, : = F(X,) — F(X) -f F'(X,)u,ds — F F” (X, )u? 
0 0 


— | F"(X,)(D" X)stsds. (3.33) 
0 


Step 4. The process u;F’(X;) belongs to Lt? because u € L??, v € Lt, 
E(||Dullt2qo,12)) < oo, and the processes F’(X;), F”(X:) and J u2ds are 
uniformly bounded. In fact, we have 


Ds [u F'(X] = mFt (Xe) (Usls<ty + DsXo 
t t 
+f DsurdW, +f Dsv,dr) gg F'(X) Dsut, 
0 0 


and all terms in the right-hand side of the above expression are square inte- 
grable. For the third term we use the duality relationship of the Skorohod 


integral: 
1 pl t 2 
J | E Gi DatidW, ) dsdt 
o Jo o 
i. 1) i t 
= Bt f f f Dur [au Dau (/ DatiedW, ) + uz; Deur 
o Jo Jo 0 
t 
+u? (i D,DuadWa )| ardsat} 
0 
4 2 
< cE (IlDullžaco,i + |D lenas) : 


Step 5. Using the duality relationship it is clear that for any smooth 
random variable Œ € S we have 


2”—1 


tipi t 
lim E (« 5 J i PXC ma) =E (ef P'X,JusdW,) l 


On the other hand, we have seen that that An converges in L1(Q) to (3.33). 
Hence, (3.26) holds. 


Remarks: 


1. If the process X is adapted then D7 X = 0, and we obtain the classical 
Itô’s formula. 


2. Also using the operator V introduced in (3.8) we can write 


F(X) = F(Xo) + | P(X). +5 | F"(X,)(VX) susds. 
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3. A sufficient condition for X to have continuous paths is 


E ([ || Dul, ir) oe 


for some p > 2 (see Proposition 3.2.2). 


4. One can show Theorem 3.2.2 under different types of hypotheses. More 
precisely, one can impose some conditions on X and modify the assumptions 
on Xo, u and v. For instance, one can assume either 


(a) u € L? N L®([0,1] x Q), v € L?([0,1] x Q), X € Ly”, and X has 
a version which is continuous and X; € D!:? for all t, or 


(b) u € L? N £4(9; £7((0,1])), v € r?([0,1] x Q), X € Ly”, and 
X has a version which is continuous and X; € D!? for all t, and 
So fo (DeX:)2dsdt + fi (D7 X)2dt € L4(Q). 


In fact, if X has continuous paths, by means of a localization argument it 
suffices to show the result for each function Fk, which has compact support. 
On the other hand, the properties u € L!?, v € L?((0,1)xQ) and X € L}? 
imply the convergences (3.28), (3.30) and (3.32). The boundedness or 
integrability assumptions on u, DX and D7 X are used in order to ensure 
that E(®?) < œ, and wF’(X;) € LI?. 


5. If we assume the conditions Xo € Dre, Ue i and v € Li, and X has 
continuous paths, then we can conclude that usF”’(X5)1jo,4(s) € (Doms) joc 
and It6’s formula (3.26) holds. In fact, steps 1, 2 and 3 of the proof are still 


valid. Finally, the sequence of processes 

2”—1 

=N F'(X(t?))usln en, (8) 
i=0 
. 2. 1 a » . . 

converges in L*([0,1] x Q) to F’(Xs)us1jo,4(s) as n tends to infinity, and 
by Step 3, 6(v") converges in L1(Q) to +. Then, by Proposition 1.3.6, 
usF"(X5)1J0,4(s) belongs to the domain of the divergence and (3.26) holds. 


In [10] the following version of It6’s formula is proved: 


Theorem 3.2.3 Suppose that X+ = Xo + fe usdW, +f vsds, where Xo € 
D2, we (LE LO (0.11) hi vE Lagat and the process X has 
continuous paths. Let F : R — R be a twice continuously differentiable 


function. Then F"(Xs)usljo,4(s) belongs to (Domô)ioc and we have 


t 1 t 
F(X;) = F (Xo) e F'(X,)dX, + 2 i F"'(X,)u? 
t 


+f F"(X,)(D7 X)susds. (3.34) 
0 
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Proof: By a localization argument we can assume that the processes 
F(X), F'(X), F(X) are uniformly bounded and ie uds < k. Then we 
proceed as in the steps 1, 2 and 3 of the proof of Theorem 3.2.2, and we 
conclude using Proposition 1.3.6. 

Notice that for the proof of the convergence (3.28) we have to apply 
Theorem 3.2.1 for u € LF. Also, (3.31) holds thanks to Proposition 1.3.5 
applied to the set A = [t?', t?, 4]. 


Remarks: 


1. A sufficient condition for the indefinite Skorohod integral if usdW, of 
a process u € LF to have a continuous version is E ( ic jus|Pat) < oo for 
some p > 2 (see Exercise 3.2.12). 


2. The fact that J u2dt is bounded is only used to insure that the right- 
hand side of (3.26) is square integrable, and it can be replaced by the 
conditions f, u?dt, f} (D7X)} dt € L?(Q). 


3. If Xo is a constant and u and v are adapted processes such that 
J uzdt < œ and J vdt < oo a.s., then these processes satisfy the 
hypotheses of Theorem 3.2.3 because u € (L N L®(Q; L?([0,1)))) o. by 
Proposition 1.3.18, v € ist (this property can be proved by a localiza- 
tion procedure similat to that used in the proof of Proposition 1.3.18), and 
the process X; = Xo + iC u,dW, + fs v,ds has continuous paths because 
it is a continuous semimartingale. Furthermore, in this case D~ X vanishes 
and we obtain the classical Itô’s formula. 


loc 


4. In Theorem 3.2.3 we can replace the condition v € Lif by the fact 


loc 
that we can localize v by processes such that fo |uy|dt € L°(Q), and 
{vr Z i v?ds,t € [0, uy} € LLS, In this way the change-of-variable for- 
mula established in Theorem 3.2.3 is a generalization of Itô’s formula. 


The following result is a multidimensional and local version of the change- 
of-variables formula for the Skorohod integral. 


Theorem 3.2.4 Let W = {W;,t € [0,1]} be an N-dimensional Brownian 
motion. Suppose that Xj € D!?, ut € L , and v € L!?, 1 <i <M, 
1 <j <N are processes such that 


N t t 
xi=xi+> f ujaw + | Pi Terá: 
ja 0 0 
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Assume that Xt has continuous paths. Let F : RY — R be a twice contin- 
uously differentiable function. Then we have 


Mt 
F(X) = F(X) +> | (OPa 


1 M N t 
£5 Ss | (0;0;F)(X.)ui*ul*ds 
0 


i,j=l k=1 


M N t 
+I D f (00PX )suitas, 
0 


ij=lk=1 


where D! denotes the derivative with respect to the kth compoment of the 
Wiener process. 


Itô’s formula for the Skorohod integral allows us to deduce a change-of- 
variables formula for the Stratonovich integral. Let us first introduce the 
following classes of processes: 

The set Le is the class of processes u € L}? N Lip continuous in L?(Q) 


and such that Vu € L!?. 


Theorem 3.2.5 Let F be a real-valued, twice continuously differentiable 
function. Consider a process of the form X; = Xo + de us o dW, + fe vsds, 
where Xo € De, Ue Lgi and v € lis Suppose that X has continuous 


paths. Then we have 


F(X:) a F(Xo) +f F'(X5)usds +f [F’(X,)us| o dW,. 


Proof: As in the proof of the change-of-variable formula for the Skorohod 
integral we can assume that the processes F'(X;,), F'(X), F”(X+) and 
fo u2ds are uniformly bounded, Xo € D!?, u € ers and v € L12. We know, 
by Theorem 3.1.1 that the process X+ has the following decomposition: 


t 
Xi=Xo+ [ ud, + | 
0 0 


This process verifies the assumptions of Theorem 3.2.2. Consequently, we 
can apply Itô’s formula to X and obtain 


t 


t 
1 

v,ds + | =(Vu).ds. 
(0) 2 


F(X) = F(X) f F(X.Jesds +3 f F'(X,)(Vu)sds 


t 1 t 
+f F'(X,)usdW, + 7 F”(Xs)\(VX)susds. 
0 0 
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The process F’(X;,)u; belongs to Lj’’. In fact, notice first that as in the 
proof of Theorem 3.2.2 the boundedness of F’(X;), F”(X+) and J u2ds 


and the fact that u € Lip: v, Vu € L}? and Xo € D!? imply that this 


process belongs to Lt? and 
D, [F'(X Ju] = F'(X) Deut + F” (X) Ds Xiu. 


On the other hand, using that u € Li}, u is continuous in L?(Q), and 
Xe ee we deduce that F’(X;)uz belongs to ita and that 


(V(F'(X)u)), = F(X) (Vue + F" (X) (VX). 


Hence, applying Theorem 3.1.1, we can write 


t £ — f / 1 1 u s 
f Coin oa, = [ Puan, al (V (F'(X)u)), d 
7 [ Puan. +5 F'(X,)(Vu)sds 

+h [Pr xu 7Xat 


Finally, notice that 
(VX): = 2(D7 Xh: + Ut- 


This completes the proof of the theorem. 


In the next theorem we state a multidimensional version of the change- 
of-variable formula for the Stratonovich integral. 


Theorem 3.2.6 Let W = {W;,t € [0,1]} be an N-dimensional Brownian 
motion. Suppose that Xj € D!?, ud € bee ,andvié€Li?7,1<i<M, 
1<j<WN are processes such that 


Nt t 
xi=xh+)0 | uf oa; + | vids, O<t<1. 
j=1 70 0 


Assume that Xt has continuous paths. Let F : RM — R be a twice contin- 
uously differentiable function. Then we have 


M N t 7 ; M t f 
F(X) = FX) + OO | OPA oa] tY | OFX, oa 


i=1 j=l 


Similar results can be obtained for the forward and backward stochastic 
integrals. In these cases we require some addtional continuity conditions. 
Let us consider the case of the forward integral. This integral is defined as 
the limit in probability of the forward Riemann suns: 
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Definition 3.2.1 Let u = {uz,t € [0,1]} be a stochastic process. The for- 
ward stochastic integral fo ud” W, is defined as the limit in probability as 
|| 0 of the Riemann sums 


n—-1 
D ut, (Weiss _ Wi). 
i=l 


The following proposition provides some sufficient conditions for the ex- 
istence of this limit. 


Proposition 3.2.3 Let u = {uz,t € [0,1]} be a stochastic process which is 
continuous in the norm of the space D':?. Suppose that u € Tay Then u 
is forward integrable and 


d(u) = is ud W; + i (D~u) , ds. 


Proof: We can write, using Eq. (3.4) 


n-1 n—-1 n=l pty 
ô & Heese = So un (Wega — Wa) - > Duds. (3.35) 
i=1 i=1 i=1 "ti 
The processes 
n—1 
up” = 5 Ut, Liti, tipa] (Ë) 
i=1 


converge in the norm of the space L!? to the process u, due to the continuity 
of t > u in D!?. Hence, left-hand side of Equation (3.35), which equals 
to 6(u™—), converges in L?(Q) to 6(u). On the other hand, 


e( 
ie sup E(|D,X; — (D~X)gl)ds, 


n-1 tiga 1 

a Dauds- | (D~u) , ds 
i=1 "ti 0 

s—|n|) VO<t<s 


IA 


Z1 pti 
SO | E (|Dam - (D7u),|) as 
i=1 "ti 

1 


IA 


which tends to zero as |m tends to zero, by the definition of the space 
LA 

We can establish an Itô’s formula for the forward integral as in the case of 
the Stratonovich integral. Notice that the forward integral follows the rules 
of the Itô stochastic calculus. Define the set L4 as the class of processes 
u ELI? n L continuous in Dt? and such that D~u € L!?. 
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Theorem 3.2.7 Let F be a real-valued, twice continuously differentiable 
function. dal a process of the ae aS = Xo + ie usd W, + h vds, 


where Xo € D,?, u € L4, andv € L,?. Suppose that X has continuous 


loc? —, loc ie 
paths. Then we have 
t 
F(X) = F(Xo)+ f F'( X,)nnds+ | [F"(Xs)us]d7 w+ | ma X,)u2ds. 
(3.36) 


Proof: As in the proof of the change-of-variable formula for the Skorohod 
integral we can assume that the processes F(X+), F'(X), F”(X+) and 
fo u2ds are uniformly bounded, Xo € D!?, u € L?** and v € L!?. We know, 
by Proposition 3.2.3 that the process X; has the following decomposition: 


t t t 
X, = Xo + J u,dW, + f vds +f (D~u).ds. 
0 0 0 


This process verifies the assumptions of Theorem 3.2.2. Consequently, we 
can apply Itô’s formula to X and obtain 


F(X) = F(X) + f F'(X,Jesds + f F'(X,)(D7u)sds 
: / 1 : iT 
x | F*(X,)usdW, + 5 f F"(X,)(VX)attads. 


The process F’(X;)u; belongs to Li’. In fact, notice first that as in the 
proof of Theorem 3.2.2 the boundedness of F’(X;,), F’’(X;) and J u2ds 
and the fact that u € Lip v,D-u € Li? and Xo € Dt? imply that this 
process belongs to L? and 


D, [F'(X Jur] = F'(X) Deut + F” (Xi) Ds Xiu. 


On the other hand, using that u € Ly’, u is continuous in L?(Q), X has 


continuous paths, and X € LE? we deduce that F’(X;)u; belongs to IDAE 
and that 


(D= (F'(X)u)), = F'(X) (D7 u): + F" (X ul D X);. 


Hence, applying Proposition 3.2.3, we can write 


II 


f Puan, +f (D (F'(X)u)) , ds 
0 0 


= | F'(X,)usdW, + [ F'(X,)(D~u)sds 


oh F"(X,)us(D” X)sds. 


0 


[ee xouaerw. 
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Finally, notice that 
(VX): = 2(D Xh: + Ut- 


This completes the proof of the theorem. 


3.2.4 Substitution formulas 


The aim of this section is to study the following problem. Suppose that 
u = {uz(x),0 < t < 1} is a stochastic process parametrized by x € R”, 
which is square integrable and adapted for each x € R™. For each x we can 
define the Ito integral 


k us(£)dWi. 


Assume now that the resulting random field is a.s. continuous in z, and 
let F be an m-dimensional random variable. Then we can evaluate the 
stochastic integral at x = F, that is, we can define the random variable 


f usl(£)dWile=F. (3.37) 


A natural question is under which conditions is the nonadapted process 
{u(F),0 < t < 1} Skorohod integrable, and what is the relationship be- 
tween the Skorohod integral of this process and the random variable defined 
by (3.37). We will show that this problem can be handled if the random 
field u(x) is continuously differentiable in x and verifies some integrability 
conditions, and, on the other hand, the random variable F belongs locally 
to D!+. Notice, however, that no kind of smoothness in the sense of the 
Malliavin calculus will be required on the process u(x). A similar question 
can be asked for the Stratonovich integral. 

To handle these problems we will make use of the following technical 
result. 


Lemma 3.2.2 Suppose that {Y n(x), £x E€ R™}, n > 1 is a sequence of 
random fields such that Y,(x) converges in probability to Y (x) as n tends 
to infinity, for each fixed x € R™. Suppose that 


E(\¥n(@) — Yn(y)P) < exla — y|“, (3.38) 


for all |x|, |y| < K, n > 1, K > 0 and for some constants p > 0 and 
a>m. Then, for any m-dimensional random variable F one has 


lim Y,(F) = Y(F) 


n—O0o 


in probability. Moreover, the convergence is in L?(Q) if F is bounded. 
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Proof: Fix K > 0. Replacing F by Fg := F1,\7\<K} we can assume that 
F is bounded by K. Fix € > 0 and consider a random variable Fz which 
takes finitely many values and such that |F-| < K and ||F — Fella < £. We 
can write 


[Y¥n(F) — Y(F)| < [¥n(F) — Yn(Fe)| + |¥n(Fe) — ¥(Fe)| + [Y (Fe) — Y (P)|. 

Take 0 < m’ < a — m. By (3.38) and (A.10) there exist a constant C and 
random variables PI» such that 

[¥n(@) — ¥n(y)|? 

ET) 


|x H yl” Tas; 


= 
< Ch. 


Moreover, Eq. (3.38) is also satisfied by the random field Y (x) and we can 
also find a constant C2 and a random variable I’ such that 
Y(z)- Y) < |e-yl"T, 
ET) < Cə. 


Hence, 
E (|Yp(F) — Y(F)IP) < cp ( (Ci + Ca)e™ + E (IYn(F;) - Y (Fa)IP)) , 


and the desired convergence follows by taking first the limit as n tends to 
infinity and then the limit as € tends to zero. 


Consider a random field u = {u (x), 0 < t < 1,x € R” } satisfying the 
following conditions: 


(h1) For each x € R™ and t € [0,1], us(x) is F;-measurable 
(h2) There exist constants p > 2 and a > m such that 
E((u(x) — uy) P) < Cile = yl", 


for all |z|, |y| < K, K > 0, where J Ctxdt < oo. Moreover 
fo E(lur(0)|?)dt < ov. 


Notice that under the above conditions for each t € [0,1] the random 
field {u;(x), £x € R™} possesses a continuous version, and the It6 integral 
J us(x)dW; possesses a continuous version in (t,x). In fact, for all |z], 
ly| < K, K > 0, we have 


E | sup 
te [0,1] 


ae (|f -uoa 


1 
Cp (/ Cat) la — y|“. 
0 


f (us(x) — us(y)) dW, 


) 


IA 


IA 
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The following theorem provides the relationship between the evaluated 
integral J ut(x)dW, and the Skorohod integral 6(u(F’)). We need the 
following hypothesis which is stronger than (h2): 


(h3) For each (t,w) the mapping x + u(x) is continuously differentiable, 
and for each K > 0 


1 
f E | sup |Vu:(x)|1 | dt < co, 
0 |x|<K 


where q > 4 and q > m. Moreover So E(|uz(0)|?)dt < œ. 


Theorem 3.2.8 Suppose that u = {u:(x), 0 < t < 1,x E€ R™} is a random 
field satisfying conditions (h1) and (h3). Let F : Q — R” be a bounded 
random variable such that F* € D4 fori <i<m. Then the composition 
u( F) = {u(F), 0 <t < 1} belongs to the domain of 6 and 


5(u(F)) = f u(2)dW, 


m a 
-5 I Ojur(F) DF dt. (3.39) 
x=F j=1 0 


Proof: Consider the approximation of the process u given by 


es ri E eto] ioan (3.40) 


n 


Notice that u(F) belongs to L?([0,1] x Q) and the sequence of processes 
u"(F) converges to u(F) in L?([0,1] x Q) as n tends to infinity. Indeed, if 
F is bounded by K we have 


E(f wiryar) < J e(a uwa) 
< 2 | * B(ue(0)/2)at 
42K? f y (x vua) 
< œ. 7 


1] x Q) is obtained by first 


The convergence of u”(F) to u(F) in L?((0, 
1); 12(Q)). 


approximating u(F) by an element of C((0, 
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From Proposition 1.3.4 and Exercise 3.2.10 we deduce that u” (F) belongs 
to Domd and 


5(u"(F)) = si Ck vy) (Wiss - Ws) ae 
«( Bua Fd ws) (S ; D,a); (3.41) 


The Itô stochastic integrals ile ul (a)dW, satisfy 


1 1 q 
e(|f ow- f woa ) sal-a. 
0 0 


Hence, by Lemma 3.2.2 the sequence fo ul (x)dW; 


converges in L4(Q) 
c=F 


to the random variable i ur(a) dW, . On the other hand, the second 


summand in the right-hand side of (3. “41 1) converges to 


m 1 
5 | Ou (F) DF dt 
j=1 "0 


in L?(Q), as it follows from the estimate 


1 1 
if dul F)D Fa- | ayul(F)DeP at 


< [DF (f ort) - 8ju(F)P at) 


The operator 6 being closed the result follows. 


The preceding theorem can be localized as follows: 


Theorem 3.2.9 Suppose that u = {u:(x),0 < t < 1,2 E€ R™} is a random 
field satisfying conditions (h1) and (h3). Let F : Q — R” be a random 
variable such that F° € Dis for1<i<m. Then the composition u(F) = 
{uz(F),0<t <1} belongs to (Domd),,. and 


loc 


6(u(F)) = i ur(x)dW; -5 | O;ur(F) DF dt. (3.42) 


=F 


We recall that the operator 6 is not known to be local in Dom ô, and for 
this reason the value of 6(u(F’)) in the Theorem 3.2.9 might depend on the 
particular localizing sequence. 
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The Stratonovich integral also satisfies a commutativity relationship but 
in this case we do not need a complementary term. This fact is coherent 
with the the general behavior of the Stratonovich integral as an ordinary 
integral. 

Let us introduce the following condition which is stronger than (h2): 


(h4) There exists constants p > 2 and a > m such that 


E(lur(x) — u(y?) < erle = yl”, 
< 


E(Jus(£) — u(y) — us(£) + us(y)|P) cx|e —yl*|t— s]?, 


for all |z|, |y| < K, K > 0, and s,t € [0,1]. Moreover fo E(\ue(0)|?) 
dt < oo, and t+ u(x) is continuous in L?(Q) for each z. 


Theorem 3.2.10 Let u = {uz(z),0 <t< 1,2 € R™} be a random field 
satisfying hypothesis (h1) and (h4). Suppose that for each x € R™ the 


Stratonovich integral J u(x) o dW; exists. Consider an arbitrary random 
variable F. Then u(F) is Stratonovich integrabl, and we have 


1 1 
Í ul F) o dW = J u(x) o dW; 
0 0 


(3.43) 
x=F 


Proof: Fix a partition m = {0 = to < tı < ++- < tn = 1}. We can write 


R n—1 a a tiga a ; 7 | 
= sap Vit ti (J s(F)d ) (W (ti+1) — W(t:)) 
= 3 ut, (F)(W (tii) — W (t:)) 
i=0 
n-1 1 tti 
+ 2 EA (J [us (F) — us (P)jas) (W (ti41) — W (t:)) 
= an+bn. 


The continuity of t — u(x) in L? (Q) implies that for each x € R™ the 
Riemann sums 


5 uz, (£)(W (tiz1) — W (t:)) 
i=0 


converge in L? (Q), as |r| tends to zero, to the Itô integral J us(x)dWi. 
Moreover, we have for |æ|, |y] < K, 


(| 


So [ute () — te, (9)] CW (tia) — Wt) 
i=0 


p 
) < Ctx |e =|", 
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Hence, by Lemma 3.2.2 we deduce that a, converges in probability to 
fe u(x) o aw,| = Now we study the convergence of b,. For each fixed 


ga 
x € R”, the sums 


POE = — ( | . [us (2) — ur, (olds) (W(tiy1) — W(t) 


41 — ti 


converge in probability, as || tends to zero, to the difference 


Vee [we o dW, — J ETA 


So, it suffices to show that R” (F) converges in probability, as |r| tends to 
zero, to V (F). This convergence follows from Lemma 3.2.2 and the following 
estimates, where 0 < € < 1 verifies ca > m, and |z|, |y| < K 


|R" (x) — R” (x)| 


pe 
n-1 
1 
a ee 
= 3 ti+1— ti 
1=0 
tiga 
x | II[us(x) — u (x) — us(y) + ur (YW (ti41) — W t) Ip. d5 
ti 
n-1 
1 ee 
< Ged tipi- til? sup — [E (Jus(£) — un (x) — us(y) + ue. (y)”)]? 
i=0 sE[ti,ti+1] 
< CpecK|£ — y|? . 


It is also possible to establish substitution formulas similar to those ap- 
pearing in Theorems 3.2.9 and 3.2.10 for random fields u(x) which are 
not adapted. In this case additional regularity assumptions are required. 
More precisely we need regularity in x of D,u:(x) for Theorem 3.2.9 and 
of (Vu(x)): for Theorem 3.2.10. 

One can also compute the differentials of processes of the form F;(X+) 
where {X,t € [0, 1]} and {F;(x),t € [0,1], x € R” } are generalized contin- 
uous semimartingales, i.e., they have a bounded variation component and 
an indefnite Skorohod (or Stratonovich) integral component. This type of 
change-of-variables formula are known as Itô-Ventzell formulas. We show 
below a formula of this type that will be used to solve anticipating stochas- 
tic differential equations. We first state the following differentiation rule 
(see also Exercise 1.3.6). 


Lemma 3.2.3 Let F = (F',...,F™) be a random vector whose compo- 
nents belong to D'?, p > 1 and suppose that |F| < K. Consider a mea- 
surable random field u = {u(x),x E€ R™} with continuously differentiable 
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paths, such that for any x € R™, u(x) € DH”, r > 1, and the derivative 
Du(x) has a continuous version as an H-valued process. Suppose we have 


E ( sup [[u(x)|" + \>ete) < ©, (3.44) 
|z| <K 
E ( sup vuar) < OO; (3.45) 
|z| <K 
where i+ 7 = +. Then the composition u(F) belongs to D", and we have 
D(u(F)) = X dju(F)DF' + (Du)(F). (3.46) 


i=l 


Proof: Consider an approximation of the identity ~,,, and define 


tina) = | ulu)ea(e  vddy. 


The sequence of random variables u,(F') converges almost surely and in in 
L"(Q) to u(F) because of Condition (3.44). On the other hand, u,(F’) € 


Di” and 

DnP) = D(f E-a) 
= f  Duwe,(F -y)dy + 3 f wo)Ou, (P= y) DFiay 
= he: Duly)vn(F — y)dy + 3 DF a ðiuly)Yn(F — y)dy. 


Again by conditions (3.44) and (3.45), this expression converges in L” (Q; H) 
to the right-hand side of (3.46). 

Let W be an N-dimensional Wiener process. Consider two stochastic 
processes of the form: 


N t t 
xi=x+y | uJ odW}+ | vids, 1<i<m 
jai 40 0 


and 
N mo : t 
Ao) = Fela) + > | HiaodWi+ | G(o)ds, z eR”. 
ja 70 0 


We introduce the following set of hypotheses: 
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(Al) For all 1 <j < N,1<i<m, X§ € D!, ud e LZ, vê € LI, 
and the process X is continuous and bounded by a constant K. We 
assume also that u is bounded. 


(A2) x — F(x) is twice differentiable for all t; the processes F; (x), VF; (x) 
and V?F,(a) are continuous in (t,x); F(x) € L}?, and there exist 
two versions of D,F;(x) which are differentiable in x and such that 
the functions D,F;(x) and V(D,F;)(x) are continuous in the regions 
{s <t<1,x € R”} and {t < s < 1,x € R” }, respectively. 


(A3) x > H} (x) is differentiable for all t; the processes H;(x) and V H;(2) 
are continuous in (t,x); H/(x) € Lo: and there exist two versions 
of D,H;(x) which are differentiable in x and such that the functions 
D,H;(x) and V(D,H;)(x) are continuous in the regions {s < t < 
1,x E€ R”} and {t < s < 1,x € R” }, respectively. 


(A4) The function x > G(x) is continuous for all t, and G(x) € Lt. 


(A5) The following estimates hold: 


E ( sup (|Fi(z)|4 + |V F; (x)| + iene" < 8; 
|a|<K,tE [0,1] 
E ( sup (|H(x)|* + |V Ae (2)|4 + oie") Bp OO 
|a|<K,tE[0,1] 
f E ( sup (|DsFi(x)|* + v.e) ds < 0, 
0 \el<K,telo,1) 
1 E ( sup (|D. Ai (x)|* + vo.) ds < œ. 


|x| <K,te(0,1] 


Theorem 3.2.11 Assume that the processes X; and F;(x) satisfy the above 
hypotheses. Then (VEX) uf ) and Hi(X;,) are elements of Ly? for all 
j=l,...,N, and 


N pt f , t 
RX) = Fo(%o)+ D> | (VEX) i) oa) + | (VEX), vs) ds 


N t t 
+> f HiX, eaw? + | G,(Xs)ds. 
j=1 70 0 


Proof: To simplify then notation we will assume N = m = 1. The proof 
will be done in several steps. 


Step 1: Consider an approximation of the identity Y„ on R. For each 
x € R we can apply the multidimensional change-of-variables formula for 
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the Stratonovich integral (Theorem 3.2.6) to the process F;(x)q,,(X; — x) 
and we obtain 


Fi(e)y(Xe—2) = Fo(a),(Xo- 2) + f H,()bp (Xa — 2) 0 dW, 
+ f A EE Bids 


+f Fs (£j (Xs — z)us o dW, 


0 


+f F(x) (X, — x)vsds. 


If we express the above Stratonovich integrals in terms of the corresponding 
Skorohod integrals we get 


Filan X- 1) = Fo(2)b,(Xo- x) + ? Hs (2)pn (Xs — x)dW, 
0 
1 t 


+5 | Hs(2)¥n(Xs— 2) (VX), ds 
0 


t 
+f F(x), (Xs — x)u,dW, 
0 


1 ft ; 
+5 | OP) A, — a)usds 


i i F,(2)b,(Xs — 2) G (e v) ý 


0 
1 í 1 
5h PF, (x)w,(X, — x)(VX)susds. 


Grouping the Skorohod integral terms and the Lebesgue integral terms 
together we can write 


F,(0)q(Xt — 2) = Fo(@,(Xo — 2) + f an(s, 2)dW, + l Bn (8, #)ds, 


where 


On(t, £) = Yn (Xi — 2) A(x) + (Xe — 2) ur F(x) 
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and 
Balta) = W(X a) (Gele) + FOM) 


H(X — a) (jro (VX), 


+F,(x) G (Vu), + v) oh st (VF), w) 


HA — x) F(x) (VX), u 


Step 2: We claim that the processes H;(X;) and F/(X;)u; belong to Ly”. 
In fact, first notice that Hypotheses (A2) and (A3) imply that for each z, 
H,(x) and F/(x)u, belong to L!?, and D,(F;/(x)) = (D.F;)'(x). Then we 
can apply Lemma 3.2.3 (suitably extended to stochastic processes) to H;(«) 
and X, and also to F{(x)us and X; to deduce that H,(X,) and F(X Jur 
belong to L!?, taking into account the following estimates 


to E(H?2(X,))ds < is E (supaj H2(e)) ds < œ, 
Jo E (suPjajsx IDHE)? ) ds < œ, 
Jo E (supjaicx |Ħ;(2)[*) ds < o0, 


and 
Jo EMEX sJus)’)ds < llull, Jo E (supjejcx [FA@)/’) ds < 00, 
fo EUUE(X.)P |Duslĝr)ds 


< (rE (sr 2.00 |Fi(2)I*) ds fj E (||Dusllt) ds)? < 20, 
fo EFX)? ||Dusl|7, u2)ds < |lulls, 1 

x (fo E (owpraicx JEL") ds fo E (IDusllir) ds)" < oo, 
fo E(||(DFs)' (X la )ds 

< || ule, [LE ie I|( (DF) ee) ds < œ. 


The derivatives of these processes are given by 
D|B: (X) = Hi(Xt)DsXt + (Ds Hi) (X+) 
and 


D,[Fi(X u] = F(X) D: Xiu: + (DFi) (X¢)ut + F(X) Ds. 
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Then, from our hypotheses it follows that the processes H;(X,) and 
F!(X;)u; belong to Ly”, and 


(V (H.(X.))), = H(X) (VX), + (VA) (Xt) 
and 


(VEX Ju.))i = F(X) (VX), te + (VEY (Xp) + FX) (Vu) 
Step 38: We claim that 
[ (Fence - 2) = Fo(e)¥,(Xo- 2) = f 8, (s,2)ds dx (3.47) 


converges in L'(Q) to the process 


B= PX) PX) | [ex + VMAX) 
HEX) (VX), + 5(VFV(Xa)tte + F(X) (Ve), 


+F! (Xs) (VX), Us + Fi(Xs)us| ds. 


In fact, the convergence for each (s,w) follows from the continuity assump- 
tion on x of the processes G(x), (VH);5(x), (VF); (x), and the fact that 
H,(x) is of class Ct, and Fi(x) is of class O?. The L'(Q) convergence 
follows by the dominated convergence theorem because we have 


1 
E (J sup [|n(s,2)] deds) < 00. 


From Step 2 we deduce 
t 
®; = F(X) =R Fo(Xo) i i: [G.(Xs) + F!(X5)vs] ds 
0 


2 a [H,(X.) + F/(X)u.] 0 dW, 


+f [H.(X;) + F!(Xs)us] dW. 


Step 4: Finally, we have 
| An(s,x)dx = f H,(x)b,(X, — x)dx +f F(a), (Xs — ©)u,dz. 
R R R 


The integrals fg &n(s, £)dx converge as n tends to infinity in the norm of 
L!? to H,(X;,) + F!(Xs)us. Hence, the Skorohod integral 


f i ( ip an(s,2)dr) dW, (3.48) 
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converges in L?(Q) to 
t 
f [H.(X) + F!(Xs)us] dWy. 
0 
By Fubini’s theorem, (3.48) coincides with (3.47). Consequently, we get 


®, = J [H.(X;5) + F!(Xs)us] dWs, 
0 


which completes the proof. 


Exercises 
3.2.1 Consider the process u defined by 
y(t). 


Show that this process is Skorohod integrable but the process uljo 1) is 
not. 


3.2.2 Let u € L1?, and fix 0 < s < t < 1. Show that 


t 2 
e(( J waw,) Fear) 
t t t 
=x( f wart | | DyticDrtndrdel Fis) 


3.2.3 Consider the process u(t) = sign(W; — t)exp(W; — $),0 <t <1. 
Show that this process is Skorohod integrable on any interval, and 


u(t) = 1twa)>0} (10,41) = 1, 


1 
Z> 


t 
t 
| u,dW, = sign(W, — t) exp(W; — z) — sign W4. 
0 


Hint: Fix a smooth random variable G and compute E( h D,Gurdt) 
using Girsanov’s theorem. 


3.2.4 Let u € L?? be a process satisfying 


1 
sup [a Dou) f ID. Denar | < 00. 
s,tE[0,1] 0 


Assume in addition that Æ J |uz|?dt < co for some p > 4. Show that the 
Skorohod integral { fo usdW,,t € [0, 1]} possesses a continuous version. 


3.2.5 Let u € L?([0,1] x Q) be a stochastic process such that for any 
t € [0,1] the random variable u; belongs to the finite sum of chaos @A_gHn. 
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Show that the Skorohod integral { ip usdW,,t € [0,1]} possesses a contin- 
uous version. 

Hint: Use the fact that all the p norms are equivalent on a finite chaos 
and apply a deterministic change of time (see Imkeller [148]). 


3.2.6 Let u be a process in the space L?4 = L4([0, 1]; D>4). Using the 
Gaussian formula (A.1) and Proposition 3.2.1, prove the following inequal- 


ity: 
E y ([ Dewi) in) <CJE ([ [ Wonoytara”) 
+E y (f | DuDruaoar} ao) ! 


3.2.7 Consider a random field {u:(x),0 < t < 1,x € G}, where G is a 
bounded open subset of R”, such that u € L? (G x [0, 1] x Q). Suppose that 
for each z € R”, u(x) € Domô and E( fe |6(u(x))|?da) < oo. Show that 
the process { fo u:(x)dx,t € [0,1]} is Skorohod integrable and 


a( 1 wu (vd) = i: 5(u.(a))dzx. 


3.2.8 Let X = {X,t € [0,1]} and Y = {Y;,t € [0,1]} be continuous 
processes in the space Ine such that X is adapted and Y is backward 
adapted (that is, Y, is Fy -measurable for any t). Consider a C1 function 
® : R? — R. Show that the process {®(X;,Y;),t € [0, 1]} belongs to Liz? 
and that the sums 


n-1 


NO D(X (ti), Y (tins) (W (tis) — W (t:)) 


i=0 


converge in probability to the Skorohod integral ils P(X, Y;)dW; (see Par- 
doux and Protter [281}). 


3.2.9 Let f,g : R — R be bounded functions of bounded variation. Con- 
sider the stochastic process X(t) = f(W(t))g(W (1) — W(t)). Show that X 
is Skorohod integrable, and compute E(5(X)?). 


3.2.10 Suppose that W = {W(h),h € H = L?(T,B,)} is a centered 
isonormal Gaussian process on the complete probability space (Q, F, P). 
Assume F = o(W). Let G be a bounded domain of R™ with Lipschitz 
boundary, and let A € B, u(A) < oo. Let {u(x),x € G} be an Fac- 
measurable random field with continuously differentiable paths such that 


E (sup Vulat“) <œ and E (sup luto) <O. 
zEG zEG 
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Set h = 1,4 and let F € D!*. Show that 
(a) u(F) € D>? and D'(u(F)) = 3, O;uD" F’. 
(b) u(F’)1, belongs to the domain of ô and 


6(u(F)1,4) = u(F)W(A) — yy ð;u( F) D” F’. 


Hint: Approximate u(F) by convolution with an approximation of the 
identity. 
3.2.11 Let p € (2,4), and a = re Consider a process u = {uz,t € [0,1]} 
in LF N L°({0,1] x Q).Using the Itô’s formula for the Skorohod integral 
show the following estimate 


t p t 
J waw, < Cp(t — s)27! (=f Jjur|%dr+ 


t t 
+E J | (Drug)? drdð 
s 0 


t t t 
+E J | J: (Do Drug)? ardod) 
s 0 0 


3.2.12 Let u = {uz,t € [0, 1]} be a process in L” such that E (J jur|Pat) < 


E 


co for some p > 2. Show that the process X; = i usdW, has a continuous 
version whose trajectories are Holder continuous of order less that ae 


2,2 


3.2.13 Show that the process u”* defined in (3.27) belongs to Lia) 


3.3 Anticipating stochastic differential equations 


The anticipating stochastic calculus developed in Section 3.2 can be applied 
to the study of stochastic differential equations where the solutions are 
nonadapted processes. Such kind of equations appear, for instance, when 
the initial condition is not independent of the Wiener process, or when we 
impose a condition relating the values of the process at the initial and final 
times. In this section we discuss several simple examples of anticipating 
stochastic differential equations of Skorohod and Stratonovich types. 


3.3.1 Stochastic differential equations 
in the Sratonovich sense 
In this section we will present examples of stochastic differential equations 


formulated using the Stratonovich integral. These equations can be solved 
taking into account that this integral satisfies the usual differentiation rules. 
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(A) Stochastic differential equations with random initial condition 


Suppose that W = {W(t),t € [0, 1]} is a d-dimensional Brownian motion 
on the canonical probability space (Q, F, P). Let A; : R” > R™,0<i<d, 
be continuous functions. Consider the stochastic differential equation 


d t t 
Xı = Xo + ay Aj(X,) 0 dw: + | Ao(X,)ds, te [0,1], (3.49) 
i=1 79 0 


with an anticipating initial condition Xp € L°(Q;R™). The stochastic in- 
tegral is interpreted in the Stratonovich sense. There is a straightforward 
method to construct a solution to this equation, assuming that the co- 
efficients are smooth enough. The idea is to compose the stochastic flow 
associated with the coefficients with the random initial condition Xo. 

Suppose that the coefficients A;, 1 < i < d, are continuously differen- 
tiable with bounded derivatives. Define B = Ao + 5 Ypa SE, AFA, 
and suppose moreover that B is Lipschitz. 

Let {y,(x),¢ € [0,1]} denote the stochastic flow associated with the 
coefficients of Eq. (3.49), that is, the solution to the following stochastic 
differential equation with initial value x € R™: 


d t : t 
ele) = +D | Alelo dWi+ [daly 


d t f t 
= 24D | AleWi + f Bleeds. (830) 


We know (see, for instance Kunita [173]) that there exists a version of 
plx) such that (t,x) — p(x) is continuous, and we have 


E (pe) — pW) Cp,x(lt— 81? +e — yl?) 


for all s,t € [0,1], |z|,|y| < K, p > 2, K > 0. Then we can establish the 
following result. 


Theorem 3.3.1 Assume that A;, 1 < i < d, are of class C®, and Aj, 
1<i<d, and B have bounded partial derivatives of first order. Then for 
any random vector Xo, the process X = {y,(Xo),t € [0,1]} satisfies the 
anticipating stochastic differential equation (3.49). 


Proof: Under the assumptions of the theorem we know that for any 
x € R™ Eq. (3.50) has a unique solution y,(x). Set X = {y,(Xo),t € 
(0, 1]}. By a localization argument we can assume that the coefficients Aj, 
1 <i < d, and B have compact support. Then, it suffices to show that for 
any i= 1,...,d the process u;(t, x) = A;(y,(x)) satisfies the hypotheses of 
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Theorem 3.2.10. Condition (h1) is obvious and one easily check condition 
(h4) by means of It6’s formula. This completes the proof. 


The uniqueness of a solution for Eq. (3.49) is more involved. We will 
show that there is a unique solution in the class of processes Leek); 
assuming some additional regulatiry conditions on the initial condition Xo. 


Lemma 3.3.1 Suppose that Xo € Dy? (R™) for some p > q => 2, and 
assume that the coefficients A;, 1 < i < d, and B are of class C? with 
bounded partial derivatives of first order. Then, we claim that {p;(Xo),t € 
[0, 1]} belongs to L34 (R). 


Proof: Let (Q”", XQ) be a localizing sequence for Xo in D!?(R™). Set 


GEM = OPA {XG SkEN{ sup |~(z)| < M}. 
|x| <K,tE [0,1] 

On the set G™* the process y;(Xo) coincides with pM (X8 6,(X8)), 
where y is a smooth function such that 0 < 6, <1, B(x) = 1 if |x| < k, 
and 3,(x) = 0 if |x| > k+ 1, and vy} (x) is the stochastic flow associated 
with the coefficients G,,A:i, 1 < i < d, and BmB. Hence, we can assume 
that the coefficients A;, 1 < i < d, and B are bounded and have bounded 
derivatives up to the second order, Xo € D''?(R™), and Xo is bounded by 
k. The following estimates hold 


e( sup esol + Deea) < œ, (3.51) 
|z| <K,te[0,1] 
e( sup ver) < œ, (3.52) 
|x|<K,teE [0,1] 


for any r > 2. The estimates follow from our assumptions on the coefficients 
Ai, 1<i<d, and B, taking into account that 


m d 


Dilede)) = AeA | Alo laDi [ph(@)] aw 
k=1 l=1 “° 
T / 3, B(p,(2)D3 [pr (x)] dr, (3.53) 
k=1'"? 


for 1< j <dand0 < s< t< 1. Hence, from Lemma 3.2.3 we obtain that 
{y,(Xo),t € [0, 1]} belongs to L14(R™) and 


Ds (pi(X0)) = Vyi(Xo)Ds Xo + (Dy) (X0). 


Finally, from Eq. (3.53) for the derivative of y,(Xo) it is easy to check that 
{p,(Xo),t € [0, 1]} belongs to Ly“(R™), and 


(D(p(Xo)))2" = Ver(Xo)DiXo + (De) 7 (Xo). 
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Theorem 3.3.2 Assume that A;, 1 <i < d, and B are of class C*, with 
bounded partial derivatives of first order and Xo belongs to DEP (R”) for 
some p > 4. Then the process X = {p;(X0), t € [0,1] } is the unique solution 
to Eq. (3.49) in Ly oc (R™) which is continuous. 

Proof: By Lemma 3.3.1 we already know that X belongs to IB oe (R™). 
Let Y be another continuous solution in this space. Suppose that (Q”, X8) 
is a localizing aucie for Xo in Dz?(R™), and (Q"!,Y”) is a localizing 
sequence for Y in i> oo(R ™), Set 


QEM SQP NO AX] SkIO{ sup |y,(x)| < M} 
|a|<K,tE[0,1] 
N{ sup |Y; | < M}. 
te[0,1] 
The processes Y” 6 m (YP), (8m4i)(Y£), 0 < i < d, satisfy hypothesis (A1). 
On the set O*™ we have 


Y, = v+ [Ae )odWi+ [aoa t € [0,1]. 


Let us denote by y7 +(x) the inverse of the mapping x — y,(x). By the 
classical It6’s formula we can write 


oe = -5 fes CAG s )T A; (£) o dW} 


2 f (olez (e) Ao(@)ds 


We claim that the processes F, (x£) = y7 (x), Hi(x) = (p (ey! (x))) 1 Ai(2), 
and G(x) = (y4(y7!(x))) 7 1Ao(x) with values in the space of m x m ma- 
trices satisfy hypotheses (A2) to (A5). This follows from the properties of 
the stochastic flow assicated with the coefficients A;. 


Consequently, we can apply Theorem 3.2.11 and we obtain, on the set 
Qrk.M 


AM) = +D f (vst) YAY) oa 
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Notice that 
(ye) (2) = CACH COE 


Hence, we get y7 (Y) = Xo, that is, Y, = y,(Xo) which completes the 
proof of the uniqueness. 


In [272] Ocone and Pardoux consider equations with a random drift and 
with time-dependent coefficients. In such a case one has to remove the drift 
before composing with the random initial condition. The solution is given 
by X: = ~,(¥:), where {~,(x),t € [0,1]} denotes the flow associated with 
Eq. (3.49) with b = 0, i.e., 


d t l 
vila) =r +Y | Alda) o awi, 


and Y; solves the following ordinary differential equation parametrized by 
w: 
dY, = (Yt Ao) (Yı )dt, Yo = Xo, 


-1 
where (W; Ap)(x) = [di(x)] Ao(w(x)). 

Then, a formal calculation based on Theorem 3.2.5 shows that the process 
{w,(¥%),t > 0} solves Eq. (3.49). In fact, we have 


d 
XO Ailth (Vi) 0 dW} + (Ms) Vf dt 


i=l 


d[¥.(%)] 


d 
= > Aild,(¥:)) 0 dW) + Aol, (¥:))at. 


i=l 


(B) One-dimensional stochastic differential equations with random 
coefficients 


Consider the one-dimensional equation 


t 


t 
X= Xo+ f o(X,)0dW, +f b(X,)ds, (3.54) 
0 0 


where the coefficients o and b and initial condition Xo are random. 

Suppose that the coefficients and the intial condition are deterministic 
and assume that ø is of class C? with bounded first and second derivatives, 
and that b is Lipschtiz. Then, there is a unique solution X, to Eq. (3.54) 
giben by (see Doss [84] and Exercise 2.2.2) X; = u(W:, Y+), where u(x, y) 
is the solution of the ordinary differential equation 


o 
S- (es (Oy) =y, 
£ 
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and Y; is the solution to the ordinary differential equation 
t 
= Kee | f(W.,¥)ds, (3.55) 
0 


where f(x,y) = b(u(z, y)) exp(— hr (z, y)dz). 
The next result shows D in the a case, the process X; = u( Wi, Y;) 
solves Eq. (3.54). 


Theorem 3.3.3 Suppose that the coefficients and the intial condition of 
Eq. (3.54) are random and for each w € Q, o(w) is of class C? with bounded 
first and second derivatives, and that b(w) is Lipschtiz. Let X, = u(W:, Y;), 
where Y; is given by (3.55). Then, o(X+) is Stratonovich integrable on any 
interval [0,t] and (3.54) holds. 


Proof: Consider a partition m = {0 = to < tı < +- < tn = 1} of the 


interval [0,1]. Denote by WF the polygonal approximation of the Brownian 
motion defined in (3.5). Set X7 = u( Wf , Y+). This process satisfies 


t f t wr 
Xf = Xo +f o(XT)Wds+ | exp (/ oa. Ya) b(Xs)ds 
0 0 W, 


= Xo+ A7 +B7. 


The term A? can be written as 
t R t è 
AT = T [o(X7) — o(X,)] W sds +f o(X,)W.ds = Ay” + AP". 
0 0) 


Clearly A? = X7 —Xo— B7 converges in pee evi to X+—Xo— fo s)ds 
as |r| tends to zero. On the other hand, A?” can be expressed as TE 
sum that approximates the Stratonovich integral le a(X,) o dW,. As a 


consequence, it suffices to show that A} T converges in probability to zero 
as |r| tends to zero. We have 


a(XZ)—o0(X5) = ooa'(X,) (WI — Ws) 
+ 5 (o(0)? + 026”) (© (WE - Wa}, 


where € is a random intermediate point between WZ and W,. The last 
summand of the above expression does not contribute tot the limit of Af”. 
In order to handle the first summand we set Z, = oo' (Xs). To simplify we 
assume t = 1. Consider another partition of the interval [0,1] of the form 
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{s; = £0 <j <m}. We can write 


1 $ 
T Z, (WF —W,) Weds 
0 


Sj+1 : 
< Zs, | (WF — W,) W sds 


M1 psj4i 2 
+ > ü (Zs — Z.,) (WZ — Ws) W sds 


j=1 783 


For any fixed m the term C™” converges in probability to zero as |r] 
tends to zero. In fact, if the points s; and sj+ı belong to the partition 7, 
we have 


Sjt1 : 
J (Wr — W,)W ds 


Wasi -Wa fiH 
= y3 E Mapi i a f (W7 — W,) ds 
t 


tiga — ti : 
a:ty€ [85 ,8541) ý 


1 
RE 2ta — t) 


a:t;€[85,8541) 


tity 2 5 
f [ (Wess — We)” — (We - Wa, )?| ds 
t 


and this converges to zero. Finally, the term D™™ can be estimated as 
follows 


mal psj+i i 
|D=™] < sup |Z. —- Z| Be (Wz —W.)Ws] ds 
|t—s|< + jal 783 
m—-1 1 
< sup |Z,- Z| — 
jt-s|< 4 i 2 D 2(ti+1 — ti) 


J=0 itiE[sj,Sj+1) 


ti+ı 2 
x J [ (Wess a) = Wa)? ds. 
t 


As |r] tends to zero the right-hand side of the above inequality converges 
in probability to L, Hence, we obtain 


and this expression tends to zero in probability as m tends to infinity, due 
to the continuity of the process Zz. 
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3.8.2 Stochastic differential equations 
with boundary conditions 


Consider the following Stratonovich differential equation on the time inter- 
val [0,1], where instead of giving the value Xo, we impose a linear relation- 
ship between the values of Xo and X,: 


dX, = E Ai (Xi) 0 dW? + Ao(X, dt, 56) 


h(Xo, X1) = 0. 


We are interested in proving the existence and uniqueness of a solution 
for this type of equations. We will discuss two particular cases: 


(a) The case where the coefficients A;, 0 < i < d and the function h are 
affine (see Ocone and Pardoux [273]). 


(b) The one-dimensional cased (see Donati-Martin [80]). 


(A) Linear stochastic differential equations with boundary conditions 


Consider the following stochastic boundary value problem for t € (0, 1] 


Xp = Xo+ Why Sp AiXs odWit fF AoXsds, on 
HoXo + HX, =h. l 
We assume that A;, i = 0,...,d, Ho, and Hı are m x m deterministic 


matrices and h € R™. We will also assume that the mx2m matrix (Ho : Hı) 
has rank m. 


Concerning the boundary condition, two particular cases are interesting: 


Two-point boundary-value problem: Let l € N be such that 0 <1 < m. 


/ 


Ho „H = nA , where H is an l x m matrix 
0 Hi 


and Hy is an (m — l) x m matrix. Condition rank( Ho : Hı) = m implies 
ho 

hy J’ 
where ho € R! and hı € R™~!, then the boundary condition becomes 


Suppose that Hp = ( 


that Hô has rank J and that HY has rank m — l. If we write h = ( 


HiX )=ho, HiX =h. 


Periodic solution: Suppose Hp = —H, = I and h = 0. Then the bound- 
ary condition becomes 
Xo = Xi. 


With (3.57) we can associate an m x m adapted and continuous matrix- 
valued process ® solution of the Stratonovich stochastic differential equa- 
tion 
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d®, = E, Aid 0 dW} + BO,dt, (3.58) 


Go =I. 
Using the Itô formula for the Stratonovich integral, one can obtain an ex- 
plicit expression for the solution to Eq. (3.57). By a solution we mean a con- 
tinuous and adapted stochastic process X such that A;(X;) is Stratonovich 


integrable with respect to W* on any time interval [0, t] and such that (3.57) 
holds. 


Theorem 3.3.4 Suppose that the random matrix Ho + H,®, is a.s. in- 
vertible. Then there exists a solution to the stochastic differential equation 
(3.57) which is unique among those continuous processes whose compo- 
nents belong to the space Tee ine! 


Proof: Define 
Xz = O: Xo, (3.59) 


where Xo is given by 
Xo = [Ho + W191] h. (3.60) 


Then it follows from this expression that X* belongs to eas for all i = 
1,...,m, and due to the change-of-variables formula for the Stratonovich 
integral (Theorem 3.2.6), this process satisfies Eq. (3.57). 

In order to show the uniqueness, we proceed as follows. Let Y € 


Le toc (R™) be a solution to (3.57). Then we have 


d t t 
at=1-) | by 1A, oaw;— | ,! Aods. 
i=1 Y0 g 


By the change-of-variables formula for the Stratonovich integral (Theorem 
3.2.6) we see that 7 'Y,, namely, Y, = ®,Yo.Therefore, Y satisfies (3.59). 
But (3.60) follows from (3.59) and the boundary condition HoYo + Hı Yı = 
h. Consequently, Y satisfies (3.59) and (3.60), and it must be equal to X. 


Notice that, in general, the solution to (3.57) will not belong to eR). 
One can also treat non-homogeneous equations of the form 


Xi = Xo +5 fo AiX, odWi+ fo AoXsds + Vi, 
HoXo + Hı Xı =h, 


(3.61) 


where V; is a continuous semimartingale. In that case, 
1 t 
X, = ®; [Ho + Hið] þa- mo, f az" dV, +a f 7! o dV; 
0 0 
is a solution to Eq. (3.61). The uniqueness in the class L3ioc(R”) can be 
established provided the process V; also belongs to this space. 
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(B) One-dimensional stochastic differential equations with boundary 
conditions 


Consider the one-dimensional stochastic boundary value problem 


Xi = Xo + Jo o(Xs) 2 dW, + Jo b(Xs)ds, (3.62) 


ao Xo + a1 Xı = Q2, 


Applying the techniques of the anticipating stochastic calculus we can 
show the following result. 


Theorem 3.3.5 Suppose that the functions o and bı := b + too’ are of 
class C? with bounded derivatives and aga, > 0. Then there exists a solution 
to Eq. (3.62). Furthermore, if the functions o and bı are of class C* with 
bounded derivatives then the solution is unique in the class Leie 


Proof: Let p(x) be the stochastic flow associated with the coefficients o 
and bı. By Theoren 3.3.1 for any random variable Xo the process y,(Xo) 
satisfies 


t t 
Xt = Xo+ J a(X,)0dW, + i b(Xs)ds. 
0 0 


Hence, in order to show the existence of a solution it suffices to prove that 
there is a unique random variable Xo such that 


ag — aoXo 


~1(Xo) = (3.63) 


ai 
The mapping g(x) = y(x) is strictly increasing and this implies the exis- 
tence of a unique solution to Eq. (3.63). 

Taking into account Theorem 3.3.2 to show the uniqueness it suffices to 
check that the unique solution Xo to Eq. (3.63) belongs to DE? for some 
p > 4. By the results of Doss (see [84] and Exercise 2.2.2) one can represent 
the flow y,(x) as a Fréchet differentiable function of the Brownian motion 
W. Using this fact and the implicit function theorem one deduces that 
Xo € DK? for all p > 2. 


3.8.8 Stochastic differential equations in the Skorohod sense 


Let W = {W;,t € [0, 1]} be a one-dimensional Brownian motion defined on 
the canonical probability space (0, F, P). Consider the stochastic differen- 
tial equation 


t 


t 
X= Xo +f o(s, Xs)dW. +f b(s, Xs)ds, (3.64) 
0 0 


0 < t < 1, where Xo is F\-measurable and o and b are deterministic 
functions. First notice that the usual Picard iteration procedure cannot 
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be applied in that situation. In fact the estimation of the L?-norm of the 
Skorohod integral requires a bound for the derivative of X, and this deriv- 
ative can be estimated only in terms of the second derivative. So we are 
faced with a nonclosed procedure. In some sense, Eq. (3.64) is an infinite 
dimensional hyperbolic partial differential equation. In fact, this equation 
can be formally written as 


t t 
Xı = Xo+ f a(s,X.)odW, +5 f o'(s, Xs) [(DtX) + (D~X) ,] ds 
0 0 


t 
+f b(s, Xs)ds. 
0 


Nevertheless, if the diffusion coefficient is linear it is possible to show 
that there is a unique global solution using the techniques developed by 
Buckdahn in [48, 49], based on the classical Girsanov transformation. In 
order to illustrate this approcah let consider the following particular case: 


t 
X; =Xs+0 f X,dW,. (3.65) 
0 


When Xo is deterministic, the solution to this equation is the martingale 
Xi = Xoe We- 30t, 
If Xo = sign W4, then a solution to Eq. (3.65) is (see Exercise 3.2.3) 
X+ = sign (W, — ot) erWe- 2078, 


More generally, by Theorem 3.3.6 below, if Xo € L?(Q) for some p > 2, 
then 
2 
x Xo(Apje7* 27 t 
is a solution to Eq. (3.65), where A;(w), = ws — o(t A s). In terms of the 


Wick product (see [53]) one can write 


2 
Xi = Xo SerWe— 2° t 


Let us now turn to the case of a general linear diffusion coefficient and 
consider the equation 


t 


t 
Xt = Xo +f o,X.dW, +f b(s, Xs)ds, O<t<1, (3.66) 
0 0 


where ø € L?([0,1]), Xo is a random variable and b is a random function 
satisfying the following condition: 
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(H.1) 6: [0,1}x RxQ—R isa measurable function such that there 
exist an integrable function y, on [0,1], 7, > 0, a constant L > 0, anda 
set Nı E€ F of probability one, verifying 


1 
E EE E f wit < L, 
0 


bt 0w) < L, 


for all x,y € R, t € [0,1] and w€ N,. 
Let us introduce some notation. Consider the family of transformations 
Ti, Ap: QQ, t € [0,1], given by 


t^s 
Tilw)s = ws + J Cudu, 
0 


t^s 
At(w)s = ws — Í Cudu. 
0 


Note that T,A; = A:T; = Identity. Define 


t 1 t 
Et = exp (/ o,dW, — F aids) , 
0 2 Jo 


Then, by Girsanov’s theorem (see Proposition 4.1.2) F[F(Az)e.] = E[F] 
for any random variable F € L1(Q). For each x € R and w € 2 we denote 
by Z;(w,x) the solution of the integral equation 


Zi(w, 2) =x +f €,  (T,(w)) b(s, €s (Ti(w)) Z.(w, £), T;(w)) ds. (3.67) 


Notice that for s < t we have ¢,(T;) = exp(fo o,dW,, + 5 fo o2du) = 
€s(T'). Henceforth we will omit the dependence on w in order to simplify 
the notation. 


Theorem 3.3.6 Fiz an initial condition Xo € LP (Q) for some p > 2, and 
define 
Xi = Etli (Ai, Xo(4:)) . (3.68) 


Then the process X = {X;,0 < t < 1} satisfies 1jo4,0X E€ Domô for all 


t € [0,1], X € L?([0,1] x Q), and X is the unique solution of Eq. (3.66) 
verifying these conditions. 


Proof: 

Existence: Let us prove first that the process X given by (3.68) satisfies 
the desired conditions. By Gronwall’s lemma and using hypothesis (H.1), 
we have 


t 
[Xil < erett (xoa +5] es '(T.)ds) i 
0 
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which implies sup;ejo,1] E(|X+|1) < 00, for all 2 < q < p, as it follows easily 
from Girsanov’s theorem and Holder’s inequality. Indeed, we have 


t 
qE (e (iatan y i <5 "(T.)ds) ) 
0 


t 
cge”! fE (mor + Lgm) | <5 1(T2\as) } 
0 


C{E(\Xol*)# +1}. 


E(X) 


IA 


IA 


IA 


Now fix t € [0,1] and let us prove that 1o40 X E€ Dom6 and that (3.66) 
holds. Let G € S be asmooth random variable. Using (3.68) and Girsanov’s 
theorem, we obtain 


t 
E (| a.X,D.Gés) 
0 


II 


t 
E (/ OsEsZs (As, X0(As)) D.C) 
0 


Il 


E ([ EAS APNE) (T,)as) (3.69) 


Notice that 4G(T,) = os (D.G) (Ts). Therefore, integrating by parts in 
(3.69) and again applying Girsanov’s theorem yield 


$ d 
e( i Z(Xo) G(T.) as) = B[2y(Xo)G(T) - Zo(Xo)G 
=h e3! (T;)b (s, €s(Ts)Zs (Xo), Ts) G(T.) ds 


=E (€tZt (Ar, Xo(4:)) G) — E (Zo(Xo)G) 


- f BO e02. (Ay, Xo(As))) G) ds 
-E (X;G) — E (XG) — [ E(b(s,X.)G)ds. 
0 


Because the random variable X, — Xo — je b(s, X,)ds is square integrable, 
we deduce that 1)9,40X belongs to the domain of 6 and that (3.66) holds. 


Uniqueness: Let Y be a solution to Eq. (3.66) such that Y belongs to 
L?((0,1] x Q) and 19,30Y € Dom ô for all t € [0,1]. Fix t € [0,1] and let 
G be a smooth random variable. Multiplying both members of (3.66) by 
G(A,;) and taking expectations yield 


B(VG(A)) = E(%G(A,)) +2 ( | l Mls, YaJG(A1)ds) 


+E (f oY: D; (G(A0)) ds. (3.70) 
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Notice that 4G(A,) = —o(DsG)(As). Therefore, integrating by parts 
obtains 
B (VGA) = EMG) — | BY 0(D.G)(A.) ds 
+E U b(s, Ys) (A.)ds) -E (f f Mls, Yoa, (D:G)(A;)dsdr ) 
+e( f os wigan 
-E ([ x CN T l (3.71) 


If we apply Eq. (3.71) to the smooth random variable o,(D,G)(A,) for 
each fixed r € [0,t], the negative terms in the above expression cancel out 


with the term E Gs o5Y5 (DsG) (A,)ds) , and we obtain 
t 
BGA) = B (VC) +B {| Ws YGA); 
0 
By Girsanov’s theorem this implies 
t 
B (Te (T)G) = BG) +E ( | ble, YAT) Tez (T.G) ds. 
0 
Therefore, we have 
t 
Yi (Tiey ' (Tr) = Yo +f b (s, Ys (Ts), Te) & (T;)ds, (3.72) 
0 


and from (3.72) we get Y;(T,)e; (T) = Z:(Yo) a.s. That is, 


Y; = c1 Zi (Az, Yo(At)) = Xt 


a.s., which completes the proof of the uniqueness. 


When the diffusion coefficient is not linear one can show that there exists 
a solution up to a random time. 


Exercises 


3.3.1 Let f be a continuously differentiable function with bounded deriv- 
ative. Solve the linear Skorohod stochastic differential equation 


dX, = XıdW,, té€ (0,1 
Xo = fW). 
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3.3.2 Consider the stochastic boundary-value problem 


dX} = X?odWi, 
dX? = 0, 
Xò = 0, X =1. 


Find the unique solution of this system, and show that E(|X;|?2) = œœ for 
all ¢ € [0,1]. 


3.3.3 Find an explicit solution for the stochastic boundary-value problem 


dX; = (Xi +X?) odWf, 
dX? = X? od? 
XA+X2 = 1, X?=1. 


Notes and comments 


[3.1] The Skorohod integral is an extension of the Itô integral introduced 
in Section 1.3 as the adjoint of the derivative operator. In Section 3.1, 
following [249], we show that it can be obtained as the limit of two types 
of modified Riemann sums, including the conditional expectation operator 
or subtracting a complementary term that converges to the trace of the 
derivative. 

The forward stochastic integral, defined as 


1 
ô(u) +f D7 udt, 
0 


is also an extension of the It6 integral which has been studied by different 
authors. Berger and Mizel [30] introduced this integral in order to solve 
stochastic Volterra equations. In [14], Asch and Potthoff prove that it sat- 
isfies a change-of-variables formula analogous to that of the Ito calculus. 
An approach using a convolution of the Brownian path with a rectangular 
function can be found in Russo and Vallois [298]. In [176] Kuo and Russek 
study the anticipating stochastic integrals in the framework of the white 
noise calculus. 

The definition of the stochastic integral using an orthonormal basis of 
L?({0,1]) is due to Paley and Wiener in the case of deterministic integrands. 
For random integrands this analytic approach has been studied by Balkan 
[16], Ogawa [274, 275, 276], Kuo and Russek [176] and Rosinski [293], among 
others. 


[3.2] The stochastic calculus for the Skorohod and Stratonovich inte- 
grals was developed by Nualart and Pardoux [249]. In particular, the local 
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property introduced there has allowed us to extend the change-of-variables 
formula and to deal with processes that are only locally integrable or pos- 
sess locally integrable derivatives. Another extensive work on the stochastic 
calculus for the Skorohod integral in L? is Sekiguchi and Shiota [305]. 
Other versions of the change-of-variables formula for the Skorohod inte- 
gral can be found in Sevljakov [306], Hitsuda [136], and Üstünel [330]. 


[3.3] For a survey of this kind of applications, we refer the reader to 
Pardoux [278]. 

Stochastic differential equations in the Skorohod sense were first studied 
by Shiota [311] using Wiener chaos expansions. A different method was 
used by Ustiinel [331]. The approach described in Section 3.3, based on the 
Girsanov transformation, is due to Buckdahn and allows us to solve a wide 
class of quasilinear stochastic differential equations in the Skorohod sense 
with a constant or adapted diffusion coefficient. When the diffusion coeffi- 
cient is random, one can use the same ideas by applying the anticipating 
version of Girsanov’s theorem (see [50]). In [49] Buckdahn considers Skoro- 
hod stochastic differential equations of the form (3.64), where the diffusion 
coefficient ø is not necessarily linear. In this case the situation is much 
more complicated, and an existence theorem can be proved only in some 
random neighborhood of zero. 

Stochastic differential equations in the sense of Stratonovich have been 
studied by Ocone and Pardoux in [272]. In this paper they prove the ex- 
istence of a unique solution to Eq. (3.49) assuming that the coefficient 
Ao(s,x) is random. In [273] Ocone and Pardoux treat stochastic differen- 
tial equations of the Stratonovich type with boundary conditions of the 
form (3.56), assuming that the coefficients A; and the function h are affine, 
and they also investigate the Markov properties of the solution. 


4 


‘Transformations 
of the Wiener measure 


In this chapter we discuss different extensions of the classical Girsanov 
theorem to the case of a transformation of the Brownian motion induced 
by a nonadapted process. This generalized version of Girsanov’s theorem 
will be applied to study the Markov property of solutions to stochastic 
differential equations with boundary conditions. 


4.1 Anticipating Girsanov theorems 


In this section we will work in the context of an abstract Wiener space. 
That is, we will assume that the underlying probability space (Q, F, P) is 
such that Q is a separable Banach space, P is a Gaussian measure on Q with 
full support, and F is the completion of the Borel o-field of Q with respect 
to P. Moreover, there is a separable Hilbert space H that is continuously 
and densely embedded in Q, with injection i : H — Q, and such that 


| eY) P(dx) = exp(— = llull?) 
Q : 


for any y € Q* C H (here we identify H with its dual). 

The triple (Q, H, P) is called an abstract Wiener space. Note that each 
element y € Q* defines a Gaussian random variable. If we denote this 
variable by W (y), then the mapping y > W (y), from Q* into L? (Q), is 
continuous with respect to the norm of H, and it can be extended to H. In 
that way H is isometric to a Gaussian subspace in L?(Q) that generates F 
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and that is denoted by Hı (i.e., Hı is the first Wiener chaos). The image 
of H by the injection i is denoted by H! C Q. 

The classical Wiener space is a particular case of an abstract Wiener 
space if we take Q = Co((0,1]), H = L7([0,1)), i(h)(t) = ifs h(s)ds, and P 
is the Wiener measure. The space H! is here the Cameron-Martin space. 


Consider a measurable mapping u : Q — H, and define the transforma- 
tion T: Q > Q by 
T(w) =w+i(u(w)). (4.1) 
In the white noise case, H can be represented as H = L?(T,B, u), and H- 
valued random variables are stochastic processes parametrized by T. Along 
this chapter we will use this terminology. 
We want to discuss the following problems: 


(A) When is the image measure P o T~! absolutely continuous with re- 
spect to P ? 


(B) Find a new probability Q absolutely continuous with respect to P 
such that Qo T7! = P. 


Furthermore, we are also interested in finding expressions for the Radon- 


[PoT~+] 


Nikodym densities a qp ~ and 2 in terms of u. 


4.1.1 The adapted case 


Consider the case of the Wiener space, that is, Q = Co([0,1]). Then u = 


{uz,0 < t < 1} is a random process such that J u?dt < co a.s., and the 
associated transformation is given by 


T(w)t = w +f Uus(w)ds. (4.2) 


Suppose that the process u is adapted, and define 


t 1 t 
E, = exp (- [ ugdW, — F užds) , te[0,1]. (4.3) 
0 0 


The following two propositions provide a complete answer to questions (A) 
and (B). 


Proposition 4.1.1 The probability Po Tt} is absolutely continuous with 
respect to P. 


Proposition 4.1.2 (Girsanov theorem) There exists a probability Q ab- 
solutely continuous with respect to P such that Qo T! = P (that is, 
Wi + i usds has the law of a Brownian motion under Q) if and only if 
E(€,) = 1 and in this case a =E 
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Proof of Proposition 4.1.2: Suppose first that E(€,) = 1. Consider the 
increasing family of stopping times defined by 


t 
Tk = inf{t: r uŽds > k}. 
0 


By It6’s formula {€,,,,,¢ € [0,1]} is a positive continuous martingale. 
Hence {€,,¢ € [0,1]} is a continuous local martingale, and is a martingale 
because E(€,) = 1. 

Fix0<s<t<land Ae€éf,. Applying Itô’s formula yields 


-E (E C urdr)— ft urdWr— 4, war, ) Lag.) 
t y2 ; & 
= E(1af,) -f SB (te: wed) 46) du, 
Hence, 


A t 2 
p (OT oaae = E(1aéy)e7 Fo), 


and we obtain 
E(F(T)§,) = E(F) 
for any functional F : Q — C of the form 


=i 


F = exp | i XO Aj(W(tj41) — WG) | , 
j=0 


where A; € R and 0 = ty < tı < -++ < tm = 1. Therefore, the probability 
Q given by 42 = €, satisfies Qo T7! = P. 

Conversely, assume Q o T7! = P and $4 = ņ. For any integer k > 1 we 
define the transformation 


INT k 
Tklw)i = we +f usds. 
0 


In view of E(€,,) = 1 we can apply the arguments of the first part of the 
proof to the transformation Tk, deducing 


E(F(Tr)&,,) = E(F) 


for any nonnegative and bounded random variable F. If F is F,,-measura- 
ble, then F(T) = F(T). On the other hand, we know that 
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Hence, €,, = E(n|T~'(F;,)), and letting k tend to infinity obtains 
& =n. 
Proof of Proposition 4.1.1: Let B be a Borel subset of Q with P(B) = 0. 
Consider the stopping times T% and the transformations Tk introduced in 


the proof of Proposition 4.1.2. We know that P o Tg 1 and P are mutually 
absolutely continuous. Hence, 


PB) = PB) {Tr = 1}) + PCB) N {Tk < 1}) 
= P(T; (B)A {rk = 1}) + PIB) N {re < 1}) 


1 
p(n <= P] f udt> kh, 
0 


which converges to zero as k tends to infinity. This completes the proof. 


IA 


4.1.2 General results on absolute continuity 
of transformations 


In this subsection we will assume that (0,7, P) is an arbitrary complete 
probability space and T : Q —> Q is a measurable transformation. First we 
will see that questions (A) and (B) are equivalent if the measures P o T~! 
and P (or Q and P) are equivalent (i.e., they are mutually absolutely 
continuous). 


Lemma 4.1.1 The following statements are equivalent: 
(i) The probabilities Po T~! and P are equivalent. 
(ii) There exists a probability Q equivalent to P such that Q o T7! = P. 


Under the above assumptions, and setting X = sa a and Y = a we 


have E(Y | T) = XTP P a.s. If we assume, moreover, that {T71(A), A € 


F} =F a.s. (which is equivalent to the existence of a left inverse T; such 
that T7 oT = I a.s.), we have 


“ = (oH è a (4.4) 


Proof: Let us first show that (i) implies (ii). Set X = dlPoT 1 We know 
that P{X = 0} = 0 and P{X(T) = 0} = (PoT~!){X = 0} = 0. Define 


the measure Q by dQ = XT dP. Then for any B € F we have 


Q(T~!(B)) =f ow amen} L d[P o T~] = P(B). 


Clearly, P << Q because Ig #0. 
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Conversely, assume that (ii) holds. Then (i) follows from the implications 


P(B)=0 = Q(T (B))=0 <= P(T\(B))=0. 


In order to show the equality E(Y | T) = xD a.s., we write for any 


BEF 


Il 


l E(Y|T)dP | YdP = Q(T~'(B)) 
T-1(B) T-1(B) 


1 
= —— dP. 
Tag X(T) 
The last statement follows from E(Y | T) =Y. 


Remarks: If we only assume the absolute continuity Po T7! << P (or 
Q << P), the above equivalence is no longer true. We can only affirm that 
QoT-!=Pand P << Q imply Po Tt << P . The following examples 
illustrate this point. 


Examples: Let Q = Co((0,1]) and P be the Wiener measure. Consider 
the following two examples. 


(1) Suppose us = f(W1), where f : R —> R is a measurable function. The 
probability Po TT! is absolutely continuous with respect to P if and only if 
the distribution of the random variable Y + f(Y) is absolutely continuous, 
where Y has the law N(0,1) (see Exercise 4.1.1). If we take f(x) = 2”, 
then PoT~! << P, but it is not possible to find a probability Q on Q such 
that under Q the process {W; + tW?,t € [0, 1]} is a Brownian motion. 

(2) Let 

2W, 
Ut = Ape tos), 


where S = inf{t : W = 1 — t}. Since P(O < S < 1) = 1, we have 
2 

J u?dt = 4 fo edt < œ a.s. However, E(€,) < 1 (see Exercise 4.1.2), 

where €, is given by (4.3), and, from Proposition 4.1.2, it is not possible 


to find a probability Q absolutely continuous with respect to P such that 
under @ the process 


t SAt W. 
sds = 2 7 
wmf usds = W: + mye 


is a Brownian motion (see [200, p. 224]). 
In the following sections we will look for a random variable 7 such that 
E(mlr-1(p)) < P(B) (4.5) 


for all B € F. If n > 0 a.s., this implies that P o T7! << P. On the 
other hand, if the equality in (4.5) holds for all B € F (which is equivalent 
to imposing that E(7) = 1), then P is equivalent to P o Tt, and the 
probability Q given by 42 = ņ verifies Q o T7! = P. 
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4.1.3 Continuously differentiable variables 
in the direction of Ht 


Let (Q,H,P) be an abstract Wiener space. We will need the following 
notion of differentiability. 


Definition 4.1.1 We will say that a random variable F is (a.s.) H-conti- 
nuously differentiable if for (almost) all w € Q the mapping h > F(w + 
i(h)) is continuously differentiable in H. The set of a.s. H-continuously 
differentiable functions will be denoted by Ch. 


We will prove that CL C Dy, Bee In order to show this inclusion we have 


to introduce some preliminary tools. For any set A € F define 
pa(w) = inf{||hll ar : w+ ilh) € A}, 


where the infimum is taken to be infinite if the set is empty. Clearly, 
pa(w) = 0 if w € A, and py(w) < e€ if w belongs to the e-neighborhood 
of A constructed with the distance of H+. Also, p4(w) = œ if w ¢ A+ Ht. 
Other properties of this distance are the following: 


(i) ACB = palv) pglw); 

(ii) |oa(w + 2(h)) — pa(w)| < |All; 

(iii) An TA = paw) 1 pal); 
) 


(iv) If Gis o-compact and ¢ € C§°(R), then ¢(pg) belongs to D+”? for all 
p > 2 (with the convention (co) = 0), and |!D[¢(p@)]lli < lid lleo 


Proof of these properties: Properties (i) and (ii) are immediate conse- 
quences of the definition of p,. In order to show (iii) it suffices to see that 
infn pa, (w) < pa(w) for all w € Q. If w ¢ A+ H', this inequality is clear. 
Suppose w € A+ H+. By definition, for any € > 0 there exists h € H such 
that w + i(h) € A and |lAlla < p4(w) +. We can find an index no such 
that w+ i(h) € An for all n > no. Therefore, py (w) < p4(w) + € for all 
n > no, which implies the desired result. 

Let us prove (iv). Set G = U, Kn, where {K,,} is an increasing sequence 
of compact sets. By (iii) we have px, | pq, hence ¢(px,) > lpg). For 
each n, px, is a measurable function because it can be written as 


psd on (Kn + H')° 
PKI) din((w— Ky) H!,0) on K, +H, 


where dy is the metric of Ht and w —> (w — Kn) N H! is a measurable 
function from K,, +H! into the closed subsets of H+. Consequently, 6(p@) 
is a bounded and measurable function such that 


Id(pq(w + i(h))) — leal) < I1¢'llooll ll x, (4.6) 
and it suffices to apply Exercise 1.2.9 and Proposition 1.5.5. 
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Proposition 4.1.3 We have C1, c D}? 


loc’ 
Proof: Suppose that F € Cj. Define the following sequence of sets: 
A, = {w EQ: sup |F(w+i(h))| <n, 
lalla <4 


ka |DF(w +i(h))lla < n}. 


The fact that F is a.s. H-continuously differentiable implies that almost 
surely U72} An = Q. For each n we can find a o-compact set Gn C An 
such that P(Gn) = P(An). 

Let @ € CE (R) be a nonnegative function such that |¢(t)| < 1 and 
|¢’(t)| < 4 for all t, (t) = 1 for |t| < $, and ¢(t) = 0 for |t| > 2. Define 


< 3; 
Fa = 9(npa,,)F. 
We have 
(a) Fn = F on the set Gn. 
(b) Fn is bounded by n. Indeed, 


Fal S ipea Fl Sn, 


because pg, < Ż& implies that there exists h € H with w + i(h) € 
Ga E A, and Ay <2 <2. 


(c) For any k € H with ||k]|a < we have, using (4.6), 


[Faw + i(k) — Fx(w)| < 
ld(npa, (w + i(k) Fw + i(k) — olinpa, (w)) Fw + iE) 

+|6(npc, (w))Flw + i(k) — npa, (w)) Fl)! 

<Anllkllling <& or po, -un ces lF + ilk) 

+ Lipe, <a pF (wt ik) — F)| 


1 
<8 + Ly, cgile f IDF + 4(&)) ld 


< (8n? +n) [lll xz. 


So, by Exercise 1.2.9 we obtain F, € D!?, and the proof is complete. 


Lemma 4.1.2 Let F be a random variable in C}, such that E(F?) < co 
and E(||DF\|3;) < œ. Then F € D'?. 
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Proof: For any h € H and any smooth random variable G € S» we have 
E ((DF,h)#G) 
= lim E ((F(w + e(h)) — Fw) G) 
= lim LE (Faw — eilh) je W-Z — FG) 
= E (F (GW(h) — (DG, h) 1)) 


The result then follows from Lemma 1.3.1. 


For any h € H the random variable W(h) is a.s. H-continuously differ- 
entiable and D(W(h)) = h (see Exercise 4.1.3). 


4.1.4 Transformations induced by elementary processes 


Denote by {e;, i > 1} a complete orthonormal system in H. We will 
assume that e; € 2*; in that way W (e;) is a continuous linear functional 
on Q. Consider a smooth elementary process u € Sy (see Section 1.3.1) of 
the form 


N 
= XD y; (Wer)... Wlen))es, (4.7) 


j=l 


where y € C (R; RY). The transformation T : Q > Q induced by u is 


N 
Tw) =H t+ Do; (Wer),---, Wen) ile). 
j=l 
Define the random variable 
N La 
n(u) = | det(I + A)| exp -5 (u,e;}g W (e;)— 52 (tes) , (4.8) 
j=1 j=1 
where 
A= (Ww) 
and 
WwW) = (W(e1),...,W(en)). 
We claim that 7 can also be written as 
1 
n(u) = |deta(I + Du)| exp(—d(u) — z lulli) (4.9) 


where detə(I + Du) denotes the Carleman-Fredholm determinant of the 
square integrable kernel J + Du (see the appendix, section A4). In order 
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to deduce (4.9), let us first remark that for an elementary process u of the 
form (4.7) the Skorohod integral 6(u) can be evaluated as follows: 


II 


N N N 
An). 
ô(u) > p (W))W(e;) -X D FLW )(er, ej) H 


S 
Il 
un 

a. 
Il 
un 
© 
Il 
un 


I 
Mz 


(u,e)HW (ej) -TA. (4.10) 


&. 
Il 
m 


On the other hand, the derivative Du is equal to 


Du=5 >. Aijej Q €i, Aij = TAUI ), (4.11) 


j=1 i=1 
and the Carleman-Fredholm determinant of the kernel I + Du is 
det(I + A) exp(—T A), 


which completes the proof of (4.9). 


The following proposition contains the basic results on the problems (A) 
and (B) for the transformation T induced by u, when u € Sp. 


Proposition 4.1.4 Suppose that u is a smooth elementary process of the 
form (4.7). It holds that 


(i) If T is one to one, we have 
E[n(u)F(T)] < ELF] (4.12) 
for any positive and bounded random variable F. 


(ii) If deta(I + Du) 40 a.s. (which is equivalent to saying that the matriz 
I +(x) is invertible a.e.), then 


PoT™! <P. (4.13) 


(iii) If T is bijective, then 
Eln(w)F(L)| = E[F], (4.14) 
for any positive and bounded random variable F. 


Proof: Let us first remark that T is one to one (onto) if and only if the 
mapping y(x) = x +2(z) is one to one (onto) on R. We start by showing 
(i). It suffices to assume that the random variable F has the form 


F = f(W (e1),...,W (en), G) (4.15) 
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where G denotes the vector (W (en+1),-.., W (em)), M > N, and f belongs 
to the space C° (R™). The composition F(T) is given by 

F(T) = f(W (e1) + (u, e1)H,..., W (en) + (u, en) u, G). 


Note that (u,e;)H# = p (W )). Applying the change-of-variables formula 
and using the one to one character of p, we obtain 


N N 
ElnF(T)] = Ell det(7 + A)lexp | -$o (use;)aW(e;) = 5 Dusen) 
x f(W (e1) + (u, e1) H,---,; W (en) + (u, en) x, G)] 
he ‘ 
= Ef ldct (1+ W'(2))]exp| -5 xe +0, (2)) 


N 
1 -N 
= exp oe v? | Fn- -uN G) (2m)? dys + dyn 


N 
1 
<E] exp oo Fn- Yn, G@) (2m) F dy: -+ dyn 


= E(F). (4.16) 


This concludes the proof of (i). Property (ii) follows from the fact that p 
is locally one to one. Indeed, we can find a countable family of open sets 
Gn C RY such that their union is {det(I + Y’) 4 0} and ¢ is one to one 
on each Gn. This implies by (i) that 


Elnw)lwoeg, F(T] < ELF] 


for any nonnegative and bounded random variable F, which yields the 
desired absolute continuity. Finally, property (iii) is proved in the same 
way as (i). 


Remarks: Condition det2(J + Du) Æ 0 a.s. implies a positive answer to 
problem (A). On the other hand, the bijectivity of T allows us to deduce 
a Girsanov-type theorem. Notice that (4.12) implies (4.13) and (4.12), and 
the additional hypothesis E[n(u)] = 1 implies (4.14). 

In the next section we will extend these results to processes that are not 
necessarily elementary. 


4.1.5 Anticipating Girsanov theorems 


Let us first consider the case of a process whose derivative is strictly less 
than one in the norm of H ® H. We need the following approximation 
result. 
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Lemma 4.1.3 Let u € L!? be such that ||Dullwan < 1 a.s. Then there 
exists a sequence of smooth elementary processes Un € Sy such that a.s. 
Un > u, W(Un) > nlu), and ||Dun|laan <1 for alln. 


Proof: It suffices to find a sequence un such that un converges to u in the 
norm of L!?, and ||Dun||aH < 1. In fact, the almost sure convergence 
of un and 7(u,) is then deduced by choosing a suitable subsequence (note 
that Du and (u) are continuous functions of u with respect to the norm 
of L1?, and 7(u) is a continuous function of u, Du, and 6(u)). Moreover, 
to get the strict inequality ||Dul|y@H < 1, we replace un by (1 — +)un. 

The desired sequence un is obtained as follows. Fix a complete orthonor- 
mal system {e;,2 > 1} C Q* in H, and denote by Fn the o-field generated 
by W\™ = (W(e1),...,W(en)). Define 


n 


Pau = X E[(u, es) z|Falei- 


i=1 
Then P,,u converges to u in the norm of L!?, and 
|D[P.ullaan < ||E[DulFailaen < 1. 


By Exercise 1.2.8 we know that E[(u, ei) 7|Fn] = fi(W'™), where the func- 
tion f; belongs to the Sobolev space W1? (R”, N(0, In)). 

Replacing f; by Uy o fi, where Yy € C§°(R) is a function equal to x if 
|x| < N and |Y (x)| < 1, we can assume that f; and its partial derivatives 
are bounded. Finally, it suffices to smooth f; by means of the convolution 
with an approximation of the identity. In fact, we have 


n n n 


dE (He * Fi) (@)? SSF lee (GF) Me) < SO OF) <1 


ISL i=l j=l 


a.e., which allows us to complete the proof. 


The following result is due to Buckdahn and Enchev (cf. [48] and [91]). 
See also Theorem 6.1 in Kusuoka’s paper [178]. 


Proposition 4.1.5 Suppose that u € L!? and ||Dullyeay < 1 a.s. Then 
the transformation T(w) = w + i(u) verifies (4.12), and P o T7! << P. 


Proof: Let un be the sequence provided by Lemma 4.1.3. The transfor- 
mation T associated with each process un is one to one, because y,, is a 
contraction (we assume ||Dun|| HaHa < 1— +). Then, by (4.12), for each n 
we have 


Eln(tn)F (In)| < ELF, 


for any nonnegative, continuous, and bounded function F. By Fatou’s lem- 
ma this inequality holds for the limit process u, and (4.12) is true. Finally, 
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the absolute continuity follows from the fact that ņn(u) > 0 a.s. because 
||Dullaan <las. 


If in Proposition 4.1.5 we assume in addition that E[n(u)] = 1, then 
(4.14) holds. A sufficient condition for E[n(u)] = 1 has been given by 
Buckdahn in [48] (see also Exercise 4.1.4). 


In order to remove the hypothesis that the derivative is strictly bounded 
by one, we will show that if u is H-continuously differentiable then the 
corresponding transformation can be locally approximated by the compo- 
sition of a linear transformation and a transformation induced by a process 
whose derivative is less than one. The H differentiability property seems to 
be fundamental in order to obtain this decomposition. The following two 
lemmas will be useful in completing the localization procedure. 


Lemma 4.1.4 Suppose that there exists a sequence of measurable sets By, 
and an element u € Is such that U,B, = a.s., and 


Eln(u)1p, F(L)] < ELF] (4.17) 


for any n > 1, and for any nonnegative, measurable and bounded function 
F. Then 


(i) if deto(I + Du) 40 a.s., we have Po T7! << P; 
(ii) if there exists a left inverse T, such that Ti o T = Id a.s., then 
E[n(u)F(T)] < ELF] 
for any nonnegative, measurable, and bounded function F. 
Proof: Part (i) is obvious. In order to show (ii) we can assume that the 


sets B„ are pairwise disjoint. We can write B, = T~1(T,'(B,)), and we 
have 


Eln(u)F(T)] = > Eln(u)1e, FT] < Y Ellr, FT) < ELF. 


We will denote by C4 (H) the class of a.s. H-continuously differentiable 
processes (or H-valued random variables). 


Lemma 4.1.5 Let u, € C},(H), u2,u3 E€ L'?, and denote by Ti, T2, and 
T3 the corresponding transformations. Suppose that 


(i) Pols << P; 
(ii) T3 = Tı o To (or ug = Ug + u1 (T2)). 


Then we have 
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(b) (us) = n(u1)(T2)n(u2). 


Remarks: We recall that the composition (Du1)(Du2) verifies 


(Dui) (Duz) = 5 De, (ur, ei) u )De;((u2, €k) H)ei 8 ej. 
i j,k=1 


Proof of Lemma 4.1.5: From Lemma 4.1.2 we deduce 
Dug = Duz + (Duy)(T2) + (Duy) (T2)(Duz), 


which implies (a). In order to prove (b) we use the following property of 
the Carleman-Fredholm determinant: 


det2[(I + Kı)\(I + Kə)] = deta (I + Ky )deto(T + Ko) exp(—T(K1K9)). 
Hence, 


n(us) = detz (I + (Dui)(T2)) detə(I + Duz) 
x exp(—T[(Du1)(T2)(Duz))) 


x exp |—ô(u2) — 6(u1(T2)) — TA 
- ia Tl — (ea, et ()) | 


Finally, we use the property 


d(ui(T2)) = d(f(W(h) + (h, u2)a)g) 
= f(W(h) + (h, u2))W(g) — f'(W(h) + (h, u2)a)((h, 9) 
—(Duz,h ® g) x) 
= 06(u1)(T2) — (ui(T2), v2) — T|(Du1)(T2)(Du2)], 


which allows us to complete the proof. 


We are now able to show the following result. 


Proposition 4.1.6 Let u € C} (H), and assume that det2(I + Du) £ 0 
(which is equivalent to saying that I + Du is invertible a.s.). Then there 
exists a sequence of measurable subsets Gn C Q such that UnGn = Q a.s., 
and three sequences of processes Un 1, Un,2, and un 3 such that 


(a) Una = Un is deterministic; 


(b) un 2 belongs to L? and |Dun oll Hou <c <1; 
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(c) Un, is a smooth elementary process given by a linear map w,, such 
that det(I + Yn) # 0; 


(d) T = Tn 1 ° Tn2°Tng on Gn, where T and Tni (i = 1,2,3) are the 
transformations associated with the processes u and un i, respectively. 
In other words, u = Un + Un,2(Tn,3) + Un,3, on Gr. 


Proof: Let {e;,i > 1} C Q* be a complete orthonormal system in H. 
Fix a countable and dense subset Hp of H. Consider the set K C H & H 
formed by the kernels of the form 


K = 5 Aijei Q €j, 
ij=l 
where n > 1, Ai; E€ Q, and det(I + A) # 0. The set K is dense in the set 
{K € H@H: deto([+K) F 0}, and for any K € K the operator [+ K has 
a bounded inverse. We will denote by K the smooth elementary process 
associated with K, namely, 


K = 5 Aig W (e;)ei. 


ij=l 


So, we have De, K = K(e;), i > 1. Fix a positive number 0 < a < §, where 
0< c< 1 isa fixed number. Set 


(K) = |U + K)" lzi, m 


Consider the set of triples v = (K, v, n), with n > 1, K € K, and v € Ho, 
such that (K) < 34. This countable set will be denoted by Z. For each 
v € T we define the following set: 


C, = fu EQ: sup ||Dulw+ilh))- Kllnon < ay(K), 
llla <4 


luto) - Kw) -vlr < TWA 
Then the union of the sets C, when v € TZ is the whole space Q a.s., because 
detə(I + Du) # 0 and u is a.s. H-continuously differentiable. We can find 
a-compact sets Gy C C, such that P(G,) = P(C_). The sets G, constitute 
the family we are looking for, and we are going to check that these sets 
satisfy properties (a) through (d) for a suitable sequence of processes. 

Let ¢ € CE (R) be a nonnegative function such that |d(t)| < 1 and 


|o'(t)| < 4 for all t, O(t) = 1 for |t| < 4, and ¢(t) = 0 for |t| > 3. Define 


uvi = v, 
U3 = K, 
wy = ọ[npa,(T73)] [u(T73)-— uv, (T73) — v]. 


4.1 Anticipating Girsanov theorems 239 


Clearly, these u, ı and uy,3 satisfy conditions (a) and (c), respectively. Then 
it suffices to check properties (b) and (d). The process w,,2 is the product of 
two factors: The first one is a random variable that is bounded and belongs 
to D! for all p > 2, due to property (iv) of the function p. The second 
factor is H-continuously differentiable. 

Let us now show that the derivative of u,2 is bounded by c < 1 in the 
norm of H & H. Define 


Uy = U,2(Tv,3) = O(npg, lu- K — v]. (4.18) 


Then up 2 = vel). and we have 


Dulen = ||Z+ KT DAT nen 
WK) (Dv)(T73)lHeH: 


So it suffices to check that ||Dv,|| anu < cy(K). We have 


IA 


|Duvllwon < 1p, <1} (|\Du— Klunen 


+4n||u — uy,3 — vl] a). 


Suppose that pg, (w) < 4. Then there exists an element h € H such that 
w+ i(h) € G, and ||h||q7 < 4+. Consequently, from the definition of the set 
C, we obtain for this element w 


(Duw) — Kllaex < ay(K), 


and 
lulo) — ere) — oll < ulo i) ~ uv alw + i) = olla 
Huw + i(h)) — ule) = (K, Alla 
< AE yp h (DW + tih) ~ Kh) adn 
a 


Hence, we have || Dv, || H87 < 9ay(K). Also this argument implies that u, 2 
is bounded. As a consequence (see Exercise 4.1.5), uy.2 belongs to L!?. 

Finally, we will check property (d). Notice first that w € G, implies 
Pg, (w) = 0. Therefore, from (4.18) we obtain 


u(w) = v + Uy 2(Ty,3(w)) + ur, 3w). 


Using the above proposition we can prove the following absolute conti- 
nuity result. 
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Theorem 4.1.1 Let u be a process that is a.s. H-continuously differen- 
tiable. Suppose that I + Du is invertible a.s. (or deto(I + Du) # 0 a.s.). 
Denote by T the transformation defined by T(w) = w + i(u(w)). Then 
PoT™ << P. 


Proof: Consider the decomposition T = Tn,1 0° Tn,20°Tn,3 and the sequence 
of sets Gn introduced in Proposition 4.1.6. The transformations Tni, i = 
1,2,3, verify (4.12). For i = 1,3 this follows from part (i) of Proposition 
4.1.4, and for i = 2 it follows from Proposition 4.1.5. From Lemma 4.1.5 
and using the local property of n(u), we have 


n(u) = n(v)(Tn,2 o Tn,3)N(Un,2)(Tn,3)N(Un,3) on Gp. 


Consequently, for any nonnegative and bounded random variable F we 
obtain 


Ella, F(T)n(u)] = 
E (le, F (Tn, © Tn,2 © Tn,3)n(v)(Tn,2 © Tn,z)(Un,2) (TIn,3)(Un,3)] 
< E [F (Tn, © Tn,2)n(v)(Tn,2)1(uUn,2) 
< E[F(Tn,1)n(v)| < ELF], 


and the result follows from Lemma 4.1.4. 


The main result of this section is the following version of Girsanov’s 
theorem due to Kusuoka ([178], Theorem 6.4). 


Theorem 4.1.2 Let u be a process that is H-continuously differentiable, 
and denote by T the transformation defined by T (w) = w+i(u(w)). Suppose 
that 


(i) T is bijective; 
(ii) I + Du is invertible a.s. (or deta(I + Du) £0 a.s.). 


Then there exists a probability Q equivalent to P, such that Qo T7! = P, 
given by 
dQ 1 3 
— = |deto(I + Du)|exp(—d(u) — = |lul|z). (4.19) 
dP 2 
Proof: From Theorem 4.1.1 we know that Eq. (4.17) of Lemma 4.1.4 
holds with the sequence of sets Gn given by Proposition 4.1.6. Then part 
(ii) of Lemma 4.1.4 yields 
Eln(u)F(T)] < ELF, (4.20) 
for any nonnegative and bounded random variable F. It is not difficult to 
see, using the implicit function theorem, that the inverse transformation 
T-t is also associated with an a.s. H-continuously differentiable process. 
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Let us denote this process by v. From Lemma 4.1.5 applied to the compo- 
sition I = T~! o T, we get 1 = n(v)(T)n(u). Therefore, Po T << P, and 
applying (4.20) to T~! we get 


E(F) = Eln(v)nu)(2)F] < Efn) F(T), 


so the equality in (4.20) holds and the proof is complete. 


Exercises 


4.1.1 Show that the law of the continuous process W;+tf(W1) is absolutely 
continuous with respect to the Wiener measure on Co((0, 1]) if and only if 
Y + f(Y) has a density when Y has N(0,1) law. If f is locally Lipschitz, 
a sufficient condition for this is f'(x) 4 —1 a.e. 


4.1.2 Using Itô’s formula, show that 


S W, S we 
E 2 t dt) |< e7! 
Gal | a=" I =e e 


where S = inf{t: W? =1-t}. 


4.1.3 Show that for any h € H the random variable W(h) is as. H 
continuously differentiable and D(W(h)) = h. 


4.1.4 Let u € LI? be a process satisfying the following properties: 


(i) || Du |lngn<c <1; 
(ii) E (exe(4 if udt) ) < co for some q > 1. 


Show that E(7) = 1 (see Enchev [91]). 


4.1.5 Let F € C}, and G € D!” for all p > 1. Assume that E(F?G?) < œœ 
and 
E(\|DF |G? + ||DG||7,F’) < œ. 


Show that FG belongs to D1. 


4.2 Markov random fields 


We start by introducing the notion of conditional independence. 


Definition 4.2.1 Let Fı, F2, and Fz be three sub-c-algebras in a proba- 
bility space (Q, F, P). We will say that Fı and F> are conditionally inde- 
pendent given Fs if 


P(A A2|F3) = P(A1|F3)P(Aa|Fs) 
for all Ay E€ Fy and Ag € Fy. In this case we will write Fill Fr. 
3 
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The conditional independence ALLFA is equivalent to the property 
3 


P(A,|F3) = P(A1|F2 V Fs) 


for all Ay € Fı. We refer to Rozanov [296] for a detailed analysis of this 
notion and its main properties. 

The conditional independence allows us to introduce several definitions of 
Markov’s property. Let {X (t), t € [0, 1]} be a continuous stochastic process. 


(a) We will say that X is a Markov process if for all t € [0,1] we have 


o{X,,r € (0,4) Hh of Xr € [t, lj}. 


(b) We will say that X is a Markov random field if for lO <s<t<1 
we have 


o{X,,r€ (sd) gh Aor € [0,1] — (s, t)}. 


Property (a) is stronger than (b) (see Exercise 4.2.3). The converse is 
not true (see Exercise 4.2.4). 

In the next section we will apply Theorem 4.1.2 to study the Markov 
field property of solutions to stochastic differential equations with boundary 
conditions. 


4.2.1 Markov field property for stochastic differential 
equations with boundary conditions 


Let {W;,t € [0,1] } be a standard Brownian motion defined on the canonical 
probability space (Q, F, P). Consider the stochastic differential equation 


l Xi = Xo — fo f(Xs)ds + W: (4.21) 


Xo = g(Xı — Xo), 


where f,g : R — R are two continuous functions. 

Observe that the periodic condition Xp = X, is not included in this 
formulation. In order to handle this and other interesting cases, one should 
consider more general boundary conditions of the form 


Xo = gle X, are Xo), 


with A € R. The periodic case would correspond to À Æ 0 and g(x) = 
(e~*—1)~12. In order to simplify the exposition we will assume henceforth 
that A = 0. 
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When f = 0, the solution of (4.21) is 
= W; + 9(Wi). (4.22) 


Denote by © the set of continuous functions «x : [0,1] — R such that x = 
g(a1 — zo). The mapping w — Y (w) is a bijection from Q into ©. Consider 
the process Y = {Y;,t € [0,1]} given by (4.22). Define the transformation 
T : Q —> Q by 


= w +f f(Ys(w))ds. (4.23) 


Lemma 4.2.1 The transformation T is a bijection of Q if and only if Eq. 
(4.21) has a unique solution for each w € Q; in this case this solution is 
given by X = Y (T~! (w)). 


Proof: If T(n) = w, then the function X, = Y;(7) solves Eq. (4.21) for 
W, = w. Indeed: 


t t 
Xi=Xo+m= Xo+ | F(Va(n))ds = Xo+ W- | f(Xs)ds 
0 0 


Conversely, given a solution X to Eq. (4.21), we have T(Y~1(X)) = W. 
Indeed, if we set Y~'(X) = n, then 


Tn = nt f £00 n))ds =, + pe 


= Mm +Wi:-— X+ Xo = 


There are sufficient conditions for T to be a bijection (see Exercise 
4.2.10). Henceforth we will impose the following assumptions: 


(H.1) There exists a unique solution to Eq. (4.21) for each w € Q. 
(H.2) f and g are of class C+. 


Now we turn to the discussion of the Markov field property. First notice 
that the process Y is a Markov random field (see Exercise 4.2.3). Suppose 
that Q is a probability on Q such that P = QoT~!. Then {T(w):,0 <t < 1} 
will be a Wiener process under Q, and, consequently, the law of the process 
X under the probability P coincides with the law of Y under Q. In this way 
we will translate the problem of the Markov property of X into the problem 
of the Markov property of the process Y under a new probability Q. This 
problem can be handled, provided Q is absolutely continuous with respect 
to the Wiener measure P and we can compute an explicit expression for its 
Radon-Nikodym derivative. To do this we will make use of Theorem 4.1.2, 
applied to the process 

= fY). (4.24) 
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Notice that T is bijective by assumption (H.1) and that u is H-continuously 
differentiable by (H.2). Moreover, 


Dsus = f'(%)[9'(Wi) + Tys<a]- (4.25) 


The the Carleman-Fredholm determinant of kernel (4.25) is computed in 
the next lemma. 


Lemma 4.2.2 Set a; = f’(Y;). Then 
det(I + Du) = (1 +9'(W,) (1 — e7 fo a e79 (Wi) fo ardt, 


Proof: From (A.12) applied to the kernel Du, we obtain 


S In 
detə(I + Du) = 1 r 4.26 
a+ Du) = 14 9 (4.26) 
where 
[0,1]” 


= n! f det (1y;4;;D2; ut; )dti sae dtn 
{t1 <t2 <- <tn} 


n 


= Ga a(oat) det Bn, 


and the matrix B, is given by 


O  g'(Wı)+1 g'(Wı)+1 ©- g'(Wı)+1 

g (Wi) 0 g(Wi)+1 eo WAI 

B= | (MW) g/(W1) 0 oe  g'(W1)+1 
g (Wi)  g'(wW) JW) > 0 


Simple computations show that for all n > 1 
det Bn = (—1)"9'(W1)"(9'(W1) + 1) + (-1)"**9"(Wi)(g'(Wi) +1)”. 


Hence, 


== 1 
dets(I + Du) =14+ 05 (/ a(t) 
Az n: 0 
x [(—1)"9'(Wi)"(9' (W1) + 1) + (1) ttg (W1)(g' (W1) T 1)"] 
= (g' (W1) +4 Le 9 (W1) fo ardt g' (Wy )e7 (9 Wa) +0 fee Gilt 
= (1 + g' (W1) (1 er Se oe) e79 (W1) So ordt. 


n 
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Therefore, the following condition implies that detz(I + Du) 40 a.s.: 
(H.3) 1+4'(y) (1 — et (e900) Æ 0, for almost all x,y in R. 


Suppose that the functions f and g satisfy conditions (H.1) through 
(H.3). Then the process u given by (4.24) satisfies the conditions of Theo- 
rem 4.1.2, and we obtain 


y=% = f+ aon) [1 - exn(- f rona) (4.27) 


<exp(-9'0m) | roa - f taw, 


-5 n saar) i 


We will denote by ® the term 


= 1+g' (W1) h -ep(- [ rea) , 


and let L be the exponential factor in (4.27). Using the relationship between 
the Skorohod and Stratonovich integrals, we can write 


f | Aaw, = T " AY) o dW; — ; f "(Yat — g'(W1) i t pat 


Consequently, the term L can be written as 


=) 1 1 1 , a 1 1 ; 
p= exp(- f f(Vi)odW + 3 | Fda- 5 f IY) ar) . (4.28) 
In this form we get 
n(u) = |®|L. 


The main result about the Markov field property of the process X is the 
following: 


Theorem 4.2.1 Suppose that the functions f and g are of class C? and 
f! has linear growth. Suppose furthermore that the equation 


Xi = Xo — fi f(X,)ds+W, 
{ Xo = G(X a) ee) 


has a unique solution for each W € Q and that (H.3) holds. Then the 
process X verifies the Markov field property if and only if one of the fol- 
lowing conditions holds: 


(a) f(x) =ax +b, for some constants a,b € R, 
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(6) g =0, 
(c) g =-1. 


Remarks: 


1. If condition (b) or (c) is satisfied, we have an initial or final fixed value. 
In this case, assuming only that f is Lipschitz, it is well known that there 
is a unique solution that is a Markov proces (not only a Markov random 
field). 


2. Suppose that (a) holds, and assume that the implicit equation x = 
g((e~* — 1)a + y) has a unique continuous solution x = y(y). Then Eq. 
(4.29) admits a unique solution that is a Markov random field (see Exercise 
4.2.6). 


Proof: Taking into account the above remarks, it suffices to show that if 
X is a Markov random field then one of the above conditions is satisfied. 
Let Q be the probability measure on Co({0, 1]) given by (4.27). The law of 
the process X under P is the same as the law of Y under Q. Therefore, Y 
is a Markov field under Q. 
For any t € (0,1), we define the o-algebras 
Fi = o $ Yu, 0<u< t} = o{ Wau, 0<u< t,g(Wi)}, 
Fe =0{Yu, t<u<1, Yy=0o{Wu,t<u<1}, and 
FÈ = o{Yo, Yi} = {Wis 9(Wi)}. 
The random variable L defined in (4.28) can be written as L = LiLé, 
where 


r (- f FY.) odW, +t f reJ- I f(.)%ds) 
and 
1 1 1 
Ly = exp -J f (Ys) ° dW; + F f'(Ys)ds — F s(.))2ds) . 


Notice that Lt is F/-measurable and LẸ is Ff-measurable. For any nonneg- 
ative random variable €, F}-measurable, we define (see Exercise 4.2.11) 
E(Enu) | Ff) _ EEISILI | FA) 


Ne = EED) = penta) | FR) BUSIEE | FE) 


The denominator in the above expression is finite a.s. because 7(u) is inte- 
grable with respect to P. The fact that Y is a Markov field under Q implies 
that the o-fields Ff and Ff are conditionally independent given F}. As a 
consequence, ^g is F}-measurable. Choosing € = (Li)~! and € = y(Li)~", 
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where x is a nonnegative, bounded, and F/-measurable random variable, 
we obtain that 


BF) EIF 
E(|®|L; | FE) E(|®|L; | FE) 
are F?-measurable. Consequently, 
o — EOIS | F$) 
X ESI FA) 


is also F}-measurable. 

The next step will be to translate this measurability property into an 
analytical condition using Lemma 1.3.3. First notice that if x is a smooth 
random variable that is bounded and has a bounded derivative, then Gy 
belongs to Di’? because f’ has linear growth. Applying Lemma 1.3.3 to the 


loc 


random variable G% and to the o-field o{W;, Wi} yields 
d 
—D,[G,] =0 
ds IG] 

a.e. on [0, 1]. Notice that -D.x = 0 a.e. on |t, 1], because x is F/-measurable 

(again by Lemma 1.3.3). Therefore, for almost all s € [¢, 1], we get 


d e e e d e 
z [x$ Dal | Fe| Etal Fe) = Ebda ee [oare]. 


The above equality holds true if x is Ff-measurable. So, by a monotone 
class argument, it holds for any bounded and nonnegative random variable 
x, and we get that 

ld z9 (Wi) Zf" (W; + g(W1)) 


—— D,ð = 
ð ds 1+ 9/(Wi)(1- Z) 


is Ff-measurable for almost all s € [t,1] (actually for all s € [t,1] by 
continuity), where 


Jaa (- ji F(W, + u(MVi))ar) , 


Suppose now that condition (a) does not hold, that is, there exists a point 
y € R such that f”(y) 4 0. By continuity we have f”(x) Æ 0 for all x in 
some interval (y — €, y + €). Given t < s < 1, define 


As = {f" (Ws + g(W1)) € (y — ey + €)}. 
Then P(A,) > 0, and 


i J (W)Z 
AST + g(Wi) — Z) 
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is Ff-measurable. Again applying Lemma 1.3.3, we obtain that 


d g(Wi)Z 


D, = 
a lage) | 


for almost all r € [0,¢] and w € As. This implies 
g (Wi)(1 + g'(W1)) f"(W, + g(W1)) = 0 
a.e. on [0,t] x As. Now, if 
B=A,N{f"(W, + 9(Wi)) € (y -6y + 6)}, 
we have that P(B) #0 and 
g (Wi) + g'(W1)) = 0, 
a.s. on B. Then if (b) and (c) do not hold, we can find an interval I such 


that if Wı € I then g'(W1)(1 + g'/(W1)) 4 0. The set BN {W, € I} has 
nonzero probability, and this implies a contradiction. 


Consider the stochastic differential equation (4.21) in dimension d > 1. 
One can ask under which conditions the solution is a Markov random field. 
This problem is more difficult, and a complete solution is not available. First 
we want to remark that, unlike in the one-dimensional case, the solution 
can be a Markov process even though f is nonlinear. In fact, suppose that 
the boundary conditions are of the form 


ae = Qk; 1<k<l, 
X = by; 1<k<d-l, 


where {i1,... 0} U {j1,...,Ja—-ı} is a partition of {1,...,d}. Assume in 
addition that f is triangular, that means, f*(x) is a function of x!,...,a* 
for all k. In this case, if for each k, fF satisfies a Lipschitz and linear 
growth condition on the variable x”, one can show that there exists a unique 
solution of the equation dX; + f(X;) = dW; with the above boundary 
conditions, and the solution is a Markov process. The Markov field property 
for triangular functions f and triangular boundary conditions has been 
studied by Ferrante [97]. Other results in the general case obtained by a 
change of probability argument are the following: 


(1) In dimension one, and assuming a linear boundary condition of the 
type FoXo+FıXı = ho, Donati-Martin (cf. [80]) has obtained the existence 
and uniqueness of a solution for the equation 


aX, = a(X;) O dW; + b( Xz) 
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when the coefficients b and o are of class C4 with bounded derivatives, 
and FoF, # 0. On the other hand, if ø is linear (o(x) = ax), ho # 0, and 
assuming that b is of class C?, then one can show that the solution X is a 
Markov random field only if the drift is of the form b(x) = Ax + Bz log |x|, 
where |B| < 1. See also [5] for a discussion of this example using the 
approach developed in Section 4.2.3. 


(2) In the d-dimensional case one can show the following result, which 
is similar to Theorem 2.1 (cf. Ferrante and Nualart [98]): 


Theorem 4.2.2 Suppose f is infinitely differentiable, g is of class C?, and 
det(I—(1)g'(Wi)+9'(W1)) £ 0 a.s., where (t) is the solution of the linear 
equation de(t) = f’(Y:)d(t)dt, ¢(0) = I. We also assume that the equation 


{ Xi = Xo — fo f(X.)ds + W; 
Xo = g(Xı — Xo) 


has a unique solution for each W € Co([0, 1]; R2), and that the following 
condition holds: 


(H.4) span (ða in f(E); im E {1,...,d},m > 1) = R**4, 
for all x € RÊ. 


Then we have that g'(x) is zero or —Ig, that is, the boundary condition 
is of the form Xo =a or X, =b. 


(3) It is also possible to have a dichotomy similar to the one-dimensional 
case in higher dimensions (see Exercise 4.2.12). 


4.2.2 Markov field property for solutions 
to stochastic partial differential equations 


In this section we will review some results on the germ Markov field (GMF) 
property for solutions to stochastic partial differential equations driven by a 
white noise which have been obtained by means of the technique of change 
of probability. 

Let D be a bounded domain in R? with smooth boundary, and consider 
a continuous stochastic process X = {X,,z € D}. We will say that X is 
a germ Markov field (GMF) if for any € > 0 and any open subset A C 
D, the o-fields o{ X,,z € A} and o{X,z,z € D — A‘} are conditionally 
independent given the o-field o{ X,,z € (OA).}, where (OA), denotes the 
e-neighborhood of the boundary of A. 

We will first discuss in some detail the case of an elliptic stochastic partial 
differential equation with additive white noise. 
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(A) Elliptic stochastic partial differential equations 

Let D be a bounded domain in R* with smooth boundary, and assume 
k = 1,2,3. Let AF denote the Lebesgue measure on D, and set H = 
L?(D, B(D), A"). Consider an isonormal Gaussian process W = {W (h), h € 
H} associated with H. That is, if we set W(A) = W(14), then W = 
{W(A), A € B(D)} is a zero-mean Gaussian process with covariance 


E(W(A)W(B)) = A*(AN B). 
We want to study the equation 


{ —AU (x) + f(U(z)) = W (£), x€ D, 


Ula 0. (4.30) 


Let us first introduce the notion of the solution to (4.30) in the sense of 
distributions. 


Definition 4.2.2 We will say that a continuous process U = {U (x), £ € 
D} that vanishes in the boundary of D is a solution to (4.30) if 


-(U,Ap)n + (FU) e)a = f ola) W (de) 


for all p E€ C®(D) with compact support. 


We will denote by G(x, y) the Green function associated with the Laplace 
operator A with Dirichlet boundary conditions on D. That is, for any 
y € L?(D), the elliptic linear equation 


—Ay(z) = (£), xe D, 
{ nea (4.31) 


possesses a unique solution in the Sobolev space Hj(D), which can be 
written as 


we) = | Gte.nelwa 


We recall that Hj(D) denotes the completion of C° (D) for the Sobolev 
norm ||- ||1,2. We will use the notation Y = Gy. We recall that G is a 
symmetric function such that G(«,-) is harmonic on D — {x}. 

One can easily show (see [54]) that U is a solution to the elliptic equation 
(4.30) if and only if it satisfies the integral equation 


ua) + | Geid = | Gewa). (4.32) 


Note that the right-hand side of (4.32) is a well-defined stochastic integral 
because the Green function is square integrable. More precisely, we have 


sup f G? (x, y)dy < œ. (4.33) 
xEDYD 
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In dimension k > 3 this property is no longer true, and for this reason the 
analysis stops at dimension three. 
We will denote by Uo the solution of (4.30) for f = 0, that is, 


Uo(e) = J G(æ,y)W (dy). (4.34) 


Using Kolmogorov’s criterion one can show (see Exercise 4.2.13) that the 
process {Uo(x),x € D} has Lipschitz paths if k = 1, Hölder continuous 
paths of order 1 — € if k = 2, and Holder continuous paths of order 3 —eif 
k = 3, for any e > 0. 

The following result was established by Buckdahn and Pardoux in [54]. 


Theorem 4.2.3 Let D be a bounded domain of RE, k = 1,2,3, with a 
smooth boundary. Let f be a continuous and nondecreasing function. Then 
Eq. (4.82) possesses a unique continuous solution. 


A basic ingredient in the proof of this theorem is the following inequality: 

Lemma 4.2.3 There exists a constant a > 0 such that for any y € L?(D), 

(Ge, p)n > allel. (4.35) 

Proof: Set x = Gy. Then w solves Eq. (4.31). Multiplying this equation 
by ~@ and integrating by parts, we obtain 


OW 
Ox; 


k 


>D 


i=l 


2 


= (p, Y)H- 


H 


From Poincaré’s inequality (cf. [120, p. 157]) there exists a constant a > 0 
such that for any w € H4(D), 


2 


OPN > alll. 
AH 


The result follows. 


We are going to reformulate the above existence and uniqueness theorem 
in an alternative way. Consider the Banach space 


B = {w € C(D),w lap= 0}, 


equipped with the supremum norm, and the transformation T : B — B 
given by 


T(w)(x) = w(x) + i G(x, y) f(w(y))dy. (4.36) 
Note that {U (x), x € D} is a solution to (4.32) if and only if 
T(U(z)) = Uo(2). 


Then Theorem 4.2.3 is a consequence of the following result. 
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Lemma 4.2.4 Let f be a continuous and nondecreasing function. Then 
the transformation T given by (4.86) is bijective. 


Proof: Let us first show that T is one to one. Let u,v € B such that 
T(u) = T(v). Then 

u—v+Gl[f(u) — f(v)] = 0. (4.37) 
Multiplying this equation by f(u) — f(v), we obtain 


(u—v, f(u) — f(v))a + (GIF) — fœ), Fu) — fe) a = 0. 
Using the fact that f is nondecreasing, and Lemma 4.2.3, it follows that 


allG[f(u) — fN < 0. 


By (4.37) this is equivalent to a||u—v||?, < 0, so u = v and T is one to one. 

In order to show that T is onto, we will assume that f is bounded. The 
general case would be obtained by a truncation argument. Let v € B, 
and let {vn, n € N} be a sequence of functions in C*(D), with compact 
support in D, such that ||v — vn ||oœ tends to zero as n tends to infinity. Set 
hn = —Avrp. It follows from Lions ({199], Theorem 2.1, p. 171) that the 
elliptic partial differential equation 


{ —Aun + flun) = hn 
Un lap= 0 


admits a unique solution u,, € H4(D). Then, 
Un + G[f(un)] = Ghn = Un, (4.38) 


that is, T(Un) = Un. We now prove that un is a Cauchy sequence in L?(D). 
Multiplying the equation 


Un — Um + G[f(un) = f(um)| = Un — Um 


by f(un) — f(um), and using Lemma 4.2.3 and the monotonicity property 
of f, we get 


al|G[f(un) — Full < (Un — Vm, f (Un) — f(um)) H, 


which implies, using the above equation, 


a||Un g Um || < (Un =~ Um, f (Un) flum) H 2a(Un Um)) H- 


Since {v,} is a Cauchy sequence in L?(D) and f is bounded, {up} is a 
Cauchy sequence in L?(D). Define u = limun. Then f(un) converges to 
f(u) in L?(D). Taking the limit in (4.38), we obtain 


u + Glf(u)] = v. 
Thus u € B (f is bounded) and T (u) = v. 
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Let us now discuss the germ Markov field property of the process U(x). 
First we will show that the Gaussian process U(x) verifies the germ Markov 
field property. To do this we shall use a criterion expressed in terms of the 
reproducing kernel Hilbert space (RKHS) H associated to Up. Let Hı C 
L?(Q) be the Gaussian space (i.e., the first chaos) generated by W. An 
element v € B belongs to the RKHS H iff there exists a random variable 
X € Hı such that 

ve) = E[XUo(2)], 


for all x € D, i.e., iff there exists ¢ € L?(D) such that v = G¢. In other 
words, H = {v € B : Ave L?(D)}, and (v1, vaju = (Avi, Ave) x. 
We now have the following result (see Pitt [285] and Kiinsch [177]). 


Proposition 4.2.1 A continuous Gaussian field U = {U(ax),x € D} pos- 
sesses the germ Markov field property iff its RKHS H C B is local in the 
sense that it satisfies the following two properties: 


(i) Whenever u, v in H have disjoint supports, (u,v) = 0. 


(ii) Ifv € H is of the form v = vı + vo with v1, v2 E€ B with disjoint 
supports, then v1, v2 E€ H. 


The RKHS associated to the process Up verifies conditions (i) and (ii), 
and this implies the germ Markov field property of Up. Concerning the 
process U, one can prove the following result. 


Theorem 4.2.4 Assume that f is a C? function such that f! > 0 and f' 
has linear growth. Then the solution {U(x),x € D} of the elliptic equation 
(4.30) has the germ Markov property if and only if f” = 0. 


This theorem has been proved by Donati-Martin and Nualart in [82]. In 
dimension one, Eq. (4.30) is a second-order stochastic differential equation 
studied by Nualart and Pardoux in [251]. In that case the germ o-field 
corresponding to the boundary points {s,t} is generated by the variables 
{X,, Xs, Xı, X+}, and the theorem holds even if the function f depends 
on X; and X; (assuming in that case more regularity on f). The main 
difference between one and several parameters is that in dimension one, 
one can explicitly compute the Carleman-Fredholm determinant of Du. 
Similar to the work done in [81] and [82] we will give a proof for the case 
k=2ork=3. 


Proof of Theorem 4.2.4: The proof follows the same lines as the proof of 
Theorem 2.1. We will indicate the main steps of the argument. 


Step 1: We will work on the abstract Wiener space (B, H, u), where p is 
the law of Up, and the continuous injection 7: H — B is defined as follows: 


IW) = | Gleh: 
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From Lemma 4.2.3 we deduce that i is one to one, and from Eq. (4.33) 
we see that i is continuous. The image i(H) is densely included in B. We 
identify H and H*, and in this way B* can be viewed as a dense subset of 
H, the inclusion map being given by 


a —> J G(y,-)a(dy) = G*a. 
D 


Finally, for any a € B* we have 
[el ula) = E lewt f Uo(a)a(ae)) 
= E lexwt I i G(e.y)aWya(ae)) 


" ao- a ( ie Gte.slds)) a) 


1 * 
= exp(-5lIG"al). 


which implies that (B, H, u) is an abstract Wiener space. Note that i(H) 
coincides with the RKHS H introduced before, and that Up(x) = w(x) is 
now the canonical process in the space (B, B(B), p). 

We are interested in the germ Markov field property of the process 
U(x) = T~+(Up) (a). Let v be the probability on B defined by u = voT™!. 
That is, v is the law of U. 


Step 2: Let us show that the transformation T verifies the hypotheses 
of Theorem 4.1.2. We already know from Lemma 4.2.4 that T is bijective. 
Notice that we can write 


Tw) =wti(f(w)), 
so we have to show that: 


(i) the mapping w — i(f(w)) from B to H is H-continuously differen- 
tiable; 


(ii) the mapping Iy + Du(w) : H > H is invertible for all w € B, where 
Du(w) is the Hilbert-Schmidt operator given by the kernel 


Du(w)(x,y) = f'(w(#))G(a,y). 


Property (i) is obvious and to prove (ii), from the Fredholm alternative, 
it suffices to check that —1 is not an eigenvalue of Du(w). Let h € H be an 
element such that 


h(a) + Fole) a G(x, y)h(y)dy = 0. 
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Multiplying this equality by pista and integrating over D, we obtain 


h? (x) — 


From Lemma 4.2.3, (h, Gh) g > a||Ghl|?,, thus ||Gh]|g = 0 and h = 0. 
Therefore, by Theorem 4.1.2 we obtain 


E = |deta(I + Du)|exp(~ô(u) — 3llullĉr). (4.39) 
Set L = exp(—ô(u) — 3]|ull). 


Step 3: For a fixed domain A with smooth boundary I and such that 
A C D, we denote 


F’ = o{Uo(x),x € A}, F° = o{Uo(x), x € D — A}, 
and 
F° = Nesoo{Uo(x), x € (OA) }. 


Consider the factorization L = L'L*®, where 


F 1 
L’ = exp (ura) = TD 


and 
3 1 
L = exp( -&(u1p-a) ~ Slt pal) 


We claim that J’ is Ft-measurable and J° is F°-measurable. This follows 
from the fact that the Skorohod integrals 


§(ul4) = T f(Uo(2))W (dz) 


and 


A 


Su pa)= f _ sWole) (az) 


are F'-measurable and F°-measurable, respectively (see [81]). 


Step 4: From Step 3 it follows that if f” = 0, the Radon-Nikodym density 
given by (4.39) can be expressed as the product of two factors, one being 
F'-measurable, and the second one being F°-measurable. This factorization 
implies the germ Markov field property of X under wp. 


Step 5: Suppose conversely that U possesses the germ Markov property 
under u. By the same arguments as in the proof of Theorem 2.1 we can 
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show that for any nonnegative random variable € that is F‘-measurable, 
the quotient 
g, _ EE |F] 
AE 

E[® | F°] 
is F°-measurable, where ® = det2(I + f'(Uo(£))G(x,y)). Observe that 
® > 0 because the eigenvalues of the kernel f’(Uo(x))G(a, y)) are positive. 


Step 6: The next step will be to translate the above measurability prop- 
erty into an analytical condition. Fix € > 0 such that AT = A-T. and 
At = (D—A)-TI- are nonempty sets. We have that Gg is o{Uo(x), x € Te}+ 
measurable. If we assume that € is a smooth random variable, then G¢ is 
in DÈ?, and by Lemma 1.3.3 we obtain that 


loc? 
DG: € (G(a,-),2 € Te) x. 


This implies that for any function ¢ € C° (D —T«) we have (¢, ADG¢) g = 
0 a.s. Suppose that ¢ € C(A). In that case we have in addition that 
(¢, ADE) g = 0, because € is F*-measurable. Consequently, for such a func- 
tion @ we get 


E [E(ġ, AD®) H | F°] EJS | F°] = E [E8 | F°] EKG, ADO) | F°]. 


The above equality holds true for any bounded and nonnegative random 
variable €, therefore, we obtain that 


1 
3 (6, AD®) y (4.40) 
is ¥©-measurable. 


Step 7: The derivative of the random variable ® can be computed using 
the expression for the derivative of the Carleman-Fredholm determinant. 
We have 


D,® = OT (((I + f’(Uo(2))G(2,y))* — NDF (Uo(x))G(a, y)]) - 
So, from (4.40) we get that 
T (+ f'(Uo(2))G(a, y))* — I) ($, AD.[f’ (Uo(x))G(a, y)]) z) 
is F°-measurable. Note that 
D.|f'(Uo(2))G(x,y)] = f” (Uo(x))G(@, z)G(x, y) 


and 
(Ag, G(x,:)) H = ¢. 
Thus, we have that 


T (+ F Uol) Gle, y)? — (ola) S" Uo(2))G(«, y))) 
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is F°-measurable, and we conclude that for any x € AÑ, 
Fle) f K(u.2)G(e.s)dy 


is F°-measurable, where K(x, y) = ((I + Du)~' — I)(x, y). Suppose now 
that there exists a point b € R such that f” (b) 4 0. Then f” will be nonzero 
in some interval J. Set 


A= {w€ B: f"(Uolx)) € J}. 


The set A has nonzero probability, it belongs to F°, and 


1a | K(y.2)G(e. way 


is F°-measurable. Applying again Lemma 1.3.3 and using the same argu- 
ments as above, we obtain that on the set A 


(GU + Du)~*[f" (Uo(x1))v(a1)G (a1, £2)(T + Du)™+) (x, x) = 0 
for any function Y € C (A7). So we get 
Lepr wo(eye I} Lepr (Uol) EU + Du)! (x, 21)G(U + Du) (21,2) =0 


for all x,xı such that x € Af and xı € Az. Notice that the operator 
G(I + Du)™t} has a singularity in the diagonal of the same type as G. So 
from the above equality we get 


lfr (Uo(a) es} = 9, 


which is not possible. 


(B) Parabolic stochastic partial differential equations 


Consider the following equation studied in Section 2.4.2: 


du _ Fe = F(u(t,2)) + SE, (t,x) € [0,T] x (0, 1], 
u(t,0) =u(t,1)=0, O0<t<T. 

We will impose two different types of boundary conditions: 

(B.1) u(0,x) = uo(z), 

(B.2) u(0,7)=u(l,z), 0<zr<1. 


In case (B.1) we are given a initial condition ug € C([0,1]) such that 
uo(0) = uo(1) = 0, and in case (B.2) we impose a periodic boundary 
condition in time. Under some hypotheses on the function f there exists a 
unique continuous solution of the corresponding integral equation: 
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For (B.1) a sufficient condition is that f is Lipschitz (see Theorem 2.4.3). 


For (B.2) (see [253]) we require that there exists a constant 0 < c < 2 
such that 


(2 = YF) = fy) < e(z- y)? 
for all y,z E€ R. 


From the point of view of the Markov property of the solution, the be- 
havior of these equations is completely different. In case (B.1) the GMF 
property always holds. On the other hand, assuming that f(z) is of class 
C? and that the boundary condition (B.2) holds, then the solution u has 
the GMF property if and only if f” = 0. These results have been proved 
under more general assumptions on the function f in [253]. 


4.2.8 Conditional independence and factorization properties 


In this section we prove a general characterization of the conditional inde- 
pendence and apply it to give an alternative proof of Theorem 4.2.1. More 
precisely, we discuss the following general problem: Consider two indepen- 
dent sub-o-fields F1, F> of a probability space, and let X and Y be two 
random variables determined by a system of the form 


{ X = gi(Y,w) 
Y = go(X,w) 


where g;(y,-) is F;-measurable (i = 1,2). Under what conditions on gı and 
gg are Fı and Fz conditionally independent given X and Y? We will see 
that this problem arises in a natural way when treating stochastic equations 
with boundary conditions. 

Let (Q, F, P) be a complete probability space and let Fı and F> be two 
independent sub-o-fields of F. Consider two functions g1, g2 : R x Q — R 
such that gi is B(R) ® F;-measurable, for i = 1,2, and that they verify the 
following conditions for some €9 > 0: 


H1 For every x € R and y € R the random variables gi(y,-) and g2(z,-) 


possess absolutely continuous laws and the function 


1 
d(z,y) = sup = P{|z—-gily)| < e, ly — g2(x)| < €} 
O0<e<eq E 


is locally integrable in R?. 


H2 For almost all w € Q and for any |&| < £o, |n| < €o the system 


r—gily,w) =€ 
{ y — 92(x,w) =n oe 


has a unique solution (x, y) € R?. 
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H3 For almost all w € Q the functions y —> gi(y) and x — go(x) are 
continuously differentiable and there exists a nonnegative random 
variable H such that E(H) < oo and 


—1 
sup |l—gily)go(x)| < H as. 


ly—g2(x)|<£0 
|~—gi(y)|<eo 


Hypothesis H2 implies the existence of two random variables X and Y 
determined by the system 


{ X(w) 


= 91 
Y(w) = go(X(w),w). (4.42) 


Theorem 4.2.5 Let gı and g2 be two functions satisfying hypotheses H1 
through H3. Then the following statements are equivalent: 


(i) Fy and Fz are conditionally independent given the random variables 
X,Y. 


(ii) There exist two functions F; : R? x Q — R, i = 1,2, which are 
B(R?) S Fi -measurable for i = 1,2, such that 


I1 -g1 (Y)g(X) |= F(X, Y)FA(X,Y) a.s. 
Proof: Let Gı and G2 be two bounded nonnegative random variables 
such that G; is F;-measurable for i = 1,2. Suppose that f : R? — R is 
a nonnegative continuous and bounded function. For any x € R we will 


denote by fi(z,-) the density of the law of g;(x), for i = 1,2. For each 
€ > 0, define y*(z) = £ li-e] (2). Set 


I(x, y) = |1- gilu) | - 
We will first show the equality 
E(GiG2d(X,Y)f(X,Y)] (4.43) 


= a E [Gi |gi(y) = x] fily, £)E [G2 |ga(x) = y] fo(z, y) f(a, y)daxdy. 


Actually, we will see that both members arise when we compute the limit 
of 


S. E[GiGoy* (x — gı (y) (y — 92(2))] f(x, y)dzdy (4.44) 


as € tends to zero in two different ways. 


For any w € Q we introduce the mapping ©®,, : R? — R? defined by 


©,,(z, y) = (x = gı(y,w), y = g2(x,w)) = (2, Y). 
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Notice that ®,,(X(w), Y (w)) = (0,0). Denote by De, (w) the set 
De, (w) = {(x,y) E R? : |e — gi(y,w)]| < €0, |y — ga(x,w)| < eo}. 


Hypotheses H2 and H3 imply that for almost all w the mapping ®,, is 
a C!-diffeomorphism from De (w) onto (—£0, €0)?. Therefore, making the 
change of variable (z, 4) = ®,,(x, y), we obtain for any € < £ọ 


L p(x — gi(y))p (y — g2(x)) f (x, y)dady 
= f EEFDE EAO @.D)aeay 


By continuity this converges to J(X,Y)f(X,Y) as £ tends to zero. The 
convergence of the expectations follows by the dominated convergence the- 
orem, because from hypothesis H3 we have 


Saige i -1 
J(®,"(2,9)) < sup 1 — gi (y) < HE L*(Q) 
ly—g2(x,w)|<eo 
|~—gi(y,w)|<eo 


if |z| < £0, and iyl < €0. 

Consequently, (4.44) converges to the left-hand side of (4.43) as € tends 
to zero. Let us now turn to the proof that the limit of (4.44) equals the 
right-hand side of (4.43). We can write 


[GiGoy* (x — gı (y)) p" (y — 92(x))] 
= E [Giy (x — gily))| E [Gee (y — g2(x))] 


= f yp (x — a)E[G, |gi(y) = a] fi(ya)da ) 


x ( [ Fu- AE Glo) = 9) fale, 8)48) | 


We are going to take the limit of both factors as € tends to zero. For the 
first one, the Lebesgue differentiation theorem tell us that for any y € R 
there exists a set NY of zero Lebesgue measure such that for all x ¢ NY, 


tim i y(x- a)E [G1 |g (y) = a] fily, a)da = E [G1 |g1 (y) = x] fily, £). 


In the same way, for the second integral, for each fixed x € R, there will be 
a set N” of zero Lebesgue measure such that for all y ¢ N”, 


lim | 9*(y — B)E [G2 |g2(x) = 8] f2 (x, B)dB = E [G2 |go(x) = y] f2(x, y). 


el0 JR 
We conclude that, except on the set 


N ={(x,y): xE N” or ye N*} 


4.2 Markov random fields 261 


we will have the convergence 


i [G1G2 Y° (x — gı(y)) p" (y — 92(x))] 
= E [G1 |g (y) = 2] fi (y, 2) E [Ge |go(x) = y] fo(z, y). 


Thus, this convergence holds almost everywhere. The preceding equal- 
ity provides the pointwise convergence of the integrands appearing in ex- 
pression (4.44). The corresponding convergence of the integral is derived 
through the dominated convergence theorem, using hypothesis H1. 

Consequently, (4.43) holds for any continuous and bounded function f, 
and this equality easily extends to any measurable and bounded function 
f. Taking f = 1g, where B is a set of zero Lebesgue measure, and putting 
Gı = G = 1, we deduce from (4.43) that P{(X,Y) € B} = 0 because 
J(X,Y) > 0 a.s. As a consequence, the law of (X,Y) is absolutely contin- 
uous with a density given by 


falx, y) foly, 2) 
E[I(X, Y) |X =z, Y = y] 


fxy(z,y) = 


Therefore, (4.43) implies that 
E[G{G2d(X,Y)|X =2,Y = y] fxy(z,y) 
= EG. lay) = 2] fy, 2) E [G2 |g2(x) = y] falz, y), (4.45) 


almost surely with respect to the law of (X,Y). Putting G2 = 1, we obtain 


E[G\J(X,Y) |X =2,Y = y] fxy (x,y) (4.46) 
= E [Gi |g (y) = x] fily, x) f2(x,y), 


and with G; = 1 we get 
E [G2](X, Y) |X = z, Y = y] fxy(z,y) (4.47) 
= F [Ga |g2(£) = y] fily, £) f2(x, y). 
Substituting (4.46) and (4.47) into (4.45) yields 


E[G\G2J(X,Y)|X =2,Y =y]E[J(X,Y)|X=2,Y=y] (4.48) 
= E[G,J(X,Y)|X =2,Y = y] E [G2J(X,Y) |X =2,Y = y]. 


Conditioning first by the bigger o-fields o(X, Y) V Fı and o(X, Y) V Fə in 
the right-hand side of (4.48), we obtain 


E [GiG2J(X,Y)|XY] E[J(X,Y)|XY] (4.49) 
= E[GE[J(X,Y) |X, Y, Fı]|X,Y ] 
xE [GE [J(X, Y) |X, Y, F2] |X,Y ]. 
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Suppose first that Fill Fa. This allows us to write Eq. (4.49) as follows: 
E(GiGoJ(X,Y)E[J(X,Y)|X,Y]|xX,Y] 
= E(GiG2E [J(X,Y)|X,Y,Fi] E[J(X,Y)|X,Y, Fe] |x, VY]. 
Taking the expectation of both members of the above equality, we obtain 


E[J(X,Y)|X,Y] 
B[I(X,Y)|X,¥, Fi] E [J(X, Y) |X, Y, Fa] 


IXY; 42 


This implies the desired factorization because any random variable that is 
o(X,Y) V Fi-measurable (i = 1,2) can be written as F(X (w), Y (w), w) for 
some B(R?) & F;-measurable function F : R? x Q > R. 

Conversely, suppose that (ii) holds. Then we have from (4.49) 


E [GiG |X, Y] = E [Gi1G2F (X,Y) F(X,Y) J(X,Y)|X,Y] 


_ E[GR(X,Y)J(X,Y)|X,Y] E |[G2F(X,Y) J(X,Y)|X,Y] 
E[J(X,Y)|X,Y] f 


Writing this equality for G; = 1, G2 = 1, and for Gy = G2 = 1, we conclude 
that 


E [GiG |X, Y] = E [G1 |X, Y] E [G2 |X,Y]. 


Remarks: Some ofthe conditions appearing in the preceding hypotheses 
can be weakened or modified, and the conclusion of Theorem 4.2.5 will 
continue to hold. In particular, in hypothesis H3 we can replace H (w) 
by Hı(w)H2(w), with H;(w) F;-measurable for i = 1,2, and assume only 
Hı (w)Hə(w) < co a.s. In H1 the local integrability of the function d(x, y) 
holds if the densities fı(y,z) and fo(x,z) of gi(y) and gə(x) are locally 
bounded in R?. 


If the variables X and Y are discrete, then the conditional independence 
Fill Fs is always true (see Exercise 4.2.9). 


T he following two lemmas allow us to reformulate the factorization prop- 
erty appearing in the preceding theorem. 


Lemma 4.2.5 Suppose that (A1, B1) and (A2, Bz) are R?-valued indepen- 
dent random variables such that A, Ag = Bı By. Then either 


(i) Ay =0 as. or Az = 0 a.s.; or 


(ii) there is a constant k #4 0 such that Ay = kB, a.s. and Ap = k7! Bo 
a.s. 
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Proof: Suppose that (i) does not hold. Then P(A; 4 0) # 0 and P(A2 4 
0) 4 0. Without loss of generality we can assume that the underlying 
probability space is a product space (9, F, P) = (Q1, Fi, Pi) x (Qe, Fe, P2). 
Let w be such that Ag(w2) # 0. Then condition (ii) follows from the 
relationship 


Lemma 4.2.6 Consider two independent o-fields F,, Fə and two random 
variables G1, G2 such that Gi is F;-measurable for i= 1,2. The following 
statements are equivalent: 


(a) There exist two random variables Hı and Hə such that H; is Fi- 
measurable, i = 1,2, and 


1— GG = A, Ao. 


(b) Gi or G2 is constant a.s. 


Proof: The fact that (b) implies (a) is obvious. Let us show that (a) 
implies (b). As before we can assume that the underlying probability space 
is a product space (Q1 x Q2, Fı Q Fe, Pi x P2). Property (a) implies that 


[Gi (1) — Gy (w1)|G2(w2) = [Hi (wi) — Hi (@1)] Ha(w2), 


where, Gi and Ay are independent copies of Gy and Hı on some space 
(Q1, Fi, P,). Lemma 4.2.5 applied to the above equality implies either 


(PA) Gə = 0 as. or Gi -—G, =0 a.s.; OF 
(PB) G2 = kH3 for some constant k # 0. 


Then (PA) leads to property (b) directly and (PB) implies that 1 = 
[H, + kGı| H2. Again applying Lemma 4.2.5 to this identity yields that Hə 
and thus Gp» are a.s. constant. 


Corollary 4.2.1 Under the hypotheses of Theorem 4.2.5, assume in addi- 
tion that 1 — gi(Y)g5(X) has constant sign. Then conditions (i) and (ii) 
are equivalent to the following statement: 


(iii) One (or both) of the variables gi(Y) and g5(X) is almost surely con- 
stant with respect to the conditional law given X,Y. 


As an application of the above criterion of conditional independence we 
are going to provide an alternative proof of Theorem 4.2.1 under slightly 
different hypotheses. Let W = {W;,t € [0,1]} be a Brownian motion de- 
fined in the canonical probability space (Q, F, P). 
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Theorem 4.2.6 Let f and w be functions of class C! such that |f'| < K 
and yy <0. Consider the equation 


{ Xi = Xo — fo f(Xs)ds + W; 
Xo = 4(X1). 


This equation has a unique solution X = {X;z,t € [0,1]} that is a Markov 
random field if and only if one of the following conditions holds: 


(4.50) 


(a) f(x) =az+ b, for some constants a,b € R; 
(b) y =0. 
Remarks: 
1. The fact that a unique solution exists is easy (see Exercise 4.2.7). 


2. The case X; constant (condition (c) of Theorem 4.2.1) is not included 
in the above formulation. 


Proof: We will only show that if X is a Markov random field then one 
of conditions (a) or (b) holds. We will assume that X is a Markov random 
field and Y'(xo) £ 0 for some zo € R. Fix 0 < s < t < 1. The Markov field 
property implies 


o{X,,7 € [s, D th Ao rg (s,t)}. (4.51) 

From the definition of the conditional independence we deduce 
i ll Fe 4.52 
a Ta ( 5 ) 


where 
Fi, =o{W,-—W.,s<r<t}, and 
Fe, = {Wr 0< r < s; W, -Wet <r<1} 
Indeed, (4.51) implies (4.52) because 
Fs Cc o{X,.,r € [s, t]} 


and 
Fer C o{Xr,r ¢ (s,t)}. 


Define s 
Ore f E 


for any s < t and y € R. Consider the random functions g1, g2 : R x Q — R 
given by 


aly) = Ps ly) 
{ 92(£) = Po,s(Y(¥e,1(2)))- (4.53) 


4.2 Markov random fields 265 


We have 
Xt = gı(Xs) 
Xs = g2(Xt), 


and we are going to apply Theorem 4.2.5 to the functions gı and go. Let 
us first verify that these functions satisfy conditions H1 through H3 of this 
theorem. 


Proof of H1: We have that g:(y),g2(x) € D!” for all p > 2, and, more- 
over, 
Dy,gily) =e JEF (Psa (dul y(r), 


and 
D,g2(x) =e. fz: Pou lpr ED du 5 s (r) 
lg 
HP) (VP (E (pe (a) en Fr FP Cr). 


From these explicit expressions for the derivative of the functions gı and g2 
we can deduce the absolute continuity of the laws of these variables using 
the criteria established in Chapter 2. In fact, we have ||D(g:))||a > 0, 
i = 1,2, and we can apply Theorem 2.1.3. Furthermore, we have 


1 
aP (le - su) <2) < eX (t- 5)? (4.54) 
and j 
gP (ly - (a) < €) < e53, (4.55) 


which imply the boundedness of the function d(x, y) introduced in H1. In 
fact, let us check Eq. (4.54). Set h= 1s 4 and Y.(2)= x ee Nees ar 
We have D,(g:(y)) > e~* (t — s). The duality formula (1.42) implies 


zPe-a@)) = e (PRE 


Qe Di(gi(y)) 
E(Dilv(a(y))) _ EW: = Ws) (u(y) 
e-K(t— 8) e-K(t—s) 


ene -m s)-2, 


IA 


and (4.54) holds. 
Proof of H2: We are going to show that for all w € the transformation 
(x, y) is (x = gıly, w), y a g2(x, W)) 


is bijective from R° to R?. Let (z, 9) € R?. Set x = %+,,(y). It suffices 
to show that the mapping 


y => Pore (V (pia (E + Poe(y)))) +9 
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has a unique fixed point, and this follows from 


Gy = Pos (V (Pial + Yoely)))) V (Ye rE + ¥se))) 
XP, (E + Go t(y))¥5e(y) < 0. 


Proof of H3: We have 


1— gh (y)95(@) = 1 — pl Y) 2o, (V (Yer(z))) V (Ge1(2)) pr) > 1. 


iX) = exp(— f f' (X,)dr 


abl X1) = ¥'(X1) exp(— J f'(X,)ar). 


(0, s]U[é,1] 


Note that 
and 


In view of Corollary 4.2.1, the conditional independence (4.52) implies that 
one of the variables g| (X,) and g5(X+) is constant a.s. with respect to the 
conditional probability, given X, and X+. Namely, there exists a measurable 
function h : R? — R such that either 


) exp(— fi f'(X,)dr) = h(Xs, Xz), or 
(2) Y'( (X1) ) exp(— Sios] s]U[t,1] X,)dr) = h( Xs, Xt). 


We will show that (1) implies that f’ is constant. Case (2) would be 
treated in a similar way. Suppose that there exist two points 71,72 E€ R 
such that f'(x1) <a < f'(x2). Let C be the class of continuous functions 
y : [0,1] — R such that yo = ~(y1). The stochastic process X takes values 
in C, which is a closed subset of C([0,1]), and the topological support of 
the law of X is C. As a consequence, we can assume that (1) holds for any 
X eC. For any 0 < 26 < t— s we can find two trajectories 21, 22,€ C, 
depending on 6 such that: 


(i) zi(s) = zi(t) = į (x1 + z2). 


(ii) The functions zı and z2 coincide on [0,1] — (s,t), and they do not 
depend on 6 on this set. 


(iii) z:(r) = z; for all i = 1,2 and r € (s + ô,t — ô). 
(iv) The functions z; are linear on the intervals (s,s + ô) and (t — ô, t). 


We have f 
ae (| f'(zi(r))dr) = “OF @9), 
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We can thus find a 6 small enough such that 


exp ( f l Faar) < e792 < exp ( f ' f'(calr))dr) 


By continuity we can find neighborhoods V; of z; in C, i = 1,2, such that 


exp ( i, i Fær) < e55) < exp ( l i s'(u(e))ar) f 


for all z € Vj and y € V2 . Therefore, h(X,, X+) > e (-s)a if X € Vi, and 
h(Xs, Xt) < e(t-s)@ if X € Vy. This is contradictory because there is a 
y > 0 such that when x runs over V;, i = 1,2, the point (x(s),x(t)) takes 
all possible values on some rectangle [4 (£1 + x2) — y, 4 (£1 + £2) +. 


Exercises 


4.2.1 Let Fy, F2,G be three sub-o-fields in a probability space such that 
Fill Fa. Show the following properties: 


(a) Fi V GIF V G. 


(b) Fi Fo if GCG, CF. 


1 


(c) A il Fo if G CFAR, and H is a o-field containing G of the 
form H = Hı V H2, where Hı C Fı and Ho C Fo. 


4.2.2 Let {G,,n > 1} be a sequence of o-fields such that Fill fe for each 


n. Show that Fill Fr, where G = VG, if the sequence is increasing, and 
G =MnGn if it is decreasing. 

4.2.3 Let X = {X;z,t € [0,1]} be a continuous Markov process. Show that 
it satisfies the Markov field property. 


4.2.4 Let W = {W;,t € [0,1]} be a Brownian motion, and let g: R —> R 
be a measurable function. Show that X; = W: +g(W1) is a Markov random 
field. Assume that g(x) = ax + b. Show that in this case X is a Markov 
process if and only if a = —1 ora=0. 


4.2.5 For any 0 < e < 1 consider the function fe : Ry — R defined by 
l-t if O<t<l-e 


fe(th=4 € if l-e<t<2+e 
24+¢ if 2+e<t. 
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Let X€ = {Xf,t > 0} be a stochastic process such that P{Xf = f(t), Vt > 
0} = į and P{Xf = —f.(t), Vt > 0} = 4. Show that X“ is a Markov 
process but X = lim,;9 X€ does not have the Markov property. 


4.2.6 Consider the stochastic differential equation 


{ X,=Xo—af, X.ds—b+W; 
Xo = 9(X1 — Xo), 


where a,b € R. Suppose that the implicit equation x = g((e~* — 1)x + y) 
has a unique continuous solution x = y(y). Show that the above equation 
admits a unique explicit solution that is a Markov random field. 


4.2.7 Show that Eq. (4.50) has a unique continuous solution which is a 
Markov random field if f(x) = ax + b. 


4.2.8 Check the estimates (4.54) and (4.55) integrating by parts on the 
Wiener space. 


4.2.9 Let A, B be two independent discrete random variables taking values 
in some countable set S. Consider two measurable functions f, g : R x S$ — 
R, and suppose that the system 


{ a= f(y, a) 
y = g(a, b) 


has a unique solution for each (a,b) € S such that P{A = a, B = b} > 0. 
Let X, Y be the random variables determined by the equations 


{ Y = g(X, B). 


Show that A and B are conditionally independent given X,Y. 


4.2.10 Suppose that f,g are two real-valued functions satisfying the fol- 
lowing conditions: 


(i) f is of class C1, and there exist K > 0 and à € R such that —A < 
f'(x) < K for all z. 


(ii) g is of class C1, and e*’|g'(a)| < |L + g'(x)| for all x and for some 
N >A. 


Show that Eq. (4.21) has a unique solution for each w € Co([0, 1]) ([250] 
and [97]). 


4.2.11 Let Q << P be two probabilities in a measurable space (Q, F), 


and set 7 = ag Show that for any nonnegative (or Q-integrable) random 
variable € and for any sub-o-algebra G C F we have 


Ep(En|G) 


EQ (EG) = Ep(nlg) 
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4.2.12 Consider the equation in R? 


dX, + f(X) = dW, 
Xi = Xè =0, 


where f(a',x?) = (xt — 2, —fo(x')) and fz is a twice continuously differ- 
entiable function such that 0 < f(x) < K for some positive constant K. 
Show that there exists a unique solution, which is a Markov random field 
if and only if f} = 0 (cf. [250}). 


4.2.13 Let G(x, y) be the Green function of —A on a bounded domain D 
of R*, k = 2,3. Let W = {W(A : AE a as z a Brownian measure on 
D. Deline the random field Uo(£) = fp G( W (dy), « € D. Show that 
the process {Uo(x), x € D} has aside oo paths of order 1 — e if 
k = 2, and Holder continuous paths of order 3 —eifk=3, for any e>0. 

Hint: Write G(x, y) as the sum of a smooth function plus a function with 
a singularity of the form log |z — y| if k = 2 and |x —y|~! if k = 3, and use 
Kolmogorov’s continuity criterion. 


Notes and comments 


[4.1] Proposition 4.1.2 is a fundamental result on nonlinear transfor- 
mations of the Wiener measure and was obtained by Girsanov in [121]. 
Absolute continuity of the Wiener measure under linear (resp. nonlinear) 
transformations was discussed by Cameron and Martin in [56] (resp. [57]). 
We refer to Liptser and Shiryayev [200] for a nice and complete presenta- 
tion of the absolute continuity of the transformations of the Wiener measure 
under adapted shifts. 

The extension of Girsanov’s theorem to nonlinear transformations was 
discussed by Ramer [290] and Kusuoka [178] in the context of an abstract 
Wiener space. The notion of H-continuously differentiable random variable 
and the material of Sections 4.1.3 and 4.1.5 have been taken from Kusuoka’s 
paper [178]. 

The case of a contraction (i.e., ||Du||H#aH < 1) has been studied by 
Buckdahn in [48]. In that case, and assuming some additional assumptions, 
one can show that there exists a transformation A : Q — Q verifying 
AoT=ToA=TIdas., and the random variable n(u) has the following 
expression (in the case of the classical Wiener space): 


d|P o A7}] 
dP 


7 ih i s suu(Dr(us(Ar)))(Tr)dsdt) l 


n(u) = = exp( — ö(u) — 5 lull}pat 
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where {T}, 0 < t < 1} is the one-parameter family of transformations of Q 
defined by 


sAt 
(Tyw)s = Ws + | ur(w)dr 
0 


and {A;, 0 <t < 1} is the corresponding family of inverse transformations. 

In [338] Ustiinel and Zakai proved Proposition 4.1.5 under the hypothesis 
|| Dull cca,H) <las. 

Theorem 4.1.2 has been generalized in different directions. On one hand, 
local versions of this theorem can be found in Kusuoka [179]. On the other 
hand, Ustiinel and Zakai [337] discuss the case where the transformation 
T is not bijective (a multiplicity function must be introduced in this case) 
and u is locally H-continuously differentiable. 


The case of a one-parameter family of transformations on the classical 
Wiener space {T;,0 < t < 1} defined by the integral equations 


Goa EE il he Cea 


has been studied by Buckdahn in [49]. Assuming that u € L1? is such that 
i llu:||2 dt + J ||| Duell zr ||2,dt < 00, Buckdahn has proved that for each 
t € [0,1] there exists a transformation A; : Q — Q such that T, o A; = 
AoT, = Ida.s., PoT;! << P,PoA;! << P, and the density functions 
of Po T7 and Po Aj" are given by 


d[P o Aj] ‘a a 5 
= a’ T s(Ts d sp. s(Ts d 
Mı IP exp us(Ts)dW. Zh us(Ts)“ds 


- ff Dr) T) Daleutt arash, 
hp = ae = ef f us(T;At)dW, — 5 [ TA) is 


_ i [Porn (As) Delu(TeAs)ldras 


The process {L,,0 < t < 1} satisfies the Skorohod linear stochastic differ- 
ential equation Dy = 1+ fe usLsdWs. This provides a generalization of the 
results for this type of equations presented in Chapter 2. 

Üstünel and Zakai (cf. [335]) have extended this result to processes u 
such that: 


1 1 
Bf exp(Au2)dr < oo and T Il] Du llall dt < œ 
0 0 
for some A > 0. They use a general expression of the Radon-Nikodym 


derivative associated with smooth flows of transformations of Q (see Cruze- 
iro [71]). 
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In [93] Enchev and Stroock extend the above result to the case where 
the process u is Lipschitz, that means, 


||DulluaH <c as. 


We refer to the monograph by Ustiinel and Zakai (cf. [339]) for a com- 
plete analysis of transformations on the Wiener space and their induced 
measures. 


[4.2] We refer to Rozanov [296] for a detailed analysis of the notion of 
conditional independence. The study of the Markov property for solutions 
to stochastic differential equations with boundary conditions by means of 
the change of probability technique was first done in [250]. Further appli- 
cations to different type of equations can be found in [80], [97], [98], [246], 
[251], and [252]. The study of the germ Markov field property for solu- 
tions to stochastic partial differential equations driven by a white noise has 
been done in [81], [82], and [253]. The characterization of the conditional 
independence presented in Section 4.2.3 has been obtained in [5]. 


5 


Fractional Brownian motion 


The fractional Brownian motion is a self-similar centered Gaussian process 
with stationary increments and variance equals t?” , where H is a parameter 
in the interval (0,1). For H = 4 this process is a classical Brownian motion. 
In this chapter we will present the application of the Malliavin Calculus 
to develop a stochastic calculus with respect to the fractional Brownian 
motion. 


5.1 Definition, properties and construction 
of the fractional Brownian motion 


A centered Gaussian process B = {B,,t > 0} is called fractional Brown- 
ian motion (f{Bm) of Hurst parameter H € (0,1) if it has the covariance 
function 


Ry (t,s) = E(BBs) = = (8°? + °” — |t- 8/7”). (5.1) 


NI = 


Fractional Brownian motion has the following self-similar property: For 
any constant a > 0, the processes {a " Bat,t > 0} and {B;,t > 0} have 
the same distribution. This property is an immediate consequence of the 
fact that the covariance function (5.1) is homogeneous of order 2H. 
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From (5.1) we can deduce the following expression for the variance of the 
increment of the process in an interval [s, t]: 


E (|B, — B.|?) = |t — s|”. (5.2) 


This implies that {Bm has stationary increments. 

By Kolmogorov’s continuity criterion and (5.2) we deduce that fBm 
has a version with continuous trajectories. Moreover, by Garsia-Rodemich- 
Rumsey Lemma (see Lemma A.3.1), we can deduce the following modulus 
of continuity for the trajectories of fBm: For all € > 0 and T > 0, there 
exists a nonnegative random variable Ger such that E (|Ge,r|?) < co for 
all p > 1, and 

|B, — B| < Ge,r|t — s|", 


for all s,¢ € [0,7]. In other words, the parameter H controls the regularity 
of the trajectories, which are Holder continuous of order H — e, for any 
e>0. 

For H = E, the covariance can be written as Rı (t,s) = t^ s, and 
the process B is a standard Brownian motion. Hence, in this case the 
increments of the process in disjoint intervals are independent. However, 
for H # 5, the increments are not independent. 

Set Xn = Bn — Bn_1, n > 1. Then {X,,n > 1} is a Gaussian stationary 
sequence with covariance function 


pat) = 5 (n+ 1) + (n— 1)?" — an). 


This implies that two increments of the form B,—B,_1 and Bpin—-—Brin-1 
are positively correlated (i.e. pp (n) > 0) if H > 4 and they are negatively 
correlated (i.e. p(n) < 0) if H < 4. In the first case the process presents 
an aggregation behaviour and this property can be used to describe cluster 
phenomena. In the second case it can be used to model sequences with 
intermittency. 
In the case H > l the stationary sequence X,, exhibits long range de- 

pendence , that is, 

lita P(N) 

noo H(2H — 1)n?” -2 


and, as a consequence, J>} py(n) = ov. 
In the case H < $ we have 


=1 


do leu(n)| < œ. 


5.1.1 Semimartingale property 


We have seen that for H # $ fBm does not have independent increments. 
The following proposition asserts that it is not a semimartingale. 
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Proposition 5.1.1 The fBm is not a semimartingale for H # $. 


Proof: For p > 0 set 


Yap = PPS" Bin — Bg—1)/nl? 


j=l 


By the self-similar property of fBm, the sequence {Yn p,n > 1} has the 
same distribution as {Yn p,n > 1}, where 


n 
Yay = nt 5 |B; = Bjal? š 
j=l 


The stationary sequence {B; — B;-1,j > 1} is mixing. Hence, by the Er- 
godic Theorem Y„ p converges almost surely and in L1(Q) to E (|Bi|?) as 
n tends to infinity. As a consequence, Yn p converges in probability as n 
tends to infinity to E (|Bi|?). Therefore, 


Vap = > |Bin — Bo—1y/al” 
a 


converges in probability to zero as n tends to infinity if pH > 1, and to 
infinity if pH < 1. Consider the following two cases: 

i) If H < 4, we can choose p > 2 such that pH < 1, and we ob- 
tain that the p-variation of {Bm (defined as the limit in probability 
limy—oo Vn,p) is infinite. Hence, the quadratic variation (p = 2) is 
also infinite. 


ii) FH > z, we can choose p such that 4 < p < 2. Then the p-variation 
is zero, and, as a consequence, the quadratic variation is also zero. 
On the other hand, if we choose p such that 1 < p < # we deduce 
that the total variation is infinite. 


Therefore, we have proved that for H # 4 the fractional Brownian mo- 
tion cannot be a semimartingale. 


In [65] Cheridito has introduced the notion of weak semimartingale as a 
stochastic process {X;,t > 0} such that for each T > 0, the set of random 
variables 


So Hu — Xj.) 2 21,05 to <---< te ST, 
j=l 


[fl <1, fj is FX_,-measurable} 
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is bounded in L°(Q), where for each t > 0, FĂ is the o-field generated by 
the random variables {X,,0 < s < t}. It is important to remark that this 
o-field is not completed with the null sets. Then, in [65] it is proved that 
fBm is not a weak semimartingale if H # H, 

Let us mention the following surprising result also proved in [65]. Sup- 
pose that {B,,t > 0} is a fBm with Hurst parameter H € (0,1), and 
{W;,t > 0} is an ordinary Brownian motion. Assume they are indepen- 
dent. Set 

Mı = Bi + W. 


Then {M;,t > 0} is not a weak semimartingale if H € (0, 4) U (4, 3], and 
it is a semimartingale, equivalent in law to Brownian motion on any finite 


time interval [0, T], if H € (4,1). 


5.1.2 Moving average representation 


Mandelbrot and Van Ness obtained in [217] the following integral represen- 
tation of fBm in terms of a Wiener process on the whole real line (see also 
Samorodnitsky and Taqqu [301]). 


Proposition 5.1.2 Let {W(A), A € B(R), u(A) < co} be a white noise on 
R. Then 


be aip [LU an 


is a fractional Brownian motion with Hurst parameter H, if 


aa Gs (+ s)¥-# — 94) ds + a 


Proof: Set fls) = ((t— s)+) 7T? — ((—s)+)®~?, s € R, t > 0. Notice 


that fg fr(s)?ds < oo. In fact, if H # 5, as s tends to —oo, f;(s) behaves 


H-3 which is square integrable at infinity. For t > 0 set 


X= A Me- sH? = ((8)+) T] a. 


as (—s) 


We have 


E(X2) = fi (t— s)+) T? 2 (s) as 
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Similarly, for any s < t we obtain 
BK = XP) = f [(e- wt) (swt) au 
R 
= J Ke —s- ut)? = ((-u)*)7™? : du 


= C,(H)*\t—s|?”. (5.4) 


From (5.3) and (5.4) we deduce that the centered Gaussian process { X+, t > 
0} has the covariance Ry of a [Bm with Hurst parameter H. 


Notice that the above integral representation implies that the function 
Ry defined in (5.1) is a covariance function, that is, it is symmetric and 
nonnegative definite. 

It is also possible to establish the following spectral representation of 
fBm (see Samorodnitsky and Taqqu [301]): 


1 aes ee ae 
B= 2 RaW, 
r cam | 1s Isl 


where W = W! + iW? is a complex Gaussian measure on R such that 
W*(A) = W*(—A), W?(A) = —W?(A), and E(W*(A)?) = E(W?(A)?) = 


[Al 
Fo and 


om = renan) 


5.1.8 Representation of fBm on an interval 


Fix a time interval [0, T]. Consider a fBm {B;,¢ € [0,T]} with Hurst para- 
meter H € (0,1). We denote by E the set of step functions on [0, T]. Let H 
be the Hilbert space defined as the closure of € with respect to the scalar 
product 
(Liot 10,51) 4 = Rutt, 8). 

The mapping 119.4, —> B: can be extended to an isometry between H and 
the Gaussian space H, associated with B. We will denote this isometry 
by y — B(y). Then {B(y),y~ E€ H} is an isonormal Gaussian process 
associated with the Hilbert space H in the sense of Definition 1.1.1. 

In this subsection we will establish the representation of fBm as a Volterra 
process using some computations inspired in the works [10] (case H > 4) 
and [240] (general case). 


Case H > $ 


It is easy to see that the covariance of fBm can be written as 


t s 
Ry(t,s) = on | i |r — ul? -2dudr, (5.5) 
o Jo 
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where ay = H(2H — 1). Formula (5.5) implies that 


T T 
E RT | 1 [r — uj?” Yu dudr (5.6) 


for any pair of step functions y and w in €. 
We can write 


pe gle 
|r — uj?” -2 = (ru) 2 
b(2-—2H,H — 4) 


ru 
x / vi? (p — v) H-3 (u— v)" 3dv, (5.7) 
0 


where 8 denotes the Beta function. Let us show Equation (5.7). Suppose 
r > u. By means of the change of variables z = 4? and x = ṣ&, we obtain 


U—vU 


i on BA (r — v)#-3(u — v) #2 dy 
0 


co 
= e-u f (zu = r)?" ZF 3 dz 


(ru)2 7" (r — u) a a (-— r)? rH? dg 
0 
1 
= 6(2-2H,H- zru)? "(r suz, 
Consider the square integrable kernel 


t 
Ky(t,s) A) (u — s)¥ -Èu du, (5.8) 


1/2 
H(2H—1) 
e and t > s. 


Taking into account formulas (5.5) and (5.7) we deduce that this kernel 
verifies 


tAs tAs t A E 

| Kutadi f (f w- tya) 
0 0 u 

x (/ (z— utaa) ut?” du 


1 $ # 
Gya2— 2H, >) | f w- 2P"-azdy 
0 0 


where cy = | 


Il 


Formula (5.9) implies that the kernel Ry is nonnegative definite and 
provides an explicit representation for its square root as an operator. 
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From (5.8) we get 


H-4 7 
PEH (ts) = £) G= E, (5.10) 


Consider the linear operator Kž%, from € to L°([0, T]) defined by 


T 
(Krol) = [oF (sae (5.11) 
Notice that 
(Kilio) (8) = Ku(t,s)1po.4(s). (5.12) 


The operator K% is an isometry between € and L?({0,T]) that can be 
extended to the Hilbert space H. In fact, for any s,t € [0, T] we have using 
(5.12) and (5.9) 


(Klio, Kil ,s)) 22¢0,7)) = (Kult, ‘)1jo,4, Ka(s, ‘)1 (0,81) r2 (0,79) 


II 


tAs 
J Ky(t,u)Ky(s, u)du 
0 
= Rult,s) = (1o, Losi) 94 
The operator Ký can be expressed in terms of fractional integrals: 
1 = 
(KRO) (s) = cHP(H — 5)8? "(Ups tut F9(u))(s). (5.13) 


This is an immediate consequence of formulas (5.10), (5.11) and (A.14). 
For any a € [0,7], the indicator function 1jo,a} belongs to the image of 
Kj, and applying the rules of the fractional calculus yields (Exercise 5.1.6) 


(Ki) * (Loa) = arc (Detar) (s)1jojqj(s). (5-14) 


Consider the process W = {W;,t € [0,T]} defined by 
W, = B((Ky) * (10,9). (5.15) 


Then W is a Wiener process, and the process B has the integral represen- 
tation 


B; - | Kiy(t, s)dW;. (5.16) 
Indeed, for any s,t € [0,7] we have 
B(W.W.) = E (BUKID (toa) BUKH (10.9))) 
= (K (p) (Ki) Apo), 


= (1p4.1 ps1) pacory = 8 At 
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Moreover, for any y E€ H we have 


T 
B(y) = ii (Kt) (dW. (5.17) 


Notice that from (5.14), the Wiener process W is adapted to the filtration 
generated by the fBm B and (5.15) and (5.16) imply that both processes 
generate the same filtration. Furthermore, the Wiener process W that pro- 
vides the integral representation (5.16) is unique. Indeed, this follows from 
the fact that the image of the operator A}, is L?([0,T]), because this image 
contains the indicator functions. 

The elements of the Hilbert space H may not be functions but distrib- 
utions of negative order (see Pipiras and Taqqu [283], [284]). In fact, from 
(5.13) it follows that H coincides with the space of distributions f such 
that s2-H F- (f(u)ul-2)(s) is a square integrable function. 

We can find a linear space of functions contained in H in the following 
way. Let |H| be the linear space of measurable functions y on [0, T] such 
that 


T T 
H— 
lolly = ar f / etae — ul? dru < oo. (5.18) 


It is not difficult to show that |H| is a Banach space with the norm || - Iliz] 
and £ is dense in |H|. On the other hand, it has been shown in [284] that 
the space [H| equipped with the inner product (y, ~),, is not complete and 
it is isometric to a subspace of H. The following estimate has been proved 
in [222]. 


Lemma 5.1.1 Let H > 5 and y € L#((0,T]). Then 

lelin] < bx lelli gon) , (5.19) 
for some constant by > 0. 
Proof: Using Hölder’s inequality with exponent q = 4 in (5.18) we get 


1 1-H 
1-H 


2 i L $ s = 2H-2 j 
lela Son{ fle ar) (f (f Iealle— uPA? du) ar 


The second factor in the above expression, up to a multiplicative con- 
stant, is equal to the 4, norm of the left-sided fractional integral ine “Tel. 
Finally is suffices to apply the Hardy-Littlewood inequality (see [317, The- 
orem 1, p.119]) 

[OLA llc (0,00) £ Cava lf llc» (0,06) (5.20) 


1 


whereO0<a<ll<p<q<o satisfy == p7% with the particular 


values a = 2H — 1, q = 7+, and p= $- 


1 
q 


5.1 Properties and construction of the fractional Brownian motion 281 
As a consequence 
1?((0,T]) c L#((0,T]) € [H| CH. 


The inclusion L?([0, T]) c [H| can be proved by a direct argument: 


le T T T 
Lo Wel [eal br — 24? arate ae lel? |r — wl? drdu 
0 0 0 0 


T2H-1 T 3 
=] (Pul du. 
-ł} Jo 


IA 


This means that the Wiener-type integral ma p(t)dBı (which is equal to 
B(ẹ), by definition) can be defined for functions y € |H]|, and 


T T 
f oB f ro Daw, (5.21) 
0 0 


Case H<4ż 


To find a square integrable kernel that satisfies (5.9) is more difficult than 
in the case H > 3. The following proposition provides the answer to this 
problem. 


Proposition 5.1.3 Let H < $. The kernel 


_ 2H . 
where cy = Joe satisfies 


Ralts) = [Kutta Ku(s,u)du (5.22) 


In the references [78] and [284] Eq. (5.22) is proved using the analyticity 
of both members as functions of the parameter H. We will give here a 
direct proof using the ideas of [240]. Notice first that 


H-3} ; 
oH ne 2) (5) Gato) (5.23) 
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Proof: Consider first the diagonal case s = t. Set d(s) = if Ku(s,u)7du. 
We have 


Making the change of variables u = sx in the first integral and using 
Fubini’s theorem yields 


(s) = & [F62 — 2H, 2H) 
(aH —1)s#-? a 
H-1) f v 


x (/ ars Ce ut (v — užu) dv 
0 


+2(H — DS A a ul-?2H(y — y)4-3(w — u)? 


iB pes 8 
xw 3y" * dudwdo | . 


Now we make the change of variable u = vg, v = sy for the second term 
and u = wx, w = vy for the third term and we obtain 


ols) = ér?” [ace — 27.27) (2H Wes +5) 


4H 
1 pl 
xf J x!=2H(1 — vy)? 73 (1 — 2)! -3 dedy 
o Jo 
2- gH 


Suppose now that s < t. Differentiating Equation (5.22) with respect to 
t, we are aimed to show that 


H(t” — (t — s)?” 1) = J PPE tu) Kls, u)du. (5.24) 
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Set (t,s) = [> X(t, u)Ku(s,u)du. Using (5.23) yields 


0 Ot 
esr T an [ (E) e-u (2)? @-wy"-tau 
aui ff (8) heat hal 


Making the change of variables u = sx in the first integral and u = vx in 
the second one we obtain 


tts) = AlE- i)e É) 
-2 1 2,H-5  yH-§ v 
a- pE S HE) a, 


where y(y) = fe v2 (y — x42 (1— a)" -2de for y > 1. Then, (5.24) 
is equivalent to 


oh E- PE E) - 8-5) [va ao 


2 2 v 
= H(t!-2 — t3 H(t- sy?#-}), (5.25) 
Differentiating the left-hand side of equation (5.25) with respect to t yields 
3 1 3 ant 1 : 5 ot 
2 ses a2 \ett== No (Se 2 | Has 5/2 
aar- 5 ja- pad) -a-a [ot 451%) av 
= u(t, s), (5.26) 


where, for y > 1, 


Ay) = | ay- a (1 ay hae 


By means of the change of variables z = sa-a we obtain 
ôly) = 6(2 — 2H, H + su Ry =, (5.27) 
Finally, substituting (5.27) into (5.26) yields 
M(t.) = Apl- 2H, H + EH —5)(H— 5) 
xt 7-3 s(t be a)? -2 zs stat = s)2Ħ-1 a pH-1) 


II 


H(1— 2H) 


x (rr-a >y) ame 
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This last expression coincides with the derivative with respect to t of the 
right-hand side of (5.25). This completes the proof of the equality (5.22). 


The kernel Ky can also be expressed in terms of fractional derivatives: 


1 iz 
Ku(t,s) = caP(H + 3)s?" (D? *ut-4) (8). (5.28) 
Consider the linear operator K% from € to L°([0, T]) defined by 


T 
(Kiye)(s) = Kul(T.sels) + [ (et) els) F(t s)at. (5.29) 


Notice that 
(Kflj) (s) = Kult, 8)1po,4(s)- (5.30) 
From (5.22) and (5.30) we deduce as in the case H > 4 that the operator 
Kj, is an isometry between € and L?({0,T]) that can be extended to the 
Hilbert space H. 
The operator Ký can be expressed in terms of fractional derivatives: 


i 


(Kis) (8) = dy 82-4 (D2 u4-29(u))(s), (5.31) 


where dy = cul (H + 4). This is an immediate consequence of (5.29) and 
the equality 


L_H ae L_H =F 
(DE Mut*) (8)1oq(s) = (DR u" 10.4(w)) (8). 
As a consequence, 


C ([0,T]) c H c £7 ((0,7)), 


ify>4-—H. 
Using the alternative expression for the kernel Ky given by 
t 
Ky(t,s) = cgu(t — s)¥ 72 + s¥-3F,(-), (5.32) 
s 
where i 
1 ae 
Fle) = en -H f p#—3(1 — (0 + 1)¥-2)d8, 
0 


one can show that H = IŻ" (12) (see [78] and Proposition 6 of [9]). In 
fact, from (5.29) and (5.32) we obtain, for any function y in 122" (12) 


(Kip) (s) = cu(T —s)#-29(s) 


+en(H ~ 5) f Oeae 
Tarr [ p(r) Fy (=) dr 
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where the operator 


is bounded in L?. 
On the other hand, (5.31) implies that 


H = {f : 3$ € (0,7) : f(s) = dg's?" (1} "u+ (u))(s)}, 
with the inner product 
T 
ee IH ga ò o(s)y(s)ds, 
if E 
f(s) = dg's? (I7_~ u4—2 G(u))(s) 
and 


g(s) = dg's?" (122 u" -3 p(u))(8). 
Consider process W = {W;, t € [0, T]} defined by 
Wi = BK)? (10). 


As in the case H > E, we can show that W is a Wiener process, and the 


process B has the integral representation 
t 
BS J A 
0 


Therefore, in this case the Wiener-type integral is y(t)dB;, can be defined 
for functions y € IZT" (L?), and (5.21) holds. 
Remark 


In [9] these results have been generalized to Gaussian Volterra processes 
of the form 


t 
x= [ K(t, s)dW,, 
0 


where {W;,t > 0} is a Wiener process and K(t, s) is a square integrable 
kernel. Two different types of kernels can be considered, which correspond 
to the cases H < 4 and H > i: 


i) Singular case: K(-,s) has bounded variation on any interval (u, T], 
u > s, but ie |K|(dt, s) = co for every s. 


ii) Regular case: The kernel satisfies JE |K|((s, T], s)?ds < oo for each 
s. 
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Define the left and right-sided fractional derivative operators on the 
whole real line for 0 < a < 1 by 


D* f(s) := Teer i Hs a TSH ay 


DE f(s) := ua l. fls aa 


s € R, respectively. Then, the scalar product in H has the following simple 
expression 


and 


(au = h (DEF ADI o) a (5.33) 


where eg = C;(H)~'l'(H+3), f,g € H, and by convention f(s) = g(s) = 0 
if s ¢ [0,T]. 
Exercises 


5.1.1 Show that B = {B,,t > 0} is a fBm with Hurst parameter H if and 
only if it is a centered Gaussian process with stationary increments and 
variance t”. 


5.1.2 Using the self-similarity property of the [Bm show that for all p > 0 


B( sup lB) = Cp, gT”. 
0<t< 


5.1.3 Let B = {B;,t > 0} be a {Bm with Hurst parameter H € (0,4) U 
(5,1). Show that the following process is a martingale 


t 
m= f s37 Hipag) -H 4B, 
0 


with variance cı gt?™?H and compute the constant c1 y. 

Hint: Use the representation (5.17). 
5.1.4 Show that the {Bm admits the representation B; = c2, 4 fe sH-adY,, 
where Y; = iat (t-s) ja —2 5H —3dW,, and W is an ordinary Brownian motion. 


5.1.5 Suppose H > 5. If 7 is a stopping time with values in [0,7], show 
that for all p > 0 


E ( sup 2") < Cp,HE(r?*). 
O<t<r 
Hint: Use the representation established in Exercise 5.1.4. 
5.1.6 Show formula (5.14). 


5.1.7 Show that [H] is a Banach space with the norm ||-||)z,; and € is dense 
in [H]. 


5.1.8 Show formula (5.33). 
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5.2 Stochastic calculus with respect to {Bm 


In this section we develop a stochastic calculus with respect to the fBm. 
There are essentially two different approaches to construct stochastic inte- 
grals with respect to the fBm: 


(i) Path-wise approach. If u = {uz,t € [0, T]} is a stochastic process with 
y-Holder continuous trajectories, where y > 1—H, then by the results 
of Young ([354]) the Riemann Stieltjes integral F uzdB, exists path- 
wise. This method is particularly useful in the case H > $, because it 
includes processes of the form u; = F (B+), where F is a continuously 
differentiable function. 


(ii) Malliavin calculus. We have seen in Chapter 1 that in the case of 
an ordinary Brownian motion, the adapted processes in L?((0,T] x 
Q) belong to the domain of the divergence operator, and on this 
set the divergence operator coincides with Itô’s stochastic integral. 
Actually, the divergence operator coincides with an extension of Itô’s 
stochastic integral introduced by Skorohod in [315]. In this context 
a natural question is to ask in which sense the divergence operator 
with respect to a fractional Brownian motion B can be interpreted 
as a stochastic integral. Note that the divergence operator provides 
an isometry between the Hilbert Space H associated with the fBm B 
and the Gaussian space H1, and gives rise to a notion of stochastic 
integral for classes of deterministic functions included in H. If H < Ł, 
then H = 122" (1?) is a class of functions that contains C° ([0, T]) if 
y> 4-H. If H = 4, then H = L?((0,7)), and if H > 4, H contains 
the space |H| of functions. We will see that in the random case, (see 
Propositions 5.2.3 and 5.2.4) the divergence equals to a path-wise 
integral minus the trace of the derivative. 


5.2.1 Malliavin Calculus with respect to the fBm 


Let B = {B:,t € [0,T]} be a {Bm with Hurst parameter H € (0,1). The 
process {B(y),y € H} is an isonormal Gaussian process associated with 
the Hilbert space H in the sense of Definition 1.1.1. We will denote by D 
and 6 the derivative and divergence operators associated with this process. 

Recall that the operator Ký is an isometry between H and a closed 


subspace of L?([0,T]). Moreover, W, = B((K%,)~' (1j0,4})) is a Wiener 
process such that 


t 
B= | Ky(t, s)dWs, 
0 


and for any y E€ H we have B(y) = W(Kj;y¢). 
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In this framework there is a transfer principle that connects the deriva- 
tive and divergence operators of both processes B and W. Its proof is left 
as an exercise (Exercise 5.2.1). 


Proposition 5.2.1 For any F € Dy? =D! 
K* DF = DYF, 


where DW denotes the derivative operator with respect to the process W, 
and Dye the corresponding Sobolev space. 


Proposition 5.2.2 Domô = (K4)! (Domdw), and for any H-valued ran- 
dom variable u in Dom 6 we have (u) = dw(Kz,u), where dw denotes 
the divergence operator with respect to the process W. 


Suppose H > 5. We denote by |H|@|H| the space of measurable functions 
y on [0,7]? such that 
2 2H-2 2H-2 
lelhaona = 08 f „rol [eal Ie = uP? 10 = n? drdudodn < oo. 
0, 


Then, |H| ® |H| is a Banach space with respect to the norm ||- liioin 
Furthermore, equipped with the inner product 


(9, Pinen = ais | j Pr obun [r= uj??? |0 — ae drdud@dn 
0,7 
the space |H| Q |H] is isometric to a subspace of H & H. A slight extension 
of the inequality (5.19) yields 
lelhpaera < be ella Gorey: (5.34) 


For any p > 1 we denote by D+? (H|) the subspace of D+? (H) formed 
by the elements u such that u € |H| a.s., Du € |H| $ |H| a.s., and 


E (lel) +E (Duaon) <o. 


5.2.2 Stochastic calculus with respect to fBm. Case H > 5 


We can introduce the Stratonovich integral as the limit of symmetric Rie- 
mann sums as we have done in Chapter 3 in the framework of the an- 
ticipating stochastic calculus for the Brownian motion. However, here we 
will consider only uniform partitions, because this simplify the proof of the 
results. 

Consider a measurable process u = {uz,¢ € [0, T]} such that T Jus|dt < 
co a.s. Let us define the aproximating sequences of processes 


n-1 tiqa 
(ru), = 5 AS (/ ud Lia), (5.35) 
i=0 ti 
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where t; = iA,, i=0,...,n, and A, = T, Set 


n-1 i tia 
s = os AL (| usd) (Beis: — Bi,). 
1=0 i 


Definition 5.2.1 We say that a measurable process u = {u,0 <t < T} 
such that di |uz|dt < œ a.s. is Stratonovich integrable with respect to the 
[Bm if the sequence S” converges in probability as |x| — 0, and in this case 


the limit will be denoted by fo uz o dBi. 
The following proposition establishes the relationship between the 


Stratonovich integral and the divergence integral. It is the counterpart of 
Theorem 3.1.1 for the fBm. 


Proposition 5.2.3 Let u = {uz,t € [0,T]} be a stochastic process in the 
space D+? (H|). Suppose also that a.s. 


E T 
J J (Dul lt — s|? dsdt < 00. (5.36) 
0 0 


Then u is Stratonovich integrable and we have 


T T T 
| us 0 dBi = 5(u) +an f i Dou |t — s|? dsdt. (5.37) 
0 0 0 


Proof: The proof will be done in two steps. 
Step 1. Notice first that Ie |u,|dt < œ a.s. because |H| c L((0,7]). We 
claim that 
lr elliney < er Welling (5.38) 


for some positive constant dy. In fact, we have that 


T T 
[nal ear ff iene), | en, ls — eP# Pasa 


T T 
Zan J j jus| luel a(s, t)dsdt, 
0 0 


where 
= Waar eee 2H-2 
beh yt tek HO i) J J jo — 0|?" -2dodð. 
i, j=0 ti tj 
Hence, in order to show (5.38) it suffices to check that 


Pn (5, t)|s z ie < dy. 
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Notice that 
ti+ı ptj+1 H 
on | T |o — 0|?" =?dodð = E((Bi,,, — Bu (Bt, — Be, )). 
ti tj 


Thus, for St = (ti, ti+1] 
Jaa T aA a A a < ag, 
and for s € (ti, tesa], tE (tj, tj+1] with i < j 
$,(s, t)|s jan mes 


|s = bates 


oie [(t; — ti)?” + (ty — tin + 2An)?* 


—2(t; — tiga + An)?” ] 


Therefore (5.38) holds with 
1 
dy = ay max(1, [kA + (k +2)?F — 2(k +1)?"] (k + 277). 


We can find a sequence of step processes ug such that ||u, — ull >0 
as k tends to infinity. Then 


lru- ul < lru- nurli + laur — urli + lur — ullin 


< (Vda +1) llur — ull + lla ur — ually 


and letting first n tend to infinity and then k tend to infnity we get 


: 7 = 
Jim, || u— ullin = 0 
a.s., and by dominated convergence we obtain 
Z ny 2 i= 
Jim E(\|7 u — ullin) = 0. 
In a similar way we can show that 


2 2 
Dr ull azejr4) < fu |Dullizjeire) , 
for some constant fy > 0, and as a consequence 


f P 2 
Jim, E(||[Dr"u— Dulino) = 9- 


Therefore, 7”u — u in the norm of the space D!:?(|H|). 
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Step 2. Using Proposition 1.3.3 we can write 


D Ap a wd (Bi, — Bu) = O(n" u) + Ta (u), (5.39) 


n-1 tina 
i=0 4 


By Step 1 6(7”u) will converge in L?(Q) to 6(w) as n tends to infinity. Then 
it suffices to show that T,,(w) converges almost surely to 


T pT 
on | f Du |t — eee dsdt. 
o Jo 


T pT 
Talu) = on | f Dsutpn(s, t)dsdt, 
o Jo 


We can write 


where 
n-1 tei 
pals, t) = X a DAR f ls — o|2#-2 do, 
i=0 ti 


By dominated convergence it suffices to show that 
Vrs, t)|s T ca Sen 


for some constant ey > 0. If s,t € (ti, ti+1] then, 


Pn(s,t)|s—t? 2% << AZ1A2-2#(2H - 1)" 
x [(ti+1 = ay zs (s N ie | 
2 
< ‘ 
— 2H-1 


On the other hand, ifs € (ti, ti+1l, tE (tj, tj+1] with 7 <j we have 


1 
tle —t)2 22 < ; 2)2—2H 
Yn (s,t)|s — t| < zgi Se (k +2) 
Ac[0,1] 
x[(k +1 +A)! (ee oe 
_ GH 
-~ 9H-1° 


Hence, (5.2.2) holds with ey = tot max(2, gg). This completes the proof 
of the proposition. 
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Remark 1 A sufficient condition for (5.36) is 
T/ pT 1/p 
| (/ |D,uz|? i) ds < œ 
0 s 
ZT: 


Remark 2 Let u = {w,t € [0,T]} be a stochastic process which is 
continuous in the norm of D'? and (5.36) holds. Then the Riemann sums 


TA Bipa a Bi,), 


i=0 


for some p > 


where t; < si < t;41, converge in probability to the right-hand side of 
(5.37). In particulat, the forward and backward integrals of u with respect 
to the {Bm exists and they coincide with the Stratonovich integral. 


(A) The divergence integral 


Suppose that u = {wut € [0,7]} is a stochastic process in the space 
D'(\H|). Then, for any t € [0,7] the process w1jo,4 also belongs to 
D':?(|H|) and we can define the indefnite divergence integral denoted by 


t 
| u,dB, = ô (ul (0,1) ; 
0 


If (5.36) holds, then by Proposition 5.2.3 we have 


t t t pT 
I us o dB; = | usdBs ban | Dy,us lee drds. 
0 0 o Jo 


By Proposition 1.5.8, if p > 1, a process u € D'?(|H|) belongs to the 
domain of the divergence in L?(Q), and we have 


E (|8 (uP?) < Crp (IE (lly + E (Duley) - 
As a consequence, applying (5.34) we obtain 
E (|8 (WP) < Cro (1E Mae qory + E (UDua) ) 6-40) 


Let pH > 1. Denote by L'? the space of processes u € D!?(|H|) such 
that 


T yer pi ? 
1 
lullp 1 = I E(\us|?)ds + E y (/ |D-us| 7 ar) ds < œ. 
0 0 0 


Assume pH > 1 and suppose that u € Lie and consider the indefinite 


divergence integral X; = is usdBs. The following results have been estab- 
lished in [6]: 
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(i) Maximal inequality for the divergence integral: 
e( sup xr) < C [lulla > 
te[o0,T] i 


where the constant C > 0 depends on p, H and T. This follows from 
the L? estimate (5.40) and a convolution argument. 


(ii 


wa 


Continuity: The process X, has a version with continuous trajectories 
and for all y < H — > there exists a random variable C} such that 


|X: — X5| < CG lt- s|. 


As a consequence, for a process u € Aab, the indefinite integral 
process X = { fo u,dB,, tE (0, 7}} is y-Hölder continuous for all 
y< A. 


(B) Ité’s formula for the divergence integral 
Suppose that f,g : [0,7] — R are Holder continuous functions of orders 
a and 8 with a+ 8 > 1. Young [354] proved that the Riemann-Stieltjes 


integral ie fsdgs exists. Moreover, if hy = fi fsdgs and F is of class C? 
the following change of variables formula holds: 


F(h) = F(0) + 1 AA 


As a consequence, if F is a function of class C?, and H > L, the 
Stratonovich integral integral i F'(B,)odB, introduced in Definition 5.2.1 
is actually a path-wise Riemann-Stieltjes integral and for any function F 


of class C? we have 
$ 
F(B)=F(0)+ | F'(B) o dB, (5.41) 
0 


Suppose that F is a function of class C?(R) such that 


max {|F (2)|, |F" (x)|, |F” (@)|} < ce", (5.42) 


where c and A are positive constants such that A < IPT- This condition 


implies 


e( sup FB) < CH (err erosisr a < o0 
O<t<T 


T-2H 


for all p < 5;—. In particular, we can take p = 2. The same property holds 
for F” and F”. 
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Then, if F satisfies the growth condition (5.42), the process F’(B,) be- 


longs to the space D!?(\H|) and (5.36) holds. As a consequence, from 
Proposition 5.2.3 we obtain 


t t t sS 
[ F@oeas. = J P@ouB. ton | 1 F"(B,)(s — r)?” ?drds 
0 0 0 JO 


t t 
= fJ P@ous. +H | F"(B,) 8" tds. (5.43) 
0 0 


Therefore, putting together (5.41) and (5.43) we deduce the following It6’s 
formula for the divergence process 


F(B,) = F(0) + 7 F'(B,)dB, + nf F" (B)? !ds. (5.44) 


We recall that the divergence operator has the local property and ô(u) 
is defined without ambiguity in DE? (H). 
We state the following general version of Itô’s formula (see [11]). 


Theorem 5.2.1 Let F be a function of class C?(R). Assume that u = 
{uz,t € [0,T]} is a process in the space D?? (\H|) such that the indefinite 


loc 
integral X; = Ie usdB, is a.s. continuous. Assume that ||u||, belongs to H. 
Then for each t € [0,T] the following formula holds 


t 


F(X) = F(0) + | F’(Xs)usdBs 


0 
t T: s 
+ay | F"(Xs) us if |s — oft? (J Da uedBo) do | ds 
0 0 0 
t s 
Taa T F" (Xs)us ( / ug (s — 0) 4 -? i) ds. (5.45) 
0 0 


Remark 1 If the process u is adapted, then the third summand in the 
right-hand side of (5.45) can be written as 


t s 0 
an | F” (Xs) us (/ (/ |s — are Drud) in») ds. 
0 0 0 


Remark 2 2#=1(s—6)?4~-?1)9 .)(0) is an approximation of the identity as 
s [0,5] 

H tends to Z. Therefore, taking the limit as H converges to 4 in Equation 

(5.45) we recover the usual It6’s formula for the the Skorohod integral (see 


Theorem 3.2.2). 
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5.2.3 Stochastic integration with respect to fBm 
in the case H < t 


The extension of the previous results to the case H < ł is not trivial and 


new difficulties appear. In order to illustrate these difficulties, let us first 
remark that the forward integral i B,dB, defined as the limit in L? of the 
Riemann sums 


n—-1 
5 Bi, (Beis = Bi,), 
1=0 


where t; = a does not exists. In fact, a simple argument shows that the 
expectation of this sum diverges: 


n 1 n 
XO E (Ba, (Bu — Bi.)) = 5 Set - 4 - (4 -— ti)?" ] 
t=1 i=1 


= a (1 2 pe) > —00, 


as n tends to infinity. Notice, however, that the expectation of symmetric 
Riemann sums is constant: 

z Š 2H _ 42H ise 
SOE ((Bi, ele By,_,) (Bi, B Bi, ,)) = 2 5 t ~ el = Ea 
i=1 


i=1 


Nj = 


We recall that for H < 4 the operator Kj, given by (5.31) is an isometry 
between the Hilbert space H and L?([0, T]). We have the estimate : 


OK 


Se (ts) — H) (t — s) È. (5.46) 


1 
< cH(5 


Also from (5.32) (see Exercise 5.2.3) it follow sthat 
|K(t,s)| < C(t—s)#-2. (5.47) 


Consider the following seminorm on the set € of step functions on [0, T]: 


T 
lel = | y(8)(T — 8)2#—Nds 


T T pa 2 
+f (/ l(t) — y(s)|(t-— s) i) ds. 


We denote by Hg the completion of E with respect to this seminorm. The 
space Hx is the class of functions y on [0, T] such that ||y||% < 00, and it 
is continuously included in H. If u € D'? (Hx), then u € Dom ô. 
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Note that if u = {uz,t € [0, T]} is a process in Dt? (Hg), then there is a 
sequence {y,,} of bounded simple H,-valued processes of the form 


n-1 
Pn = X Filie tjah (5.48) 
j=0 


where F} is a smooth random variable of the form 


F; = fi (By By os 


with f; € C (R™)), and 0 = to < ti <... < tn = T, such that 


T 
Elu- gnk +E f Dru- Drønlèedr— 0o, a8 n= o. 
0 


(5.49) 

In the case H < 4 it is more convenient to consider the symmetric inte- 

gral introduced by Russo and Vallois in [298]. For a process u = {u;,t € [0, T]} 

with integrable paths and £e > 0, we denote by uf the integral (2¢)~+ ue Usds, 

where we use the convention us = 0 for s ¢ [0,7]. Also we put Bs = Br 
for s > T and B, = 0 for s < 0. 


Definition 5.2.2 The symmetric integral of a process u with integrable 
paths with respect to the fBm is defined as the limit in probability of 
T 
ea | us (Bs4- — Bs—e) ds. 
0 


as £ | 0 if it exists. We denote this limit by m u, o dB,. 


The following result is the counterpart of Proposition 5.2.3 in the case 
H < L, for the symmetric integral. 


Proposition 5.2.4 Let u = {uz,t € [0,T]} be a stochastic process in the 
space D+? (Hg). Suppose that the trace defined as the limit in probability 


eng a ak 
TrDu := lim p f (Dus, 1js—e,ste]n[0,T]) 74 ds 


exists. Then the symmetric stochastic integral of u with respect to fBm in 
the sense of Definition 5.2.1 exists and 


T 
i uz o dB, = 6(u) + TrDu. 
0 


In order to prove this theorem, we need the following technical result. 


Lemma 5.2.1 Letu be a simple process of the form (5.48). Then uf 
converges to u in D+? (Hx) as e | 0. 
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Proof: Let u be given by the right-hand side of (5.48). Then u is a bounded 
process. Hence, by the dominated convergence theorem 


T: 
e| (us — u£)? (T — s)?¥ -1ds —0 as Se | 0, (5.50) 
0 


Fix an index i € {0,1,...,.n — 1}. Using that u,—u, = 0 for s,t € [ti ti+1] 


we obtain 
Bia T , 2 
f f vs uE — (u — us)| (t— s)¥7?dt | ds 
ty g 
2 


tiga tiga 3 
2 | (J lug = usl (¢— star) ds 
ti s 


i 


ti+1 T 5 2 
+2 f juf — uf — (u, — us)| (t — s)¥7?dt | ds 
ti tiga 


IA 


i 


2A; (i, €) + 242(i,£). (5.51) 


II 


The convergence of the expectation of the term A2(i, £) to 0, as € | 0, follows 
from the dominated convergence theorem, the fact that u is a bounded 
process and that for a.a.0<s<t< JT, 


2—+0 as Eelo. 


Jug — us — (ue — us)| (t 


Suppose that £ < + ming<i<n—1 \ti41 —t,|. Then uf — u£ = 0 if s and t 
belong to |t; + 2€, ti+ı1 — 2€], we can make the following decomposition 


E(Ai(i,€)) 
ti+2e ti+2e 2 
< 8 | f! pug = us] (¢— 9)" Fat) ds 
ty Ss 
tiga tad 2 2 
+8 | (/ lf = us| (¢— star) ds 
ti41—2€ s 


2 


ti+2e ti+1 
+8 f (| lug = us] (¢— stat) as 
ti ti; +2e 
ti-1—2e tiga 
+8 | (/ ei- usle- ata) ds. 
ti ti41—2€ 


i 
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The first and second integrals converge to zero, due to the estimate 
c 
lui — us] < zlt = sl. 


On the other hand, the third and fourth term of the above expression 
converge to zero because uj is bounded. Therefore we have proved that 


E ||u — ||; — 0 as e>0. 


Finally, it is easy to see by the same arguments that we also have 


aD? 
Ef Dyu- Dyutlfic dr — 0 ase > 0. 
0 


Thus the proof is complete. 


Now we are ready to prove Proposition 5.2.4. 


Proof of Proposition 5.2.4: From the properties of the divergence operator, 
and applying Fubini’s theorem we have 


T T 
(ey f Us (Bs+e ar Bese) ds = (2e)! I ô (usljs—e,s+e]C)) ds 


T 
(0) 


= (2e)! a (J usd) dB, 


T 
+26 f (D.us, lig ela: ds 


II 


T 
J u,dB, + BS. 
0 


By our hypothesis we get that B® converges to TrDu in probability as 
é | 0. In order to see that fee u£dB, converges to 6 (u) in L?(Q) as £ tends 
to zero, we will show that u? converges to u in the norm of D1? (Hx). Fix 
ô > 0. We have already noted that the definition of the space Dt? (Hx) 
implies that there is a bounded simple H,-valued processes y as in (5.48) 
such that 


Fr 
Blju- el +B [Diu Drle dr <6. (5.52) 
0 
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Therefore, Lemma 5.2.1 implies that for € small enough, 


T 
Buu +e f || Dy (u — uf) || dr 
0 


T 
< cE llu- gle + cE | [Dee 
0 
2 F 2 
+cBlle— lk +E f ID- eldr 
0 
T 
+eE llef -ul + cE | ID, (y® — u®)||2, dr 
0 
T 
< 205+ cE | — uti + cE f ID, (€ — u®)||% dr. (5.53) 
0 
We have 
E 
J E (yf -u5)? (T — 8)?¥\ds 
0 
T 1 ste 2 
< feel (en =u)dr) (T — s)?" -tds 
0 2e s—E 
T 1 (r+te)AT 
< f Blu) zf (T — s)?” -lds | dr. 
0 2e (r—e)VO 


From property (i) it follows that 


(rt+e)AT 
(2e)~* / K(T, t} dt < c (T — r)? 724] 
( 


r—e)VO 


Hence, by the dominated convergence theorem and condition (4.21) we 
obtain 


T 
lim sup | E (yi — u£)? K(T,s)?ds 
ceļo 0 


T 
< J E (p, — us)? K(T,s)?ds <6. (5.54) 
0 
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On the other hand, 
T/T aN 
Ef J lpi — uf — p$ + us| (t — 5)" 2 dt) ds 
0 s 
1 T e pT ie 2 
<ir | (FI I- u), — (p — u)s-o| (t — 8) ua) ds 
1 T ste pT+r-s i 2 
=f O f (Y — u) — (p — u)r| (t-r) > dtdr] ds 
T 2 
1 ste T+e PE 
= zef i (/ (y — uj — (y — u)r (t-r)? a) drds 
0 s—E r 


1 T+e p(rt+te)AT T+e 5 2 
= zef i. lp, — uw — p, +ur| (t-r) 7? dt) dsdr 
2e —eE (r—s) VO r 


Te T+e > 2 
<E Í lpi — u — pr + u,| (t= r)? dt) dr. (5.55) 


we 


By (5.54) and (5.55) we obtain 
lim sup E ||p* — ut ||> < 26. 
ceļo 
By a similar argument, 
T 
lim sup £ | ID, (%5 = u®) |i dr < 26. 
ceļo 0 
Since ô is arbitrary, uê converges to u in the norm of Di? (Hx) as e | 0, 


and, as a consequence, i u<dB, converges in L? (Q) to ô(u) . Thus the 
proof is complete. 


Consider the particular case of the process us = F(B;), where F is a 
continuously differentiable function satisfying the growth condition (5.42). 
If H > 4, the process F(B;) the process belongs to Dt? (Hg). Moreover, 
TrDu exists and 


T 
TrDu = n | UB ee dt: 
0 


As a consequence we obtain 


T T T 
| F(By)odB; =} P(B)dB + H f F'(B)P” tdt. 
0 0) 0 
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Ag y . 4 1 
(C) Ité’s formulas for the divergence integral in the case H < 5 


An Itô’s formula similar to (5.44) was proved in [9] for general Gaussian 
processes of Volterra-type of the form B, = fo K(t,s)dW,, where K(t, s) 
is a singular kernel. In particular, the process B, can be a fBm with Hurst 
parameter ; <H< Z. Moreover, in this paper, an Itô’s formula for the in- 
definite divergence process X; = if u,dB, similar to (5.45) was also proved. 

On the other hand, in the case of the fractional Brownian motion with 
Hurst parameter ; <H< Z, an Itô’s formula for the indefinite symmetric 
integral X; = le usdB, has been proved in [7] assuming again + < H < 3. 

Let us explain the reason for the restriction + < H. In order to define the 
divergence integral Hee F’(B,)dBs, we need the process F'(B) to belong 
to L?(Q;H). This is clearly true, provided F satisfies the growth condition 
(5.42), because F’(B,) is Hélder continuous of order H — e > į — H if 
e<2H—4.If H < 4, one can show (see [66]) that 


P(B EH) =0, 


1 
4? 


and the space D!:?(H) is too small to contains processes of the form F’(B;). 
Following the approach of [66] we are going to extend the domain of the 
divergence operator to processes whose trajectories are not necessarily in 
the space H. 
Using (5.31) and applying the integration by parts formula for the frac- 
tional calculus (A.17) we obtain for any f,g © H 


(9 = (Kaf, KG9) 12((0,7)) 


T= 3-H H-1 T5 4 1 
= å G De s-a f, s? pe 8” 2g 


es es 3-H 1— T 
=i (het 22 Der s! 2R D2 sv 2g 


This implies that the adjoint of the operator K¥, in L?({0,T]) is 


Tes iyan 
(K3 f) (s) = dus? 7 D3," 9! 2” D3 "s-a f, 


Set Hy = (K4) (Ea (L2([0,T])). Denote by S the space of 
smooth and cylindrical random variables of the form 


where n > 1, f € Cpe (R”) (f and all its partial derivatives are bounded), 
and Qi E Ho. 


Definition 5.2.3 Let u = {w,t € [0,T]} be a measurable process such 


that 
T 
E (/ vit) < 00. 
0 
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We say that u € Dom*6 if there exists a random variable 6(u) € L?(Q) 
such that for all F € Sy we have 


it E(u K4" Ki, Di F)dt = E(5(u)F). 
R 


This extended domain of the divergence operator satisfies the following 
elementary properties: 


1. Doméd C Dom*6, and 6 restricted to Domé coincides with the diver- 
gence operator. 


2. If u € Dom*d then E(u) belongs to H. 
3. If u is a deterministic process, then u € Dom*ô if and only if u € H. 


This extended domain of the divergence operator leads to the following 
version of Itô’s formula for the divergence process, established by Cheridito 
and Nualart in [66]. 


Theorem 5.2.2 Suppose that F is a function of class C?(R) satisfying the 


growth condition (5.42). Then for allt € [0,T], the process {F"(Bs)1jo,4)(s) } 
belongs to Dom*6 and we have 


t t 
F(B) = ro) + f F'(B,)dB,+ H | F" (B,)s?°™ tds. (5.57) 
0 0 
Proof: Notice that F’(Bs)1)0,4(s) € L?((0, T] x Q) and 
t 
F(B,) — F(0) — Hf F”(Bs)s?°” tds € L? (Q). 
0 
Hence, it suffices to show that for any F € Sy 
(E(F'(Bs) Lio, (8), DsF) 1 
t 
= (Fe — F(0) - i| F"(B,)s? 1ds) F) . (5.58) 
0 
Take F = H,,(B(y)), where y € Ha and Hn is the nth-Hermite polynomial. 


We have 
DF = Hn- (B(p))p: 


Hence, (5.58) can be written as 
E (Ha—1(B(p))(F'(Bs)Lio,4 (8), Psn) 


= B((F(B) - F0) -H | F"(Bs)s°"~"ds) Hn (B(¢))) 
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Using (5.33) we obtain 
jon 4-H 3-H 
ey | E(F'(Bs)Hn-1(Bly))) (DE DZ  p)(s)ds 
0 
t 
= E((F(Bi*) — F(0) -u f F" (Bs)s?™ ds) Hn(B(y))). (5-59) 
0 
In order to show (5.59) we will replace F by 
1 
F(a) =k | Fæ- y)elky)dy, 
=i 
where £ is a nonnegative smooth function supported by [—1,1] such that 
J2,e(y)dy = 1. 
We will make use of the following equalities: 
1 n n 
E(F(Bi)Hn(B(y))) = — B(F(B:)6"(e®")) 
1 
= -TE (D”(F(B:)), p°” )non 


1 n 
= SEF (Br)) Lo) 9): 


Let p(o,y) := (200) 72 exp (-¥). Note that gp = 158. For all n > 0 
and s € (0, ¢], 


d 


qs EF (Bs) = — | p(s”, y) F™ (y)dy 


= Hs- p(F®+?(B,)). (5.60) 


For n = 0 the left hand side of (5.59) is zero. On the other hand it follows 
from (5.60) that 


E (F(B:)) — F(0) — nf E(F"(B,))s?#—-1ds = 0 


This shows that (5.59) is valid for n = 0. 
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Fix n > 1. Equation (5.60) implies that for all s € (0, 1], 


d n n — n n 
Z (BEB) Los ei) = Hs BPO B) o) 

+e7,nE(F™(Bs)) 

pe i_y_1i_H 

x (Los Au (D? D2 p)(8). 
It follows that 

$ 
E(F (BA) Gospo = xf E(F*?)(Be))(10,5, pys ds 


t 
+e2n / E(F™ (B,)) 
0 
eo arene = eae beni = i 
x(1(0,5,9)%, (D2 “D?~“y)(s), (5.61) 


(5.61) is equivalent to (5.59) because 
E(E (Bz))(10,5), 9% = MEF (Bi) Hn(B(¢))), 


E(F™(B,))(1¢0,5,9)%, = (n — 1) !E(F'(Bs) Hn—1)(B(Y))), 


and 
E(F®+D(B,)) (0,4), 8) = MEE" (B) Hn B(y))). 


This completes the proof (5.59) for the function Fẹ. Finally it suffices to 
let k tend to infinity. 


(D) Local time and Tanaka’s formula for fBm 


Berman proved in [22] that that fractional Brownian motion B = {B,,t > 
0} has a local time /? continuous in (a,t) € R x [0,00) which satisfies the 
occupation formula 


[seas = f olada (5.62) 


for every continuous and bounded function g on R. Moreover, l? is increas- 
ing in the time variable. Set 


t 
ie =2H | st" (ds). 
0 
It follows from (5.62) that 


t 
2H | I(B)?" -ds = g(a) Ltda. 
0 R 
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This means that a — Lẹ is the density of the occupation measure 


t 
u(C) =2H | 1¢(B,)s7#—1ds, 
0 


where C is a Borel subset of R. Furthermore, the continuity property of lẹ 
implies that L? is continuous in (a,t) € R x [0,0o). 

As an extension of the It6’s formula (5.57), the following result has been 
proved in [66]: 


Theorem 5.2.3 Let0<t< œ anda €R. Then 
l{B.>a} Lo(s) € Dom* ô, 


and 


$ 
1 
(Bi — a)* = (—a)t +f 1(3,50}dBs + alt : (5.63) 


This result can be considered as a version of Tanaka’s formula for the 
fBm. In [69] it is proved that for H > 4, the process 14 8,5.0}1)0,4)(s) belongs 
to Domé and (5.63) holds. 

The local time {f has Holder continuous paths of order ô < 1 — H in 
time, and of order y < Se in the space variable, provided H > 3(see 
Table 2 in [117]). Moreover, l? is absolutely continuous in a if H < 4, it 
is continuously differentiable if H < z, and its smoothness in the space 
variable increases when H decreases. 

In a recent paper, Eddahbi, Lacayo, Solé, Tudor and Vives [88] have 
proved that I? € D®? for all a < TT That means, the regularity of 
the local time /? in the sense of Malliavin calculus is the same order as its 
Holder continuity in the space variable. This result follows from the Wiener 


chaos expansion (see [69]): 


œo nt 
= D s p(s? a) Hn (as) In (1 10,5} 87) ds. 
n=0 0 


In fact, the series 


So (L+n)°E 


= Latent f [Cones p0, a) Has) Har") 


n=0 


x Rua(r,s)"drds 


(f sH n(s?* a) Hy, las” \In (10,4) 8”) is) i 
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is equivalent to 


co t t 
5 e] i Ry(u, v)(uv) "4 dud 
o Jo 
co i; 1 
= 5 note | Ry(1,z)2- 7 1 dz. 
0 
Then, the result follows from the estimate 


1 
| Ry(1,z)z de < On 7r, 
0 


Exercises 

5.2.1 Show the tranfer principle stated in Propositions 5.2.1 and 5.2.2. 
5.2.2 Show the inequality (5.34). 

5.2.3 Show the estimate (5.47). 


5.2.4 Deduce the Wiener chaos expansion of the local time lẹ. 


5.3 Stochastic differential equations driven 
by a {Bm 


In this section we will establish the existence and uniqueness of a solution 
for stochastic differential equations driven by a fractional Brownian mo- 
tion with Hurst parameter H > Z, following an approach based on the 
fractional calculus. We first introduce a notion of Stieltjes integral based 


on the fractional integration by parts formula (A.17). 


5.3.1 Generalized Stieltjes integrals 

Given a function g : [0, T] — R, set gr- (s) = g(s) — limejo(T — £) provided 
this limit exists. Take p,q > 1 such that pat : <land0O<a<l. 
Suppose that f and g are functions on [0,7] such that g(T—) exists, 
f € Is, (LP) and gr- € I;-° (L49). Then the generalized Stieltjes integral 
of f with respect to g is defined by (see [357]) 


T tä 
[fdas =f Diy fos (5) DIRS ar (s) ds (5.64) 
0 0 


In [357] it is proved that this integral coincides with the Riemann-Stieltjes 
integral if f and g are Holder continuous of orders a and 8 with a+ £ > 1. 
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Fix 0 < a < $. Denote by W5"* (0, T) the space of measurable functions 
f : [0,7] — R such that 


= f 21 
NPs = eo (ro fe k ao i) < 00. 


We have, for allO <e<a 


C°+°(0, T) c Wee T) oO" 20.7): 


Denote by W47™% (0, T) the space of measurable functions g : [0, T] > R 
such that 


= la(t) -9 f lgu) -g9 
lgl -a,r = ‘eee ( (t = s)i-a U | (y = g)2-4 av) < Oo. 


We have, for all0 <<e<a 


ctete (0, T) c We POPC Fier. 
T 


For g € W; ™°®(0, T) define 


: sup |(Diz°a-) (s)| 


alg) := =~ 
(9) T'(1 — a) o<sctcr 


< Meara lglli-a,T « 


Finally, denote by W+ (0, T) the space of measurable functions f on [0, T] 
such that 


Ith = f E Lis) Olas f fee LOD ay as < oo. 


Lemma 5.3.1 Fir 0 < a < i and consider two functions g € 


Wr @™(0,T) and f € W&¥(0, T). Then the generalized Stieltjes integral 


t T 
J fsdgs = | fs1jo,4(s)dgs 
0 0 


exists for all t € [0,T] and for any s < t we have 


[futon - [ jutoe= f De. r) (Diz ge_) (r) dr. 


This lemma follows easily from the definition of the fractional derivative. 
We have 
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t 
if fsdgs 
0 


if (D+ f) (s) (Di="g-) (s) ds 


< Aa(g) Ifl a 
Indeed, 


II 


t 
f fsdgs 
0 


< sup (DE) O f 8A Olas 
0<s<t<T 
< Aa(g) Ifl “ 


The following proposition is the main estimate for the generalized Stielt- 
jes integral. 


Proposition 5.3.1 Fiz0 <a < 4. Given two functions g € Wp ™™® (0, T) 
and f € W+ (0, T) we set 
t 
hi = J fsdgs. 
0 


Then for alls <t <T we have 
t 
[hi — hs| —a 
DESI (t= s) ds (t-r) +r ) 
"ae iz r jt a (5.65) 
a) 


where c, r is a constant depending on a and T. 


Proof: Using the definition and additivity property of the indefinite inte- 
gral we obtain 


he a hs| = 


sas] =| f r) (Diz°g-) (r) dr 


< calle “the 
raf fd = [ban (5.66) 


Taking s = 0 we obtain the desired estimate for |h;|. Multiplying (5.66) by 
(t — s)~°—! and integrating in s yields 


[ PSE & < aay [ese (5.67) 


(f 4 ira ff” Me z Al dudr) ds. 


x 
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By the substitution s = r — (t — r)y we have 


fe — 8) tr — s) “ds < (t-r)? fo +y) ty dy (5.68) 
0 0 


and, on the other hand, 


[e — s) 7% tds =a" [(t-y)7* — t°] <a "(t-y)™. (5.69) 


Substituting (5.68) and (5.69) into (5.67) yields 


t Ihi — hsl fel 
[ G- Aalo) [et ak = 


"IFC = FY)| = 
np fn i (t — y) “dydr| , 


ae =) (l+y)°'y"*dy = B(2a,1—a). 
0 


where 


As a consequence of this estimate, if f € Wp °° (0,T) we have 


t 
J fadgs| < Na(g) c, (t= 97 flao (5.70) 
and { 
| Sedge < Mag) cor UIflla,co « (5.71) 


5.3.2 Deterministic differential equations 


Let 0 <a < 4 be fixed. Let g € Wr “°°(9 T:R¢), Consider the determin- 
istic differential equation on R4 


raaot fH b(s, £ ose s,2,) dg, t € [0,7], (5.72) 
j=l 


where zo € R”. 
Let us introduce the following assumptions on the coefficients: 


H1 o(t,x) is differentiable in x, and there exist some constants 0 < 
3,6 < 1 and for every N > 0 there exists My > 0 such that the 
following properties hold: 

|o(t,x) — o(t,y)| < Mo|x — yl, Vz eR”, vte [0, T], 
|Ox,o(t, £) — Or, o(t, y)| < My|« m yl, V |z| , ly| < N, vt € [0,7] , 
|o(t, x) = o(s, x)| at |Ox,0(t, x) =: x,a (s, x)| < Molt — alt 
Va ER”, Vt,s € [0, T]. 
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for each i= 1,...,m. 
H2 The coefficient b(t, x) satisfies for every N > 0 


b(t, x) — b(t, y)| 
[b(t, x) | 


In|z — yl, VY |a|, lyl <N, vte [0, T], 


< 
< Loļæ|+ bo (t), Yz € R™, Vt € [0,T], 


where bo € L’ (0,T;R™), with p > 2 and for some constant Ly > 0. 


Theorem 5.3.1 Suppose that the coefficients o and b satisfy the as- 
sumptions H1 and H2 with p = i, 0< 68,6 < 1 and0 <a < ag = 


min (3.8, sit): Then Equation (5.72) has a unique continuous solution 
such that xê € Wo" (0,T) for alli =1,...,m. 


Sketch of the proof: Suppose d = m = 1. Fix > 1 and define the 
seminorm in W°% (0, T) by 


-At Ife- fl 
Iflaa= s e (i+ | GAS as). 
Consider the operator £ defined by 
t t 
(E= rot f Ws. falds+ f o(s, fo) dgs 


There exists Ao such that for A > ào we have 


1 
lLflaa S leol +1 ++ 5 flea: 


Hence, the operator £ leaves invariant the ball Bo of radius 2 (|£xo| + 1) in 
the norm ||-||,, ,, of the space Wo" (0, T). Moreover, there exists a constant 
C depending on g such that for any À > 1 and u,v € Bo 


I£ (u) — £ (v) | < S (1+ A(w) + A(W)) Ihe ollaa (5.73) 


a,AvA = di- 2a 


where 
Ur — Us |? 


A (u) = sup | ———— ds. 
(o) rel, T]Jo (r= s)et! 


A basic ingredient in the proof of this inequality is the estimate 
lo (r, fr) — o (s, fs) — a (r, hr) + o (s, hs) 
< Mol fr fs hy t h,| t Mol fr h,|(r s)? 
+ Mylf, > h,| (1f = Ab + [hr E hsl? ’ 
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which is an immediate consequence of the properties of the function ø. The 
seminorm A is bounded on £(Bo), and, as a consequence, (5.74) implies 
that £ is a contraction operator in £ (Bo) with respect to a different norm 
llla, for a suitable value of A2 > 1. Finally, the the existence of a solu- 
tion follows from a suitable fixed point argument (see Lemma 5.3.2). The 
uniqueness is proved again using the main estimate (5.65). 

The following lemma has been used in the proof of Theorem 4.1.1 (for 
its proof see [254]). 


Lemma 5.3.2 Let (X,p) be a complete metric space and po, p1, P2 some 
metrics on X equivalent to p. If L: X — X satisfies: 
i) there exists ro > 0, xo E X such that if Bo = {x E X : po (xo, £) < ro} 
then 

£ (Bo) C Bo, 


ii) there exists p : (X, p) — [0, +20] lower semicontinuous function and 
some positive constants Co, Ko such that denoting N,(a) = {x € X : 


p(z) < a} 


a)  L£(Bo) C Nọ(Co), 
b) py (L(x) ,L£(y)) < Kop, (2, y), Yz, y E Ng(Co) N Bo, 


iii) there exists a € (0,1) such that 
p2 (£ (x) , £ (y)) < a pa (#,y), Va,y € £ (Bo), 
then there exists x* € L (Bo) C X such that 
SLE N 
Estimates of the solution 


Suppose that the coefficient o satisfies the assumptions of the Theorem 
4.1.1 and 
lo (t,2)| < Ko (1 + |e"), (5.74) 


where 0 < y < 1. Then, the solution f of Equation (5.72) satisfies 


IIfllasco < C1 exp (CoAa(g)") , (5.75) 
where i 
Ta H Y= 
k=4 >> if 2 <y<1 
cso f O<7< +2 


and the constants Cı and C2 depend on T, a, and the constants that 
appear in conditions H1, H2 and (5.74). 
The proof of (5.75) is based on the following version of Gronwall lemma: 
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Lemma 5.3.3 Fir 0 < a < 1, a,b > 0. Let x : [0,00) — [0,c0) be a 
continuous function such that for each t 


x, < at bt fe —s) “s °x,ds. (5.76) 
Then on 
asetad erm 
< ada exp [eat Ce) (5.77) 


where ca and da are positive constants depending only on a (as an example, 
one can set ca =2(T(1—a))/"-™ and da = 4e? To ). 


This implies that there exists a constants Ca, da > 0 such that 


zı < ada exp egonaz] : 


5.3.3 Stochastic differential equations with respect to fBm 


Let B = {B,,t > 0} be a d-dimensional fractional Brownian motion of 
Hurst parameter H € (4, 1). This means that the components of B are 
independent fBm with the same Hurst parameter H. Consider the equation 
on R™ 


d t t 
X= Xo+ ye a; (s, Xs) o dBÍ +f b(s,Xs)ds, t € [0,T], (5.78) 
Pe 0 


where Xo is an m-dimensional random variable. The integral with respect 
to B is a path-wise Riemann-Stieltjes integral, and we know that this in- 
tegral exists provided that the process ø; (s, Xs) has Hölder continuous 
trajectories of order larger that 1 — H. 

Choose a such that 1 — H < a < 4. By Fernique’s theorem, for any 
0 < ô< 2 we have 

E (exp (A. (B)°)) < 00. 

As a consequence, if u = {u, t € [0,7]} is a stochastic process whose 
trajectories belong to the space Wy *(0, T), almost surely, the path-wise 
generalized Stieltjes integral integral fies us 0 dB, exists and we have the 


estimate 
T 
| us o dB, 
0 


Moreover, if the trajectories of the process u belong to the space Wi" (0, T), 
then the indefinite integral U; = i us o dB, is Hölder continuous of order 
1 — a, and its trajectories also belong to the space W°% (0, T). 


< G llulla, 
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Consider the stochastic differential equation (5.78) on R™ where the 
process B is a d-dimensional {Bm with Hurst parameter H € (5, 1) and 
Xo is an m-dimensional random variable. Suppose that the coefficients 
o$, b : Q x [0, T] x R™ > R are measurable functions satisfying conditions 
H1 and H2, where the constants My and Ly may depend on w € 2, and 
B >1-—H, ð> 74-1. Fix a such that 


1 â 
1-H <a< o= min (3.874) 


and a < A Then the stochastic equation (5.65) has a unique continuous 


solution such that X* € W5°°(0,7) for all i = 1,...,m. Moreover the 
solution is Holder continuous of order 1 — a. 
Assume that Xo is bounded and the constants do not depend on w. 
Suppose that 
la (t,2)| < Ko (1 + |æ), 


where 0 < y < 1. Then, 


lX]la v < C1 exp (C24a(B)“") . 


Hence,for all p > 1 
E (IXIË, s) < CPE (exp (PC24a(B)")) < 00 


provided « < 2, that is, 


and 


e If y= 1 this means a < ż and H > 3. 
e If y <2-— $ we can take any a such that 1-H <a< 4. 
Exercises 


5.3.1 Show the estimates (5.70) and (5.71). 
5.3.2 Show Lemma 5.3.1. 


5.4 Vortex filaments based on {Bm 


The observations of three-dimensional turbulent fluids indicate that the 
vorticity field of the fluid is concentrated along thin structures called vortex 
filaments. In his book Chorin [67] suggests probabilistic descriptions of 
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vortex filaments by trajectories of self-avoiding walks on a lattice. Flandoli 
[102] introduced a model of vortex filaments based on a three-dimensional 
Brownian motion. A basic problem in these models is the computation of 
the kynetic energy of a given configuration. 

Denote by u(x) the velocity field of the fluid at point x € R3, and let 
€ =curlu be the associated vorticity field. The kynetic energy of the field 
will be 


H= F ne) des al Ce (5.79) 
2 R3 87 R3 JR3 |x m y| 
We will assume that the vorticity field is concentrated along a thin tube 
centered in a curve y = {7,,0 < t < T}. Moreover, we will choose a random 
model and consider this curve as the trajectory of a three-dimensional 
fractional Brownian motion B = {B,;,0 < t < T}. This can be formally 
expressed as 


T y 
=r, ( [ s@-9- Bats) p(dy), (5.80) 


where T is a parameter called the circuitation, and p is a probability mea- 
sure on R3 with compact support. 

Substituting (5.80) into (5.79) we derive the following formal expression 
for the kynetic energy: 


H= f ! [ Ha yo(de) p(dy), (5.81) 


where the so-called interaction energy Hz, is given by the double integral 


T2 3 T T 1 n ; 
H,, = — dB? o dB}. 5.82 
' d. kraega e A 


We are interested in the following problems: Is H a well defined ran- 
dom variable? Does it have moments of all orders and even exponential 
moments? 

In order to give a rigorous meaning to the double integral (5.82) let us 
introduce the regularization of the function |-|7+: 


On = ble * Pi/ns (5.83) 


where pijn is the Gaussian kernel with variance L, Then, the smoothed 
interaction energy 


T2 3 T T y . 
m=) T ai Bea p edb sapi. 684) 
i=1 70 9 
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is well defined, where the integrals are path-wise Riemann-Stieltjes inte- 
grals. Set 


m= ff molded): (5.85) 
R3 JR3 
The following result has been proved in [255]: 


Theorem 5.4.1 Suppose that the measure p satisfies 


J i Iæ — yl" p(dz)p(dy) < 00. (5.86) 
R3 JR3 


Let Hj, be the smoothed interaction energy defined by (5.84). Then H” 
defined in (5.85) converges, for all k > 1, in L¥(Q) to a random variable 
H > 0 that we call the energy associated with the vorticity field (5.80). 


If H = E, fBm B is a classical three-dimensional Brownian motion. In 
this case condition (5.86) would be frs fgs l£ — yl teldx)po(dy) < 00, which 
is the assumption made by Flandoli [102] and Flandoli and Gubinelli [103]. 
In this last paper, using Fourier approach and It6’s stochastic calculus, the 
authors show that Ee~%™ < oo for sufficiently small negative £. 

The proof of Theorem 5.4.1 is based on the stochastic calculus of varia- 
tions with respect to {Bm and the application of Fourier transform. 


Sketch of the proof: The proof will be done in two steps: 
Step 1(Fourier transform) Using 


we get 
: 2 
on(2) = JE T2et EIs] /2n ge. 
R3 


Substituting this expression in (5.84), we obtain the following formula for 
the smoothed interaction energy 


23 pT pT I —|g|?/2n 
Hoy = ay / | f et(&2+B:—y-Bs) © — | dBi o dBi 
81 ja 79 40 R3 él 


r? —2 ilt, r—y)— |El? /2n 
= ga Je EEE OTE A Yele, (5.87) 


where 


T . 
Y; = | etl§Be) o dB; 
0 


and IYelle =e, ies Integrating with respect to p yields 
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n r? =I pa —|él2/2n 
m=i f AREP w@Pe azo (6.88) 
T JR3 


From Fourier analysis and condition (5.86) we know that 


| | le — yl! # p(de) (dy) = Cx | PEP IElE -dE < 00. (5.89) 
R3 J R3 R3 


Then, taking into account (5.89) and (5.88), in order to show the con- 
vergence in L*(Q) of H” to a random variable H > 0 it suffices to check 
that 


E (IYNE) < Cx (1a lg). (5.90) 


Step 2 (Stochastic calculus) We will present the main arguments for the 
proof of the estimate (5.90) for k = 1. Relation (5.37) applied to the process 


u, = e'§-F+) allows us to decompose the path-wise integral Ye = ie etl Bt) o 
dB; into the sum of a divergence plus a trace term: 


T T 
Y; = Í eB) dB, +H f iget Be) 2A 1 dt, (5.91) 
0 0 


On the other hand, applying the three dimensional version of It6’s formula 
(5.44) we obtain 


3 T , T 
e(§Br) -1+> > / ig e868) 5 BY -u | PH- Pel) de (5.92) 
j= 0 


Multiplying both members of (5.92) by i€|€|~? and adding the result to 
(5.91) yields 


T . 


where pe(v) = v — ee (€,v) is the orthogonal projection of v on (€)~. It 


suffices to derive the estimate (5.90) for the term Y£. Using the duality 
& 
relationship (1.42) for each j = 1,2,3 we can write 


gL) -E (Gar g 60am) ) ) ; 
H 
(5.93) 
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The commutation relation (D(d(u)),h)4, = (u, h)y + 6((Du, h),,) implies 
pi J e KB) ABE | = e™lEBr) Sn 5 + (i£) | Lyo,g(r)e 89 Bj. 
0 0 


Applying the projection operators yields 


T 
pDr g eean) 
0 


II 
m 
4 
T 
w 
ae 
Coe oN 
~ 
| 
[a 
* 
lans 
Sey 


Notice that the term involving derivatives in the expectation (5.93) van- 
ishes. This cancellation is similar to what happens in the computation of 
the variance of the divergence of an adapted process, in the case of the 
Brownian motion. Hence, 


y E C 


j=1 


Il 


2 E(( e`il& B.) e-il& B.) ) ) 
: H 


TnT 
= 2an f J E (Ea |s — r|?” -? dsdr 
o Jo 


T pT An 
eel SSTI Sel? = 
= 2an f / e ais |s — [24-2 dsdr, 
o Jo 


which behaves as |€|#~2 as |€| tends to infinity. This completes the proof 
of the desired estimate for k = 1. 

In the general case k > 2 the proof makes use of the local nondeterminism 
property of fBm: 


Var (= (Bi, — B.) > ky (ti— s)”. 


l 


Decomposition of the interaction energy 


Assume i <H< 3. For any x Æ y, set 


3 T t 
je ; 
HS dB? \ o dB’. 5.94 
>] Cf eraya.) ve 


Then Hey exists as the limit in L?(Q) of the sequence Hz, defined using 
the approximation on(x) of |x|~! introduced in (5.83) and the following 


318 5. Fractional Brownian motion 


decomposition holds 


tS 3 T t 1 , , 
is dBi dBi. 
LL wera 


T t 
=H J f olz — y + Bi — B,)(t — r)?@#- drdt. 
0 0 


F t 1 
-H(2H —1 t 22a) dt 
n a te 


T 
1 1 
-H f ( (T pea part) dr. 
o \lz -y+ Br- B,| |z — y + B, | 


Notice that in comparison with H,,, in the definition of Hey we chose to 
deal with the half integral over the domain 


{0<s<t<T}, 


and to simplify the notation we have omitted the constant ea Nevertheless, 
it holds that Hry = ais (Hy + fye) , and we have proved using Fourier 


analysis that H,, has moments of any order. 
The following results have been proved in [255]: 


1. All the terms in the above decomposition of Alyy exists in L?(Q) for 


2. If |x — y| — 0, then the terms behave as |x — y|#~+, so they can be 
integrated with respect to p(dx)p(dy). 


3. The bound H < $ is sharp: For H = 3 the weighted self-intersection 
local time diverges. 


Notes and comments 


[5.1] The fractional Brownian motion was first introduced by Kolmogorov 
[171] and studied by Mandelbrot and Van Ness in [217], where a stochas- 
tic integral representation in terms of a standard Brownian motion was 
established. 

Hurst developed in [141] a statistical analysis of the yearly water run-offs 
of Nile river. Suppose that 21,...,@, are the values of n successive yearly 
water run-offs. Denote by X, = Sen x; the cumulative values. Then, 
Xp- E Xp is the deviation of the cumulative value X;, corresponding to k 
successive years from the empirical means as calculated using data for n 
years. Consider the range of the amplitude of this deviation: 

k ? k 
Rn = max (x: — Exa) — min (x — Exa) 


1<k<n 1<k<n 
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and the empirical mean deviation 


n 2 
Sn = D(a- =) 


k=1 


Based on the records of observations of Nile flows in 622-1469, Hurst dis- 
covered that Ro behaves as cn”, where H = 0.7. On the other hand, the 
partial sums z1 +--+ + En have approximately the same distribution as 
n" a1, where again H is a parameter larger than 5. 

These facts lead to the conclusion that one cannot assume that 71,...,2n 
are values of a sequence of independent and identically distributed random 
variables. Some alternative models are required in order to explain the 
empirical facts. One possibility is to assume that x71,..., 2%» are values of the 
increments of a fractional Brownian motion. Motivated by these empirical 
observations, Mandelbrot has given the name of Hurst parameter to the 
parameter H of fBm. 

The fact that for H > $ fBm is not a semimartingale has been first 
proved by [198] (see also Example 4.9.2 in Liptser and Shiryaev [201)). 
Rogers in [296] has established this result for any H # $. 


[5.2] Different approaches have been used in the literature in order to 
define stochastic integrals with respect to fBm. Lin [198] and Dai and 
Heyde [73] have defined a stochastic integral the ¢,dB, as limit in L? of 
Riemann sums in the case H > L, This integral does not satisfy the prop- 


erty E( i ~,dB,) = 0 and it gives rise to change of variable formulae of 
Stratonovich type. A new type of integral with zero mean defined by means 
of Wick products was introduced by Duncan, Hu and Pasik-Duncan in [86], 
assuming H > ż. This integral turns out to coincide with the divergence 
operator (see also Hu and Øksendal [140]). 

A construction of stochastic integrals with respect to fBm with parame- 
ter H € (0,1) by a regularization technique was developed by Carmona 
and Coutin in [58]. The integral is defined as the limit of approximating 
integrals with respect to semimartingales obtained by smoothing the singu- 
larity of the kernel Ky(t, s). The techniques of Malliavin Calculus are used 
in order to establish the existence of the integrals. The ideas of Carmona 
and Coutin were further developed by Alòs, Mazet and Nualart in the case 
0< H< 4 in [8]. 

The interpretation of the divergence operator as a stochastic integral was 
introduced by Decreusefont and Üstünel in [78]. A stochastic calculus for 
the divergence process has been developed by Alòs, Mazet and Nualart in 
[9], among others. 

A basic reference for the stochastic calculus with respect to the fBM is 
the recent monograph by Hu [139]. An Itô’s formula for H € (0,1) in the 
framework of white noise analysis has been established by Bender in [22]. 
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We refer to [124] and [123] for the stochastic calculus with respect to [BM 
based on symmetric integrals. 

The results on the stochastic calculus with respect to the {Bm are based 
on the papers [11] (case H > £), [7] and [66] (case H < $). 


[5.3] In [202], Lyons considered deterministic integral equations of the 
form 


t 
heer j o(zs)d9s, 
0 


0 < t < T, where the g : [0, T] — Rt is a continuous functions with bounded 
p-variation for some p € [1,2). This equation has a unique solution in the 
space of continuous functions of bounded p-variation if each component 
of g has a Holder continuous derivative of order a > p — 1. Taking into 
account that fBm of Hurst parameter H has locally bounded p-variation 
paths for p > 1/H, the result proved in [202] can be applied to Equation 
(5.78) in the case o(s, x) = a(x), and b(s,x) = 0, provided the coefficient 
o has a Holder continuous derivative of order a > a —1. 

The rough path analysis developed by Lyons in the [203] is a powerful 
technique based on the notion of p-variation which permits to handle dif- 
ferential equations driven by irregular functions (see also the monograph 
204] by Lyons and Qian). In [70] Coutin and Qian have established the 
existence of strong solutions and a Wong-Zakai type approximation limit 
for stochastic differential equations driven by a fractional Brownian motion 
with parameter H > + using the approach of rough path analysis. 

In [299] Ruzmaikina establishes an existence and uniqueness theorem 
for ordinary differential equations driven by a Holder continuous function 
using Holder norms. 

The generalized Stieltjes integral defined in (5.64), based on the frac- 
tional integration by parts formula, was introduced by Zahle in [355]. In 
this paper, the author develops an approach to stochastic calculus based 
on the fractional calculus. As an application, in [356] the existence and 
uniqueness of solutions is proved for differential equations driven by a frac- 
tional Brownian motion with parameter H > 5, in a small random interval, 


provided the diffusion coefficient is a contraction in the space wy oo? Where 
l < 8< H. Here We œ denotes the Besov-type space of bounded measur- 
able functions f : [0,7] — R such that 
To ae 2 
(FŒ - f(s) 
In [254] Nualart and Rascanu have established the existence and uniqueness 


of solution for Equation (5.78) using an a priori estimate based on the 
fractional integration by parts formula, following the approach of Zähle. 


[5.4] The results of this section have been proved by Nualart, Rovira 
and Tindel in [255]. 


6 


Malliavin Calculus in finance 


In this chapter we review some applications of Malliavin Calculus to mathe- 
matical finance. First we discuss a probabilistic method for numerical com- 
putations of price sensitivities (Greeks) based on the integration by parts 
formula. Then, we discuss the use of Clark-Ocone formula to find hedging 
portfolios in the Black-Scholes model. Finally, the last section deals with 
the computation of additional expected utility for insider traders. 


6.1 Black-Scholes model 


Consider a market consisting of one stock (risky asset) and one bond (risk- 
less asset). The price process of the risky asset is assumed to be of the form 
Si = Soe, t € [0, T], with 


t 2 t 
maf us- Pas | o.dW., (6.1) 
0 0 


where W = {W;,t € [0,T]} is a Brownian motion defined in a complete 
probability space (Q, F, P). We will denote by {F;,¢ € [0, T]} the filtration 
generated by the Brownian motion and completed by the P-null sets. The 
mean rate of return u, and the volatility process o; are supposed to be 
measurable and adapted processes satisfying the following integrability 
conditions 
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T T 
f |uldt < œ, f a?dt < 00 
0 0 
almost surely. 


By It6’s formula we obtain that S; satisfies a linear stochastic differential 
equation: 
dS; = LSıdt + oSidW;. (6.2) 


The price of the bond B;, t € [0, T], evolves according to the differential 
equation 
dB; = r,B,dt, Bo = 1, 


where the interest rate process is a nonnegative measurable and adapted 
process satisfying the integrability condition 


T 
f ridt < 00, 
0 


t 
By = exp (/ rads) : 
0 


Imagine an investor who starts with some initial endowment x > 0 and 
invests in the assets described above. Let a; be the number of non-risky 
assets and (3, the number of stocks owned by the investor at time t. The 
couple ¢$, = (az, 6+), t € [0, T], is called a portfolio or trading strategy, and 
we assume that a; and 8, are measurable and adapted processes such that 


almost surely. That is, 


T T T 
1 |6iuldt < œ, J B?o?dt < oo, | lax|rydt < co (6.3) 
0 0 0 


almost surely. Then x = ag + boso, and the investor’s wealth at time t 
(also called the value of the portfolio) is 


Vilh) = a Bi + biS. 


The gain G:(¢) made by the investor via the portfolio ¢ up to time t is 
given by 


COE f ee ie f ' dS, 


Notice that both integrals are well defined thanks to condition (6.3). 

We say that the portfolio ¢ is self-financing if there is no fresh investment 
and there is no consumption. This means that the value equals to the intial 
investment plus the gain: 


t t 
Vi(¢) =e+ f asdB, + | B,dS.. (6.4) 


From now on we will consider only self-financing portfolios. 
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We introduce the discounted prices defined by 


= t 2 t 
Sı = B7 +S, = So exp ( if (n. — T; — 2) ds +f saws) ; 
0 0 


Then, the discounted value of a portfolio will be 

Vi(d) = Br 'Vi(#) = or + By St. (6.5) 
Notice that 
— By 'Vi(o)dt + B; 'dVi(9) 


= —r,3,S,dt + B7 'B,dS, 
=, 6,dS:, 


aV: ($) 


II 


that is 


t 
Hild) = ot i 8,48, 
t 


t 
= a+ f (m, -r)6Suds+ | o.8,S.dWe. (66) 
0 0 


Equations (6.5) and (6.6) imply that the composition a; on non-risky 
assets in a self-financing portfolio is determined by the initial value x and 


be 
Qt = V(O) — biS 
t ~ ~ 
= s+ B,dS5 — bist. 


On the other hand, (6.6) implies that if u, = r, for t € [0, T], then the 
value process V;(@) of any self-financing portfolio is a local martingale. 


6.1.1 Arbitrage opportunities and martingale measures 


Definition 6.1.1 An arbitrage is a self-financing strategy ọ such that 
Vo(¢) =0, Vr(¢) = 0 and P(Vr(¢) > 0) > 0. 


In general, we are interested in having models for the stock price process 
without opportunities of arbitrage. In the case of discrete time models, 
the absence of opportunities of arbitrage is equivalent to the existence of 
martingale measures: 


Definition 6.1.2 A probability measure Q on the o-field Fr, which is 
equivalent to P, is called a martingale measure (or a non-risky probability 


measure) if the discounted price process {5;,0 <t <T} is a martingale 
in the probability space (Q, Fr, Q). 
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In continuous time, the relation between the absence of opportunities of 
arbitrage and existence of martingale measures is more complex. Let us 
assume the following additional conditions: 


o1 >0 


T 
J 62ds < 00 
0 


Me7Tt 
Ot 


for all t € [0, T] and 


almost surely, where 0; = . Then, we can define the process 


$ 1 t 
Z, = exp (- 1 0sdWs — 5 | vas) ; 
0 0 


which is a positive local martingale. 

If E(Zr) = 1, then, by Girsanov theorem (see Proposition 4.1.2), the 
process Z is a martingale and the measure Q defined by as =Zrisa 
probability measure, equivalent to P, such that under Q the process 


t 
W, = m+f Ods 
0 


is a Brownian motion. Notice that in terms of the process W; the price 
process can be expressed as 


t 2 t _ 
Sı = So exp (/ (r, — 7%)ds +f asdi) , 
0 2 0 


and the discounted prices form a local martingale: 


a t wats 1 t 
St = B'S, = So exp (/ o,dW, — 7 ožas) ; 
0 2 Jo 


Moreover, the discounted value process of any self-financing stragety is also 
a local martingale, because from (6.6) we obtain 


t t 
Vi(d) = z+ f BdSs = £ + | o;8,5,dWs. (6.7) 
0 0 
Condition (6.7) implies that there are no arbitrage opportunities verify- 
we y2 
ing Eg (E (0385) ds) < œ. In fact, this condition implies that the 


discounted value process V;i(¢) is a martingale under Q. Then, using the 
martingale property we obtain 


Eq (Vr(4)) = Vold) =0, 
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so Vr(¢) = 0, Q-almost surely, which contradicts the fact that P( Vr(¢) > 
0) > 0. 

A portfolio ¢ is said to be admissible for the intial endowment x > 0 if 
its value process satisfies V;(¢) > 0, t € [0,7], almost surely. Then, there 
are no arbitrage opportunities in the class of admissible portfolios. In fact, 
such an arbitrage will have a discounted value process V;(¢) which is a 
nonnegative local martingale. Thus, it is a supermartingale, and, hence, 


Eq (Vr(4)) < Vold) =0, 


so Vr(¢) = 0, Q-almost surely, which contradicts the fact that P( Vr(¢) > 
0) >0. 

Note that, if we assume that the process o; is uniformly bounded, then 
the discounted price process {S;,0 < t < T} is a martingale under Q, and 
Q is a martingale measure in the sense of Definition 6.1.2. 


6.1.2 Completeness and hedging 


A derivative is a contract on the risky asset that produces a payoff H at 
maturity time T. The payoff is, in general, an Fr-measurable nonnegative 
random variable H. 


Example 6.1.1 European Call-Option with maturity T and exercise price 
K > 0: The buyer of this contract has the option to buy, at time T, one 
share of the stock at the specified price K. If Sr < K the contract is 
worthless to him and he does not exercise his option. If Sr > K, the seller 
is forced to sell one share of the stock at the price K, and thus the buyer 
can make a profit Sr — K by selling then the share at its market price. As 
a consequence, this contract effectively obligates the seller to a payment of 
H = (Sr — K)* at time T. 


Example 6.1.2 European Put-Option with maturity T and exercise price 
K > 0: The buyer of this contract has the option to sell, at time T, one 
share of the stock at the specified price K. If Sr > K the contract is 
worthless to him and he does not exercise his option. If Sr < K, the seller 
is forced to buy one share of the stock at the price K, and thus the buyer 
can make a profit Sp — K by buying first the share at its market price. As 
a consequence, this contract effectively obligates the seller to a payment of 
H = (K —Sr)* at time T. 


Example 6.1.3 Barrier Option: H = (Sp — K)*1¢7, <7}, for some a > 
K>0,a> Spo, where Ta = inf{t > 0: Sı >a}. This contract is similar to 
the European call-option with exercise price K and maturity T, except that 
now the stock price has to reach a certain barrier level a > max(K, So) for 
the option to become activated. 
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+ 
Example 6.1.4 Assian Option: H = (+ ie Sidt — K) . This contract is 


similar to the European call-option with exercise price K and maturity T, 
except that now the average stock price is used in place of the terminal stock 
price. 


We shall say that a nonnegative Fr-measurable payoff H can be repli- 
cated if there exists a self-financing portfolio ¢ such that Vr(¢) = H. The 
following proposition asserts that any derivative satisfying E(B, Avs ayes 
co is replicable, that is, the Black and Scholes model is complete. Its proof is 
a consequence of the integral representation theorem (see Theorem 1.1.3). 


Proposition 6.1.1 Let H be a nonnegative Fr-measurable random vari- 
able such that E(B} Z2H?) < œ. Then, there exists a self-financing port- 
folio ¢ such that Vr(¢) = H. 


Proof: By the integral representation theorem (Theorem 1.1.3) there 
exists an adapted and measurable process u = {u+,t € [0,7]} such that 


E és wads) < œ and 


T 
Bp ZrH = E(B; ZrH) +f usdW.. 
0 


Set 
t 
M, = E (BI ZrH|F;) = E (Bp ZrH) +f usdW;. (6.8) 
0 


Notice that BrZy 1 Myr = H. We claim that there exists a self-financing 
portfolio ¢ such that V;(¢) = H. Define the self-financing portfolio ¢, = 
(at, Bi) by 


B = Go (ue + M;6:) 
t Ots 
a = MZ" = BS. 


pi 


The discounted value of this portfolio is 
Vi(@) = ar + biS: = Zy ` Ma, (6.9) 
so, its final value will be 
Vr($) = BrVr(¢) = BrZp\Mr = H. 
Let us show that this portfolio is self-financing. By Itô’s formula we have 


d(Z;1) = Z7 + (0:dW; + 6?dt) 
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and 
d(Z;'M:) = Z,*dM,+ Mid(Z,*) + dM,d(Z;") 
= Zr udW, + M,Z71(0.dW, + 62dt) + Z7 u0idt 
= Zo (Ue + M;6:) dW, 
= oi SibidWa. 
Hence, 
dVi() = d(B:Z,'M;) = Bio19:bdW, T B,Z; | Myr,dt 


= ByiorS:3,dW, + BrorS,8,0rdt + Bilar + 3,S;)redt 
= S,01,0,dW, + S38, (uw, — re) dt + B,Sirdt + Biarridt 
= Sto.3,dW, + B,Stu,dt + Biarridt 

= a, dB, + B,dS;. 


The price of a derivative with payoff H at time t < T is given by the 
value at time t of a portfolio which replicates H. Under the assumptions 
of Proposition 6.1.1, from (6.8) and (6.9) we deduce 


T 
Vi(¢) = BiZ E (Bp ZrH|F;) = Zp E(Zre~ Je reds HIF). 


Assume now E(Zr) = 1 and let Q be given by ag = Zr. Then, using 
Exercise 4.2.11 we can write 


Vi($) = Eole fe S A F;). 


In particular, 
Vo($) = EgleT fo "s4 H). (6.10) 


6.1.38 Black-Scholes formula 


Suppose that the parameters o, = o, p, = p and r; = r are constant. In 
that case we obtain that the dynamics of the stock price is described by a 
geometric Brownian motion: 


z2 
Sı = Soep ( (n - T)etom), 


Moreover, 0; = 0 = =, and 


0? 
Zt = exp (~o m Te) . 
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So, E(Zr) = 1, and W, = W, + 6t is a Brownian motion under Q, with 
aS = Zr, on the time interval [0, T]. 

This model is complete in the sense that any payoff H > 0 satisfying 
EQ(H7?) < œ is replicable. In this case, we simply apply the integral rep- 
resentation theorem to the random variable e~"’ H € L?(Q, Fr,Q) with 


respect to the Wiener process W. In this way we obtain 
T ~ 
eT H= Eg (e-" H) +f usdW,, 
0 


and the self-financing replicating portfolio is given by 


Ut 
p = ee 9 
: ost 
a = M- iSt, 


where 


t ~ 
M; = Eg (e "T H|F;) = Eg (e "T H) +f usdWs. 
0 


Consider the particular case of an European option, that is, H = ®(Sr), 
where ® is a measurable function with linear growth. The value of this 
derivative at time t will be 


Vi(d) = Ba (TESA) 


= ett) Eo (PEO E i 


Hence, 
V; = F(t, St), (6.11) 

where 
F(t, x) =e"? Eo (Sert D eo (Wr-W:)-0?/2(T Di (6.12) 


Under general hypotheses on ® (for instance, if ® has linear growth, is 
continuous and piece-wise differentiable) which include the cases 


Ba) = (x—K)*, 
Bc) = (K-2)*, 


the function F(t, x) is of class C!?. Then, applying It6’s formula to (6.11) 
we obtain 


t t 
CO = KOs I oE (u, Su)Sud + | pO GiGi Nerds 
0 0 


Ox 

‘OF 1 for — 
eee 2 | O (u, 8u) o? S2du. 
+f Fy O Suldut 5 A gga (ts Su) oS u 
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On the other hand, we know that V;(¢) has the representation 


t t 
Vi($) = Volo) + | PARIE | padi 


Comparing these expressions, and taking into account the uniqueness of 
the representation of an It6 process, we deduce the equations 


Bp = ral St), 

OF 1 OF 
rF(t, S+) = PAG St) + 57 St 3x? (t, St) 
OF 
+151 (ts St). 


The support of the probability distribution of the random variable 5S; is 
(0, co). Therefore, the above equalities lead to the following partial differ- 
ential equation for the function F(t, x), where 0<t<T,x>0 


OF OF 10°F 2.9 
oy ht) + rea (ta) + >a a(t 2) oO x = rF(t,x), 
F(T,£x) = (2). 
The replicating portfolio is given by 
OF 
Bp = Da È St), (6.13) 
z 
a, = e™™ (F(t, Si) — biS) - (6.14) 
Formula (6.12) can be written as 
F(t,2) = e i (@(me"T Der e 


1 R a2 2 
E A ® get eT toVTy ey /2q ; 
z Jel dy 


where T = T — t is the time to maturity. 
In the particular case of an European call-option with exercise price K 
and maturity T, ®(x) = (x — K)* , and we get 


1 me z + 
F(t,z) = = | ev /? (sen Erte — Ke-") dy 
T J—oo 
= 26(d,)-— Ke"? %6(<_), (6.15) 
where 


d} = 
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Exercises 


6.1.1 Consider the Black-Scholes model with constant volatility, mean rate 
of return and interest rate. Compute the price at time to, 0 < to < T of a 
derivative whose payoff is: 

(i) H= fF Sidt. 

(ii) H = S$”. 


6.1.2 Using 

(Sr — K)* — (Sr - K) = Sr- K (6.16) 
deduce a relation between the price of an European call-option and that 
of an European put-option. In particular, in the case of the Black-Scholes 


model with constant volatility, mean rate of return and interest rate, obtain 
a formula for the price of an European put-option from (6.15). 


6.1.3 From (6.15) show that 


OF 

OF = aldy) 

OF 1 
TA @'(d 
Ox2 TONT ( 45) 
OF 

De = aVT®' (d4). 


Deduce that F is a nondecreasing and convex function of x. 


6.2 Integration by parts formulas and computation 
of Greeks 


In this section we will present a general integration by parts formula and 
we will apply it to the computation of Greeks. We will assume that the 
price process follows a Black-Scholes model with constant coefficients o, pu, 
and r. 

Let W = {W (h),h € H} denote an isonormal Gaussian process associ- 
ated with the Hilbert space H. We assume that W is defined on a complete 
probability space (Q, F, P), and that F is generated by W. 


Proposition 6.2.1 Let F, G be two random variables such that F € D!?. 
Consider an H-valued random variable u such that DY“ F = (DF, u)py #0 
a.s. and Gu(D“F)~! € Domô. Then, for any continuously differentiable 
function function f with bounded derivative we have 


E(f'(F)G) = E(f(F)A(E,G)), 


where H(F,G) = 6(Gu(D“F)~?). 
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Proof: By the chain rule (see Proposition 1.2.3) we have 
DY (f(F)) = f'(F)D"F. 
Hence, by the duality relationship (1.42) we get 
E(f'(F)G) = E(D“(f(F))(D“F)'G) 
((D(f(F)), u(D*F) G) y) 
= E(f(F)d(Gu(D“F)~*)). 


E 
E 


This completes the proof. 


Remarks: 


1. If the law of F is absolutely continuous, we can assume that the function 
f is Lipschitz. 


2. Suppose that u is deterministic. Then, for Gu( D” F)~} € Domô it suffices 
that G(D“F)~! € D!?. Sufficient conditions for this are given in Exercise 
6.2.1. 


3. Suppose we take u = DF. In this case 


neo=a| n ) , 
|DF ll 


and Proposition 6.2.1 yields 


GDF 
E(f'(F)G) = E | f(F)6 ; 6.17 
(F (F)G) (r ) (<2) (6.17) 


A Greek is a derivative of a financial quantity, usually an option price, 
with respect to any of the parameters of the model. This derivative is useful 
to measure the stability of this quantity under variations of the parameter. 
Consider an option with payoff H such that Eg(H?) < co. From (6.10) its 
price at time t = 0 is given by 

Vo = Eole "T H). 
We are interested in computing the derivative of this expectation with 


respect to a parameter a, œ being one of the parameters of the problem, 
that is, So, o, or r. Suppose that we can write H = f (Fa). Then 


OVo rT ; dFa 
— =e "E Fa : 6.18 
Re =e" Be (FF) (6.18) 
Using Proposition 6.2.1 we obtain 
OVo -rT dFa 
=e "E Fa)H | Fa, —— | J. al 
pe =e"? Ba ( IPAH (Fa, TE) ) (6.19) 


In some cases the function f is not smooth and formula (6.19) provides 
better result in combination with Montecarlo simultation that (6.18). We 
are going to discuss several examples of this type. 
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6.2.1 Computation of Greeks for European options 


The most important Greek is the Delta, denoted by A, which by definition 
is the derivative of Vo with respect to the initial price of the stock So. 
Suppose that the payoff H only depends on the price of the stock at the 
maturity time T. That is, H = (Sr). We call these derivative European 
options. From (6.13) it follows that A coincides with the composition in 
ristky assets of the replicating portfolio. 
If ® is a Lipschitz function we can write 


= OVo = -rT al = 
= 55) 7 Eole ™ (Sr) z) = 


Now we will apply Proposition 6.2.1 with u = 1, F = Sr and G = Sr. We 
have 


T 
D” Sr _ | D,Srdt = oT Sr. 
0 


Hence, all the conditions appearing in Remark 2 above are satisfies in this 
case and we we have 


-1 
á 1 Wr 


As a consequence, 
—rT 


= HoT Eo(#(Sr)Wr), (6.20) 


The Gamma, denoted by I, is the second derivative of the option price 
with respect to Sg. As before we obtain 


3 2 —rT 
pa ey, (raso (55) ) = “gq Eo(®" (Sr) 57). 
0 


Assuming that ©’ is Lipschitz we obtain, taking G = $%, F = Sr and 
u = 1 and applying Proposition 6.2.1 


ai 
T 
ST Wr 
2 = BEV = 
ô | Sz (/ D.Srit) =ô ( =) ST (= 1) 


and, as a consequence, 
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Finally, applying again Proposition 6.2.1 with G = Sp (44-1), F = Sr 
and u = 1 yields 


O W2 1 Wr 
E oT? oT oT 
and, as a consequence, 


Eg (#sr)sr (= = 1)) = Eg (acs) (i _ w) ; 


Therefore, we obtain 


etl W2 1 
3 Srel (Sr) (= o r)) (6-21) 


The derivative with respect to the volatility is called Vega, and denoted 
by wv: 


fu Po Foe"? &' (Sp) 222 


~ Oo Oo 
Applying Proposition 6.2.1 with G = SrWr, F = Sr and u = 1 yields 


T a W. 
ô | Sr (Wr — oT) J D.Srit) = 6 ( ake ee 1) 
0 oT 


) = e" Eo(®'(Sr) Sr (Wr _ oT)). 


| 
KO ON 
q 
aS 
| 
a |= 
| 
4 
Sm 


As a consequence, 


v = eT Eo Ges & - : = wr) ) ' (6.22) 


By means of an approximation procedure these formulas still hold al- 
though the function ® and its derivative are not Lipschitz. We just need 
® to be piecewise continuous with jump discontinuities and with linear 
growth. In particular, we can apply these formulas to the case of and Eu- 
ropean call-option (®(x) = (x — K)*), and European put-option (®(z) = 
(K — x)*), or a digital option (®(2) = 1,253). 

We can compute the values of the previous derivatives with a Monte 
Carlo numerical procedure. We refer to [110] and [169] for a discussion of 
the numerical simulations. 
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6.2.2 Computation of Greeks for exotic options 


Consider options whose payoff is a function of the average of the stock price 


4 fy Stdt, that is 
1 T 
H=6(-— dt |. 
T [ me 


For instance, an Asiatic call-option with exercise price K, is a derivative 
+ 
of this type, where H = (+ ied Sidt — K ) . In this case there is no closed 


formula for the density of the random variable + ie Sidt. From (6.10) the 
price of this option at time t = 0 is given by 


T 
Vo = e™"T Eo (> a sut) ) . 
T 0 


Let us compute the Delta for this type of options. Set Sr = 4 A Sidt. 
We have 


IV th es 
A = <2 = Eg(e“"T 8! 
ag, Pote" aSr) 


OSr ett 


a5.) = A EQ(®'(Sr)Sr). 


We are going to apply Proposition 6.2.1 with G = Sr, F = Sr and u = Si. 
Let us compute 


N o fT 
DF=—] DS dr = 2 „dr, 
t T +Srdr gf Sar 


and 


Gs. ee ae 
OE Sb eee Ie Peete ee 
fo S:D;Fdt o \ JË Sidt 
T T 
2 fE saw, So S (fo oS-dr) dt 
T 2 
7 | fo Seat (JE Seat) 
2 fo Sede 7 
o f? Sdt 


T 1 T 
| S,:dW;, = — ST s= So = rf Sidt $ 
0 g 0 
Thus, 


5 GS. _ 2(Sr- So). | 2r 2 Sr — So em 
fo SiDiFdt} 0? fE Sidt o? o° \ Jf Sidt 


1. 


Notice that 
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where m = r— Z Finally, we obtain the following expression for the Delta: 


Qe—7T == Sr — So 
A = —— E Ki) S ee — Oe . 
Soo L ( (Sr) ( TST m)) 


For other type of path dependent options it is not convenient to take 
u = 1 in the integration by parts formula. Consider the general case of an 
option depending on the prices at a finite number of times, that is, 


H = ®(S;,,...,5,,), 


m 


where ® : R™ — R is a continuously differentiable function with bounded 
partial derivatives and 0 < tı < tg < --- < tm = T. We introduce the set 
Im defined by 


tj 
r= fac rior: f edt = 19 =1,..-.m), 
0) 


F. 
A = Eg («| cat . 
0 


Then we have 


In fact, we have 


j=l 
= od; (St, St Si, 
j=l 
As a consequence, 
OH ie D°H 
Saa 0) ee = 
aSo So > 0; (Sts Stim) St; T So 


and we obtain 


OH ETE eT. F 
se T — h Eo (D°H) = E E| d : 
pe ee (35) aSo ol ) o e ( 0 ie 


We can take for instance a = +1jo,n] and we get 


ert W, 
A= Eg|H—). 6.23 
aSo Q ( ti ) ( ) 


Formula (6.23) is not very useful for simulation due to the inestability of 
Wa 
tı 


if tı is small. For this reason, specific alternative methods should be 
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used to handle every case. For example, in [169] the authors consider an 
up in and down call option with payoff 


H = Leginginy im Se; SD} LU supjir,... m Se; 2U} HSr<K}» 


and apply an integration by parts formula using a dominating process de- 
fined as 


Y= |m 5 (Se z St)” 
1<i<m 
tist 
It is proved in [169] that if Y : [0, o0) — [0,1] is a function in C° such that 
W(x) = life < a/2 and V(x) = 0 if x > a, where U > So+$ > So—§ >D, 


then, 
_ Soe wy) 
caer a (o(a) 


6.2.1 Suppose that G € Dt4, F € D?? and u is an H-valued random 
variable such that: E(G®°) < co, E((D“F)~!) < œ, and E(\|DD“F\|¢,) < 
oo. Show that G(D“F)~+ € Dt. 


6.2.2 Using formulas (6.20), (6.21), and (6.22) compute the values of A, T 
and V for an European call option with exercise price K and compare the 
results with those obtained in Exercise 6.1.3. 


Exercises 


6.2.3 Compute A, [ and # for a digital option using formulas (6.20), (6.21), 
and (6.22). 


6.3 Application of the Clark-Ocone formula 
in hedging 
In this section we discuss the application of Clark-Ocone formula to find 


explicit formulas for a replicating portfolio in the Black-Scholes model. 


6.3.1 A generalized Clark-Ocone formula 
Suppose that 
t 
W = W: +f 0,ds, 
0 


where 0 = {6,,t € [0, T]} is an adapted and measurable process such that 
ite 6?dt < co almost surely. Suppose that E(Zr) = 1, where the process 
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t 1 t 
Zi = exp (- f 0,dW, — F pas) ; 
0 0 


Then, by Girsanov Theorem (see Proposition 4.1.2), the process W = 


Zt is given by 


{W,,t € [0, T]} is a Brownian motion under the probability Q on Fr given 
by a = ZT. 

The Clark-Ocone formula established in Proposition 1.3.14 can be gen- 
eralized in oder to represent an Fr-measurable random variable F as a 
stochastic integral with respect to the process W. Notice that, in general, 
we have FW C Fr (where {F¥W,0 < t < T} denotes the family of o- 
fields generated by W) and usually FW + Fr. Thus, an Fr-measurable 
random variable F may not be FW -measurable and we cannot obtain a 
representation of F as an integral with respect to W simply by applying 
the Clark-Ocone formula to the Brownian motion W on the probaiblity 
space (0, FW, Q). 

In order to establish a generalized Clark-Ocone formula we need the 
following technical lemma. Its proof is left as an exercise (Exercise 6.3.1). 


Lemma 6.3.1 Let F be an Fr-measurable random variable such that F € 
D!? and let 0 € L1?. Assume 


(i) E(Z2F?) + E(Z2 [> (DiF)?dt) < 00, 
2 
(ii) E (zr J Q + S Di0dWs + f 9s Dibsds) ar) < 00. 
Then ZTF € D!? and 
T T 
Di(ZrF) = Lr DF = ZTF (o +f D,0,dW, +f 0,De.ts) . 
t t 


Theorem 6.3.1 Let F be an Fr-measurable random variable such that 
F € Dt? and let 0 € L'?. Suppose that conditions (i) and (ii) of Lemma 
6.3.1 hold. Then 


T T b ie 
F = Eo(F) +f Eo (De = rf Daa) dW. 
0 t 


Proof: Put Y, = Eo(F|F:). Using Exercise 4.2.11 we can write 


Y, = Z, | E(ZpF|F,), 


t 1 t 
Zy! = exp (J 0,dW, + F pas) ; 
0 2 Jo 


where 
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Then, by Clark-Ocone formula, we have 
t 
E(ZrF|\|F;) = E(ZrF) + E(D:(ZrF)|Fs)dWs. 
0 
Hence, 
t 
Y, = Z,'Eo(F) + a. E(Ds(ZtF)|Fs)dWs. (6.24) 
0 


From Lemma 6.3.1 we obtain 


Iy 
E(Di(ZrF)| F) = E (2 (nr -r (o +f bat.) 7) 
t 
T ~ 
= Z;Eg (pr F (o +f bat. i) 
t 


= Zibi — ZY.0:, (6.25) 


where 


T 
Y, = Eq(DiF — rf D:0,dW,|F:). 
t 
Substituting (6.25) into (6.24) yields 
t t 
Y, = Z 'Eo(F) + an Z,.V,dW, — g ZsY,0,dW.. 
0 0 
Applying It6’s formula and using 
d(Z,') = 2,1 (0.dW, + 07dt) 


we get 


dY, = Y,(0,dW, + 62dt) + VdW, — Y,0,dW, + 0,V,dt — Y,0?dt 
= VdW.. 


This completes the proof. 


6.3.2 Application to finance 


Let H be the payoff of a derivative in the Black-Scholes model (6.2). Sup- 
pose that E(B}? Z2H?) < oo. We have seen that H is replicable, as a conse- 
quence of the integral representation theorem. Furthermore, if ¢, = (a+, 64) 
is a replicating portfolio, we have seen that 


t ~ 
V;() = EQ(B;'H) + | o5553,dW.. 


6.3 Application of the Clark-Ocone formula in hedging 339 


Suppose now that Bp'H € D!, 0 € L!? and the conditions (i) and (ii) of 
Lemma 6.3.1 are satisfied by F = Bao and 0. Then, we conclude that 


T 
o:8:8, = Eg (> (By'H) - Ba Daas) 
t 


Hence, 


B = ~ 
b, = — EQ (> (Bp H) - By'H f Daas) 
t 


tSt 


If the interest rate r; = r is constant this formula reduces to 


e7r(T—t) 


T 
“ ____Eo| DH-H| D,0,dW,\F; |. 
TiS: Q ( t | t | ; 


b= 


In the particular case u, = u, of = o, we obtain D+0s = 0, and 


e7t(T-t) 
= —— Eg (DiH|F;). 
By aa 8 (Di H|F i) 
In that case, the only hypothesis required is H € DEW In fact, it suffices 
to apply the ordinary Clark-Ocone formula for the Brownian motion W 
rt 
and use that 3, = an where 


T ~ 
e "TH = EQ (eH) +f uzdW,. 
0 


Consider the particular case of an European option with payoff H = 
(Sr). Then 


e7"(T-t) 


Or = G5, Fe (®(Sr)oSr|F:) 
A 
E —r(T-t) p p (2E Cau 

Og (PEs Er 


e™™T-0 Eo ($ (£Sr-t)Sr-t) la=S; 


In this way we recover the fact that 8, coincides with oF (t, St), where 
F(t, x) is the price function. 

Consider now an option whose payoff is a function of the average of the 
stock price Sip = 4 die Sidt, that is H = ® (Sr). In this case we obtain 


elt io! 1 T 
f 
bi = T. ® rz | S,.dr|F; 4 
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We can write 
S SAL sa 
es pe rar, 
ae pes a 


where S; = + ie S,dr. As a consequence we obtain 
re) t Ty Enis 
_é [tz yf ) y(T —t) 
p= Be (0 (+ Ee) (MOS) eseas 


Exercises 
6.3.1 Prove Lemma 6.3.1. 


6.3.2 Let W, = W; + J, Osds, where 6 = {6,t € [0, T]} is an adapted and 
measurable process. Use the generalized Clark-Ocone formula to find the 
integral representation in terms of the Wiener process W of the following 
random variables: 

(i) F = W2, and 0 is bounded and belongs to D!? for some p > 2, 

(ii) F = exp(aWr), and @ is bounded and belongs to D!? for some p > 2, 

(iii) F = exp(aWr) and 6; = Wi. 


6.3.3 Consider the Black-Scholes model with constant volatility, mean rate 
of return and interest rate. Consider the particular case of an European 
option with payoff H = exp(aWr). Find a replicating portfolio using the 
Clark-Ocone formula. 


6.4 Insider trading 


Suppose that in a financial market there are two types of agents: a natural 
agent whose information coincides with the natural filtration of the price 
process, and an insider who possesses some extra information from the 
beginning of the trading interval [0,7]. The simpler modelization of this 
additional information consists in assume the knowledge of a given random 
variable L. Two important questions in this context are: 


i) How can one calculate the additional utility of the insider? 
ii) Does the insider have arbitrage opportunities? 


Consider the Black-Scholes model for the price process S; with a measur- 
able and adapted mean rate of return u, satisfying Æ ( H | mildt) < œ and 


a measurable and adapted volatility process satisfying E ( i o?dt < o0) 
and o; > 0 a.s. The price process is then given by 


dS; = Si( udt + o,dW;). 
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As usual, we denote, {F;,t > 0} the filtration generated by the Wiener 
process W and the P-null sets. The price of the bond is given by 


t 
By = exp (/ rads) ; 
0 


where rz is a non negative measurable and adapted process satisfying 


ER 
0 


A natural insider will use a self-financing portfolio ¢, = (az, 84) where 
the processes ay and 8, are measurable and F;-adapted, satisfying 


i [Griy|dt < co, f lay| redt < co, f B?o?dt < œ (6.26) 
almost surely. That is, the value process 
Vi(b) = a Be + biS: 
satisfies the self-financing condition 
dV,(¢) = reat Bidt + bid Si. (6.27) 


We restrict ourselves to strictly admissible portfolios, that is to portfolios 
@ satisfying Vi(¢) > 0 for all t € [0,7]. The quantity m; = na is the 
proportion of the wealth invested in stocks, and it determines the portfolio. 
In terms of 7, the value process (denoted by V;) satisfies the following linear 


stochastic differential equation 


dV; = (pi + (hi — Tt) 74) Vidt + mio VdW. 


The solution of this equation is 


t (T05) 
V; = Vo B; exp J (Us —Ts)Ts 5 
0 


One of the possible objectives of an investor is to maximize the expected 
utility from terminal wealth, by means of choosing an appropriate portfolio. 
We will consider the logarithmic utility function u(x) = logx to measure 
the utility that the trader draws from his wealth at the maturity time T. 
Then, the problem is to find a portfolio 7, which maximizes the expected 
utility: 


t 
s+ f wen). (6.28) 
0 


®- = max E (log Vr), (6.29) 
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+E i o rs) Ts ae) ds 4 if vert) i 


Due to the local martingale property of the stochastic integral T 7,0,dW,, 
the utility maximization probllem reduces to find the maximum of 


T 2 
a (f [orn 22] a) 


We can write this expression as 


1 j Hs — Ts Í 2 (us =r) 
-2(/ (no, -= s)+e(/ p S ; 


and the solution to the maximization problem (6.29) is (Merton’s formula) 


py naa (6.30) 


os 


T 2 
e (Hs =k) 


Consider now the problem of an insider trader. Assume that the in- 
vestor is allowed to use a portfolio ¢, = (az, 6+) which is measurable and 
G,-adapted, where {G,,t € [0,T]} is a filtration which is modelling the 
information of the investor. In principle no assumption will be made on 
this filtration. In the particular case where the additional information is 
given by a random variable L which is Fr-measurable (or more generally, 
Fr+e-measurable for some £ > 0) we have 


and 


Ge = Fi Vo(L). 


We also assume condition (6.26). Now the self-financing condition (6.27), 
by definition, will be 


t t t 
Vi() =v+ f rasBeds+ | 3,n,Sds+ | BsosSsd Ws, (6.31) 
0 0 0 


where ifs Bs Ssosd Ws denotes the forward stochastic integral introduced 
in Definition 3.2.1, and the process 3,015; satisfies the assumptions of 
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Proposition 3.2.3. That is, the mapping t — pots is continuous from 
(0, T] into D!?, and BoS € Li. 

Assume V;(¢) > 0 for all t € [0,T] and set m; = ee as before. Then, 
from (6.31) we obtain 


dV; = ri Vi + (u = rt) Ti Vıdt + T104Vid Wi. (6.32) 


Under some technical conditions on the processes m+, os and pi, (see 
Exercise 6.4.1), the process V; defined by 
t 
ds+ f Tsosd Ws 
0 


T t (T05) 
V= Velo ae exp | (Ls Ts) Ts 
0 
(6.33) 


2 


satisfies the linear stochastic differential equation (6.32). 

Let us denote by Ag the class of portfolios 7 = {m:,t € [0, T]} satisfying 
the following conditions: 

(i) 7 is G,-adapted. 


(ii) The processes + and ø are continuous in the norm of D!4 and 7 € 
1,2 


ps 
(ii) E (SE Iis = p4) T| ds) < œ. 
We need the following technical lemma. 


Lemma 6.4.1 Letr and o be measurable process which are continuous 
in the norm of D1 and a € pre, Suppose that o is F,-adapted. Then the 


forward integral J Tnsosd W, exists and 


T T Tv 
J T,0,d Ws =| 1,0, dW, -f (D-r) os ds. 
0 0 0 


Moreover, ie nsosd7 W, equals to the following limit in L1(Q) 


T n—1 tiga 
f nsosd W, = lim Tt; (J a.dW, : 
0 |r| |0 “— t; 
i=0 


i 


Proof: Notice first that mo € L}? and (D~ (ro)) = (D~m):0+. This 
follows from the fact that for any s > t we have 


D,(m101) = or.D Tt. 


The proof of the lemma can be done using the same ideas as in the proof 
of Proposition 3.2.3 (Exercise 6.4.2). 
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We aim to solve the optimization problem 
Og = Bs E (log VF). (6.34) 
The following theorem provides a characterization of optimal portfolios. 


Theorem 6.4.1 The following conditions are equivalent for a portfolio 
T* € Ág: 


(i) The portfolio n* is optimal for problem (6.34). 


(ii) The function s > E Os a,dW,|Gt), is absolutely continuous in [t, T] 
for any t € [0,T) and there exists 


d S 
E (us — ps — 937319) = ee (J ond 1g) (6.35) 
0 
for almost all s € |t, T]. 


Proof: Set 


Ja) = Blev) -W-E ( f ras) 


+E a raoa W,) i (6.36) 
0 


Assume first that 7* € Ag is optimal. We have J(a*) > J(n* +¢(@) for any 
B € Ag and £ € R. Therefore 


d 
IIC" + ep)le=0 = 0. 


Hence, 


T T 
E (/ (us —Ts — 047%) 6ds +f Broa w.) =0, (6.37) 
0 0 


for all 8 € Ag. In particular, applying this to 8, = Gls (u), where 
0<r<t< T and Gis G-measurable and bounded, we obtain 


t t 
E (J (us — Ps — 927) ds +f a.dW.IGr) = 0, (6.38) 
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which implies (ii). Conversely, integrating (6.35) we obtain (6.38). For any 
B E€ Ag we have 


(f sax) = me (sf ost) 

= Bade (2(f" erie.) 
( 
( 


l 
SE 
M 


$ 


ti+ı 
3.6 ( f (pa -re 09a) aster) ) 
ti 


II 
& 
ATTS 
S= 
| 
— 
= 
wD 
| 
3 
vA 
| 
q 
wD 
y 
wH 
“—" 
ey) 
wn 
a 
A 
Se 


and (6.37) holds. This implies that the directional derivative of J at 7* 
with respect to the direction 8 denoted by DgJ(n*) is zero. Note that 
J : Ag — R is concave. Therefore, for all a, 8 E€ Ag and € € (0,1), we have 


Ja+ep)- Ja) = 0-8) a = + £8) — J(a) 
> (1 e)I(=—) + (8) — (a) 
= HPL) se) +e (I-a) 
Now, with 1 = 1 + we have 
tim E (IGE) = Aa) ) = fim, HH (a +a) = Ja)) = DaJa), 


and we obtain 
1 
DgJ(a) = lim = (J(a+eB) — J(a)) > DaJ(a) + J(B) — J(a). 
E> 
In particular, applying this to a = 7* and using that DgJ(a*) = 0 we get 


J(8) — I(x") <0 


for all 8 € Ag and this proves that z* is optimal. 


The characterization theorem provides a closed formula for the optimal 
portfolio 7*. In fact, we have 


mB (a7 (Gt) = E(u, — relGe) + a(t), (6.39) 


346 6. Malliavin Calculus in finance 


1 tth 
a(t) = ara zE 1 ordW,|Gi |. 


Note that the optimal portfolio has a similar form as the solution of the 
Merton problem (6.30). 

We compute now the value of the optimal portfolio when it exists. From 
(6.39) we have 


where 


at — Elg) + alt) 
í E(oilg) 
where 14 = H, — ri. Substituting (6.40) into (6.36) yields 


(6.40) 


* ae 5 E(vs|Gs) + a(s) o? E(vs|Gs) + a(s) : 
aN (| “— EG) a B(o%1G,) ) |) 
m (/" E( Bel) B(valGs) + als) aw.) | 


Now, using the properties of the conditional expectation and applying 


Proposition 3.2.3 we get 
als. 4 T | (Blus —7slGs))” _ _a(s)? 
a E aa (/ EOG) E|” 


+E T G E(u. n A is) . (6.41) 


Example 1 (Partial observation case). Assume G; C Fi. Then, 


Ze ( f aawa) =0 
ds 0 


for all s > t. That is a(t) = 0, and the optimal portfolio is given by 


* E(u, — rilGe) 

E(o7|G:) 

if the right-hand side is well defined as an element of Ag. In this case, the 
optimal utility is 


(Bl, = rolg)? ] 
E(o319.) : 
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Consider the particular case where the o-field G; is generated by an Fr- 
measurable random variable L. We can apply the approach of the enlarge- 
ment of filtrations and deduce that W is a semimartingale with respect 
to the filtration G+. Suppose that there exists a G,-progresively measurable 
process p% such that ie |uĵ |dt < co almost surely and 


t 
W.-W. - | us ds 
0 


is a G,-Brownian motion. Then, for any G,;-progresively measurable portfolio 
m such that E (ig nia2ds) < co we can write 


T T 
E (/ raasd W.) =E (/ nvr) 
0 0 


and, as a consequence, 


F (T0)? 
J(x) = E | (us —Ts + osH2) O a ds 
0 
1 rt age 2 1 rt ae 2 
= I (4: 2 + pf ous) ds 4 | G f: +18) ds. 
2 0 Os 2 (0) Os 


Thus, the optimal portfolio is given by 


On the other hand, the additional expected logarithmic utility will be 


1 i Hs — Ts G a 1 4 Hs — Ts á 
=E ———+yuz] ds] -—=E ——] ds 
2 0 Os 2 0 Os 


because 


z £ (==) seu) = Gh (=) (aw, -a,)) m 
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2 
provided we assume Æ ( Ie (4) is) < oo. Notice that 


1 tth 1 h 
alt) = leE | odW.|G: ple | Os fe ds|Gi 


= ouy. 
Example 6.4.1 Suppose that L = Ws, where S > T. Then 


Ws — W: 


G 
t S-t ? 


H 


and the additional expected utillity is infinite because 


T 2 T 
Ws — Wi dt S 
ss ade NE =] 
e ( S—t ) a) hs gar BoT 


which is finite if and only if S >T. 


Exercises 
2 
6.4.1 Suppose that mo € L?4 , Vo € DE?, (u, — piri (mre) pos 


—loc? loc? loc 
and the value process V; has continuous trajectories. Then, appy the Itô’s 


formula (3.36) in order to deduce (6.32). 
6.4.2 Complete the proof of Lemma 6.4.1. 


6.4.3 Compute the additional expected logarithmic utility when L = 
lis >K} where to > E; 


Notes and comments 


[6.1] The Black-Sholes formula for option pricing was derived by Black 
and Scholes in a paper published in 1973 [44]. Their results were influenced 
by the research developed by Samuelson and Merton. There are many ref- 
erence books on mathematical finance where the techniques of stochastic 
calculus are applied to derive the basic formulas for pricing and hedging of 
derivatives (see Karatzas [160], Karatzas and Shreve [165], Lamberton and 
Lapeyre [189], and Shreve [312]). 

The recent monograph by Malliavin and Thalmaier [216] discusses a 
variety of applications of Malliavin calculus in mathematical finance. 


[6.2] We refer to [169] as a basic expository paper on the applications 
of the integration by parts formula of Malliavin calculus to Monte Carlo 
simulations of greeks. In [110] and [111] the Malliavin calculus is applied to 
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derive formulas for the derivative of the expectation of a diffusion process 
with respect to the parameters of the equation. The results on the case of 
an option depending on the price at a finite number have been taken from 
[122] and [31]. 


[6.3] The generalized Clark-Ocone formula and its applications in hedg- 
ing in the multidimensional case has been studied by Karatzas and Ocone 
in [161]. 


[6.4] A pioneering paper in the study of the additional utility for insider 
traders is the work by Karatzas and Pikovsky [163]. They assume that the 
extra information is hidden in a random variable L from the beginning of 
the trading interval, and they make use of the technique of enlargement 
of filtrations. For another work on this topic using the technique of en- 
largement of filtrations we refer to [12]. The existence of opportunities of 
arbitrage for the insider has been investigated in [127] and [151]. For a re- 
view of the role of Malliavin calculus in the problem of insider trading we 
refer to the work by Imkeller [149]. The approach of anticipating stochastic 
calculus in the problem of insider trading has been developed in [196]. 


Appendix 


A.1 A Gaussian formula 

Let {an,n > 1} be a sequence of real numbers such that X>] a2 < co. 
Suppose that {€,,n > 1} is a sequence of independent random variables 
defined in the probability space (Q, F, P) with distribution N(0,1). Then, 
for each p > 0 


co P love) 2 
E ( X ant (t) =A, (È e) , (A.1) 
n=1 n=1 
where lel? 
xr a2 
A, = ——e dz. 
p R or z£ 


A.2 Martingale inequalities 


Let {M;,t € [0,T]} be a continuous local martingale with respect to an 
increasing family of o-fields {F;,t > 0}. The following inequalities play a 
fundamental role in the stochastic calculus: 
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Doob’s maximal inequality 


For any p > 1 we have 
p \? 
e( sup iM?) < (2) E(|Mr|?). (A.2) 
0<t<T p-1 


Actually (A.2) holds if we replace |M;| by any continuous nonnegative 
submartingale. 


Burkholder-Davis-Gundy inequality 


For any p > 0 there exist constants ci(p) and co(p) such that 


ci(p)E ((M)7) < E( sup IMP) Sealr)E((M)p). (A3) 


This inequality still holds if we replace T by a stopping time S : Q — [0, T]. 

On the other hand, applying the Gaussian formula (A.1) and (A.3) one 
can show Burkholder’s inequality for Hilbert-valued martingales. That is, if 
{M:,t € [0, T]} is a continuous local martingale with values in a separable 
Hilbert space K, then for any p > 0 one has 


E (||Mr|P) < pE ((M)3), (A.4) 
where 2 
(M)r = > (M, ei)K)T, 


{ei i > 1} being a complete orthonormal system in K. 


Exponential inequality 


For any 6 > 0 and p > 0 we have 


2 
PL (Mir <p, sup IM] > 5 < 2exp (-=). (A.5) 
0<t<T 20 


Two-parameter martingale inequalities 


Let W = {W(z),z € R? } be a two-parameter Wiener process. Consider 
the o-fields 


Fy = o{W(2'), 2 < 2}, 
Fi = of{W(s',t'),0<s' <s,t' > 0}, 
FÈ? = o{W(s', t), 0 <t <t,s' > 0}. 
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We will say that a random field € = {€(z), z € RÊ } is adapted if €(z) is F,- 
measurable for all z. Also, we will say that € is 1-adapted (resp. 2-adapted) 


if €(s,t) is Fj-measurable (resp. F?-measurable). Let € = {€(z),z € R4} 
be a measurable and adapted process such that 


S T 
E | J £7(z)dz | < œ 
o Jo 
for all (S,T). Define, for s < S, t <T, 


M(s,t) = I : f i €(z)W(dz). (A.6) 


Applying Doob’s inequality (A.2) (see [55]) twice, we obtain for any p > 1 


l : f i €(z)W (dz) ) . (A7) 


Moreover, if € is 1-adapted (resp. 2-adapted), the stochastic integral (A.6) 
can also be defined, and it is a continuous martingale with respect to the 
coordinate s (resp. t), whose quadratic variation is given by 


ats.) = | l fl ' (afde. 


As a consequence, (A.3) and (A.7) yield, for any p > 1, 


[fore j ra f f sowaar) 
[ fore 


2p 

E| sup |M(s,t)|? (2 ) E 

0<s<S p-1 
O<t<T 


IA 


ci(p)E ( 


IA 


J (48) 


co(p)E ( 


A.3 Continuity criteria 


The real analysis lemma due to Garsia, Rodemich, and Rumsey’s [114] is a 
powerful tool to deduce results on the modulus of continuity of stochastic 
processes from estimates of the moments of their increments. The following 
version of this lemma has been taken from Stroock and Varadhan [322, 
p. 60]. 


Lemma A.3.1 Let p, Y : Ry —> R+ be continuous and strictly increasing 
functions vanishing at zero and such that limito Y(t) = œ. Suppose that 
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@: RI — E is a continuous function with values on a separable Banach 
space (E, ||- ||). Denote by B the open ball in R? centered at xo with radius 


r. Then, provided 
ae 


it holds, for all s,t € B, 


2|t—s| d+1 
Jo - (ess f wt (Se) ra, 


where Aq is a universal constant depending only on d. 


Now suppose that X = {X(t),t € R“} is a continuous stochastic process 
with values on a separable Banach space (F, || - ||) such that the following 
estimate holds: 

EXE) — X (s)|) < Hlt = s|* (A.9) 


for some H > 0, y > 0, a > d, and for all s,t € B. 


Then taking U(x) = x7 and p(x) = 27, with 0 < m < a — d, one 
obtains 


|X(t) — X(s)|7 < Caymlt — |", (A.10) 


for all s,t € B, where = fp fp PO dsd. Moreover, if E(||X (to)||7) 
< co for some to € E, then we can conclude that 


E(sup ||X(4)|[7) < œ (A.11) 


|t| <a 


for any a > 0. 

If X is not supposed to be continuous, one can show by an approximation 
argument that (A.9) implies the existence of a continuous version of X sat- 
isfying (A.10) (see [315]). This proves the classical Kolmogorov continuity 
criterion. Actually, (A.10) follows from E(T) <oo if we assume y > 1, as it 
can be proved by an approximation of the identify argument. 


A.4 Carleman-Fredholm determinant 


Let (T, B, p) be a measure space, and let K € L?(T x T). Assume that the 
Hilbert space H = L?(T) is separable and let {e;,i > 1} be a complete 
orthonormal system in H. In the particular case K = are aije; Q ej the 
Carleman-Fredholm determinant of I + K is defined as 


det2(I + K) = det(I + A) exp(—T A), 
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where A = (aij)i<i,;j<n. It can be proved that the mapping K — deta(I + 
K) is continuous in L?(T x T). As a consequence it can be extended to the 
whole space L?(T x T). If the operator on L?(T) associated with the kernel 
K (denoted again by K) is nuclear, then one can write 


deta(I + K) = det(I + K)exp(—T K). 


A useful formula to compute the Carleman-Fredholm determinant det2(I+ 
K), where K € L?(T x T), is the following: 


deta(I+K)=1+ 02, (A.12) 


n=2 


where 
n= fh det K (tists) (dtr)... u( dt. 


We refer to [316] and [314] for a more detailed analysis of the properties 
of this determinant. 


A.5 Fractional integrals and derivatives 


We recall the basic definitions and properties of the fractional calculus. For 
a detailed presentation of these notions we refer to [300]. 

Let a,b E€ R, a < b. Let f € L! (a,b) and a> 0. The left and right-sided 
fractional integrals of f of order a are defined for almost all x € (a,b) by 


I, f (a) = aa I "w a (A.13) 
and i ; 
EIO y J (u= 2)" f (y) dy, (4.14) 


respectively. Let 7%, (LP) (resp. [p_(L?)) the image of L” (a,b) by the op- 
erator Ig, (resp. I$). 

If f € 1%, (LP) (resp. f € If (L”)) and 0 < a < 1 then the left and 
right-sided fractional derivatives are defined by 


De, f(z) = & Sta f HeLa), (A.15) 


T(1—a) \ (x—a)* | 


and 


eT ee: f Pf@=f) 
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for almost all x € (a,b) (the convergence of the integrals at the singularity 
y = x holds point-wise for almost all x € (a,b) if p = 1 and moreover in 
L?-sense if 1 < p < ov). 

Recall the following properties of these operators: 


P 


the 
1 — ap z 


1 
e Ifa < - and q = 
P 


I%, (LP) = Ie (LP) c L! (a,b). 


1 
e Ifa > -= then 
p 


l 


Iaa (LP) U It (LP) CC®? (a,b), 
where C% z (a,b) denotes the space of (a — 1) Holder continuous 
functions of order a — i in the interval [a, 6). 
The following inversion formulas hold: 
Thy (Daf) =f 
for all f € I%, (L”), and 
Dey (If ) = 


for all f € L! (a,b). Similar inversion formulas hold for the operators T$- 
and DÈ. 
The following integration by parts formula holds: 


b b 
I (D2, f) (s)g(s)ds = f f(s) (D9) (s)ds, (A.17) 


for any f € I3, (LP), g € Ip (L9), z + 7 F 
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